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EXTRACT FROM PREFACE TO FIRST 
EDITION 


Since the introduction of high-speed machinery, and latterly 
the use of the Diesel engine for marine propulsion, the occur¬ 
rence of vibration has been a source of grave anxiety, and a 
knowledge of the fundamental principles of the theory and the 
methods employed for eliminating the trouble is essential to 
the modern engineer. In many cases it is possible to predict 
the likelihood of serious vibrations being set up, and conse¬ 
quently to take steps for their prevention, during the design 
stage of the plant instead of by costly trial-and-error alterations 
after erection. 

Valuable researches and contributions to the literature on the 
subject have been made in recent years, but since a high 
degree of mathematical attainment is necessary for their appre¬ 
ciation, they cannot receive the attention they deserve from 
the average engineer and student. 

A section on the theory is included in most text-books on the 
Elasticity of Materials, but, of necessity, space will only permit 
a brief survey of the elementary principles, and the earnest 
reader is left unsatisfied. 

A wide gap thus exists between the elementary treatment 
and the important analyses available, and the object of this 
volume is to bridge this gap and pave a way for higher study. 

In method of presentation, the author has followed the lines 
which he has found successful after a considerable number of 
years’ experience in teaching the subject to students, a number 
of whom had no knowledge of differential equations, but 
merely an elementary working knowledge of the calculus. His 
chief concern therefore has been to stress the physical meaning 
of the mathematical equations involved and to produce a 
visual picture of the motion resulting. For this purpose the 
vector method of solution for simple harmonic forced vibrations 
is of incalculable value—a method very familiar to alternating 
current electrical engineers, but which has been almost entirely 
neglected for the corresponding mechanical analogies. 



vi EXTRACT FROM PREFACE TO FIRST EDITION 

Mathematics, however, has been in no sense avoided, but 
the essential purpost' lias been to discuss methods of practical 
utility and to give the reader a concrete foundation upon which 
to build. 

Every endeavour has been made to acknowledge the sources 
of the information given and to indicate matter for further 
reading; and the author is specially indebted to H. M. 
Stationery Office for permission to make an extract from 
Reports and Memoranda Aeronautical Research Committee No. 
1053 ; and also to the University of Liverpool for permission 
to use questions from recent examination papers as examples, 
a number of which have been fully worked out. 

It is hoped that the book may prove useful to engineering 
stud('nts and all who may be making a first serious study of 
the subject. 



PREFACE TO THE SECOND EDITION 

When the original text of this book was in the course of pre¬ 
paration in 1930, the author was informed that the Theory of 
Vibrations was of so little importance that a book for students 
would be of very limited appeal. To-day the story is very 
different and no engineer can afford to neglect the study of the 
.subject. 

The de.struction of the whole of the first edition by a well- 
placed enemy bomb has given the author the opportunity of 
revising and enlarging the book, and, with such a wealth of 
interesting matter available, it has been difficult to decide 
what to omit in order to keep the text within the limits .set. 

The book has almost entirely been re-written and, with the 
passing of years, the author has found no reason to change his 
preference for employing vector methods of .solution for certain 
differential equations, in fact he has been interested to note the 
increasing use of such illustrative methods. 

The number of examples has been greatly increased, and as 
they have been devised chiefly for examination purposes their 
main object is to bring out a knowledge of principles with a 
minimum of arithmetical work. 

In conclusion, the author would like to express his thanks 
to those readers who so kindly drew his attention to faults 
in the original te.xt, and he would be grateful for similar help 
with the present edition should any errors be discovered. 

E. B. Cole 

The University 
Liverpool, 1950 
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INTRODUCTION 

Units. Throughout this book the Engineers' Unit of Force, 
the Pound-weight (lb. wt.), will be used, and it has been thought 
advisable to recapitulate various units and definitions. 

All physical quantities can be expressed in terms of Mass, 
Length and Time, and in the British system the corresponding 
fundamental absolute units are respectively the Pound (lb.). 
Foot (ft.), and Second (sec.). 

Mass is the quantity of matter in a body, and is constant 
everywhere. 

Weight is the force with which the earth attracts a body and 
varies over the earth's surface, but at any given place w'e may 
compare the masses of two bodies by comparing their weights. 

The absolute unit of force is the Poundal, which is defined as 
the force which will give an acceleration of one foot per second 
per second to a mass of one pound. 

An alternative way of measuring the magnitude of a force is 
to compare it with the force exerted by gravity upon a particu¬ 
lar mass—in our case, one pound—and the force which gravity 
exerts on this one pound mass is termed a Pound-weight, It 
will be realized that this unit is not absolute but will vary with 
the locality. 

Thus if g ft. per sec. per sec. is the acceleration due to gravity, 
a pound-weight is the force which will give this acceleration to 
a mass of one pound, i.e. 

9 

1 lb. wt. 1 lb. mass xg ft. per sec. per sec. 

If, therefore, a mass m lb. has an acceleration of / ft. per sec. 
per sec., the force applied is 

mxf poundals 

tnxf , . . 

or -^ pound-weight. 


xiii 
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Again, we could define a pound-weight as the force which would 
produce an acceleration of one ft. per sec. per sec. in a mass of 
g lb., i.e. 

1 lb. wt. ^ g lb. mass x 1 ft. per sec. per sec. 

Engineers prefer to use the Pound-weight as their unit of force, 
the poundal being inconveniently small, and take g pounds as 
their unit of mass, so that 

Force in lb. wt. 

mass in lb. , x- • r. 

—-X acceleration in ft. per sec. per sec. 

It will thus be realized that, by our choice of units, the weight 
W of a body measured in lb. wt. is numerically equal to its mass 
m measured in lb. so that 

Force in lb. wt.- - *^ 

<s H 

m IF 

where — or — represents the mass of the body in engineers’ 

units and will be denoted by the symbol M. 

In dealing with systems having angular motion, Moments of 
Inertia, being analogous to mass in linear motion, will be 
measured in absolute units and will therefore be divided by g 
in the equations of motion so that torques will be measured in 
lb. wt.-ft. (usual abbreviation being lb. ft.). 

In the solution of most of the examples g has been taken as 
S2 ft. per sec. per sec. 



CHAPTER I 

SIMPLE HARMONIC MOTION 


When a body moves to and fro so that every part of its motion 
recurs regularly it is said to move with periodic motion. There 
arc, of course, many types of such motions, but by far the most 
important is that termed Simple Harmonic, which may be 
defined as the motion of a body which is attracted to a fixed 
point in its path by a force which varies as the distance of the 
body from that point, measured along its path For example, 
let the path of the body be AOB and let 0 be the fixed point 
towards which the acceleration of the body is directed, i.e. 
towards which the force attracts the body (Fig. 1). 





Fig. 1. 


Let the body start from rest at A and, as it is being acceler¬ 
ated towards 0, its velocity will increase, but, by hypothesis, 
its acceleration, being proportional to the distance from 0, will 
decrease and become zero at 0, The velocity at this point will 
be a maximum, since, as soon as the body passes 0, the acceler¬ 
ating force, being always directed towards 0, now retards the 
motion. The further the body moves from 0 the greater 
becomes this retardation, and consequently the less the velocity 
until the body comes to rest at some point B, when it immedi¬ 
ately starts back again, since the attraction towards 0 is still 
acting. The point B will be situated at the same distance from 
0 as A, since the retardation has been the exact reverse of the 
acceleration. Then by exactly the same reasoning as above it 
will be evident that the body will momentarily come to rest at 
the point A again, and, unless disturbed, will continue to under¬ 
go this cycle of operations indefinitely. 

Let X be the distance of the body from 0 at any instant, then 
the force attracting the body towards 0 at this instant will be 

15 
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-Fx, where F is the force at unit distance, the negative sign 
appearing since the force acts in the opposite direction to the 
displacement x. 

Now if m is the mass of the body in lb., the force acting 
is also given by 

tn dH W dH „ 

i-Sfi ” 7 

being measured positive in the same direction as x. 

Hence the equation of motion is 

g dF“ 

Force accelerating Force attracting 

body body 

W dH 


-Fx 


or 


g dt^ 


+ Fx =-■ 0. 

Force overcoming 
attraction 


d^x 

Thus ^ = 0, where and is always positive. 

The solution of this “ simple harmonic ” equation is 
x — a cos (nt + e), 

where a and e are arbitrary constants. 
dx 

[e.g. differentiating, == - an sin (nt + e) 
d^x 

^2 == - cos [nt + e) 

Alternatively, since 

cos {nt + e) =cos nt cos e - sin nt sin e, 
we may write 

x~A cos nt^B sin nt 
where A=acose 
B 


= acose 1 
- a sin ^ J 


and are constants. 


B 


Thus tan e - -- and a^jA^^B^, 
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Physical interpretation of the solution. The motion is that of 
a point P, being the projection on any diameter of a point p 
which moves round the circumference of a circle of radius a, 
with uniform angular velocity n radians per sec., e.g. Fig. 2a : 


n 



Let XXi be the diameter chosen, and let the point p be at pQ 
at the time / —0, then after a time t the angle turned through 
will be PqOP ~nt. 

If we denote the initial angle XOp^ by e, the displacement x 
of P from the centre 0 is x = a cos (nt-\-e). 

Hence P moves to and fro along XX^ with S.H.M. 

When / = 0, the initial displacement x^ is given by 

OP^ — a cose —A, 
while the initial velocity 

(Ixq 

= - an sm e, 
at 


so that 




initial velocity 
n 


B 
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Thus we see the meaning of the two constants u and c or 
A and B which come in since the body may start from any 
position with any velocity. 

Consider again the equation cos {nt -f e ), since cos {nt + e) 
varies between ±1, the maximum displacement from the mean 
position is ±a, hence a is called the amplitude of the motion. 

The cycle recurs every time nt~2iT, 47r, etc., i.e. every time 
the point p makes a complete revolution, so that the time 
interval or period of the cycle is 

7'—— seconds. 
n 


Then t^ = ,- gives the number of complete cycles occurring 
I 2tt 


in unit time, and is termed the frequency. 

The term “ cycles per second is usually denoted by the 
abbreviation “ cypsor by the symbol and the angular 
velocity n - (27r x frequency) is often called the circular fre¬ 
quency. 

If we plot the values of x against time we obtain the cosine 
wave as shown in Fig 2a. 

The radius op~a will be called the radius arm or vector 
generating the S.H.M. 

Another important term is the phase of the motion. Two 
bodies will be in the same phase if at any instant they have 
made exactly the same fraction of a complete cycle from corre¬ 
sponding positions, i.e. their generating vectors will have turned 
through exactly the same angle starting from corresponding 
positions. If we have one simple harmonic motion 


x^ - a^ cos [nt 4 e) 

and another of the same period, but which in phase lags behind 
this by a quarter period, then this latter motion may be repre¬ 
sented by x^~a^ cos - OO""), the vector ag lagging behind 
the first by 90 degrees. 

Thus the angle between the two vectors gives the difference 
in phase between the two motions. This angle will be constant 
if, as above, the two motions have the same period, and will 
vary if the periods differ, the two bodies coming in and going 
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out of phase respectively as their generating vectors approach 
or recede. 


Since 

W 


the period depends only on the magnitude of 


the load and the value of F, and docs not depend in any way 
on the amplitude. 

The amplitude depends on the initial displacement and the 
initial velocity imparted to the body. 

Note that although we have taken the solution of the simple 
harmonic equation to be of cosine form, the motion could 
equally well have been represented by a sine wave 


x^ ~~a sin {nt -^e). 


This would be generated by a vector of length a, lagging behind 
the cosine vector by 90 degrees, since with the usual trigono¬ 
metrical conventions 


— a cos {ni f e - 7 r/ 2 ) ~a sin {nt e). Fig. 2 {h) 

A vector 90 degrees ahead of the cosine vector would produce 
a sine wave of opposite sign 

x^ — a cos {nt -f e f 7 r/2) — - a sin {nt -f e) . Fig. 2 {b) 

Again, if we projected the vector Op in Fig. 2 a on the \'ertical 
OY instead of on OX the motion w^ould be 


y~a sin {nt ^-e), 

where the angle e is measured from OX as before. 

Now the velocity of the motion, being ^ -a?t sin {nt^e), 

can also be represented by the projection of a vector Or of 
length an and rotating with angular velocity n. This vector 
will be situated 90 degrees ahead of the displacement vector 
Op as shown in Fig. 2c, so that it will produce the negative 
sine wave. This wave reaches its maximum as the displace¬ 
ment wave passes through its mean, or in other words the body 
attains its maximum velocity as it passes through its mid 
position. 

Similarly, the acceleration - "" 
presented by the projection of a vector Os of length an^ and 
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situated at 180 degrees to the displacement vector, thus pro¬ 
ducing the negative cosine wave, which gives the required 
acceleration towards the centre. 

An important example of S.H.M. is the motion of the piston 
of a reciprocating engine, assuming an infinitely long connecting 
rod, since the piston will be at the same point on its stroke as 
the projection of the crankpin on the crank circle diameter 
which coincides with the stroke line. 

If i? = the length of the crank ; 

0=rthe crank angle measured from the inner dead 
centre ; 

n=ddldt^--the angular velocity of the crank, assumed uni¬ 
form ; 

then, taking / = 0 when the crank is at the inner dead centre, 
we have 

Displacement of piston from its mid position 

cos 6 — R cos nt. 

Velocity of piston = - 2? sin 0 . ^ sin nt. 

Sum or difference of two simple harmonic motions of the same 
period but of different phases, along the same straight line. The 

result may be seen at once by writing the two motions in the 
form : 

Xi-Ai cos nt + Bi sin nt ; 
jTg ~ v4 2 cos nt + B 2 sin nt. 

Then the sum 

(Xi 4 X2) — A 2) cos nt 4- (Bi 4 - B^ sin nt 
= C cos nt^D sin nt, 

i.e. the resultant motion is simple harmonic of the same period 
but of different phase and amplitude from either component. 

Alternatively, graphically by means of vectors, let the 
S.H.M.s be denoted by 


x^ = a^ cos («/4-ei), 
X 2 = a 2 cos {ni-\-e^, 
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then (Fig. 3a) let Opi =ai, Op^ ^a^be the radius arms generating 
the motions of and Pj of the above values along XX^, i.e. at 
the instant shown: 


OP^—Xi, OP2 — X2, 

L Pfipi ~ (nt + ^i), ^ PiOp 2 — (nt + $ 2 ). 



Since the periods are the same, the radius arms rotate with 
the same angular velocity and in the same relative position to 
one another. These two radii are rotating vectors and may be 
added together in the usual manner, e.g. draw p^s equal and 
parallel and in the same direction as 0/>2, then Os is the vector 
sum of Opi and Op 2 . 

This vector Os revolves in the position shown relative to 
the component vectors and therefore with the same angular 
velocity, thus generating on XX^ a simple harmonic motion of 
the same period as either component motion, and of amplitude 
— Os. 

To prove that this S.H.M. is the resultant of the other two, 
we have 

Projection of Os on XXi = OS = OP 2 + P 2 ^^. 

But Pj5 = projection of P 2 S 

= projection of Op^; 

OS=OP2 + OP2=X2 + X,. 
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In a similar manner w(^ can obtain th(‘ corresponding result for 
the difference of the two motions, e.g. subtracting 0 p 2 from 
Opi, draw p^r equal and parallel but in the reverse direction to 
0p2, then Or is the required vector difference and generates on 
XXi the resulting motion, its projection OR being easily seen 
to equal -^i - ^ 2 - 

Consider a very important case of the above, when the two 
generating vectors are at 90 degrees (Fig. 3ft), i.e. 



0X = 0Xy^-{-0X2, 
where ox^ — A cos n/, 

ox^—B cos [nt - 90°) — P sin nt. 

When / ~0, the first vector of length A will lie in the projection 
line on the positive side, and the second of length B will lie 
along 01 1 , since it lags by 90 degrees and in this position is 
about to generate the positive portion of a sine wave. 

The resultant motion will therefore be generated by a vector 
of length cl — 'JA^^B^ having an initial phase angle e where 

tan e= -BjA, 
a cos e~A, 
a sin e ~ 

x — A cos nt^-B sin nt 


and 
so that 


-a cos e cos nt-a sin e sin nt 
-a cos {nt^-e). 

Thus we have shown vectorially the meaning of the two 
alternative forms of a S.H.M. 
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Note that with A and B both positive the resultant vector 
lies in the 4th quadrant. 

It is important to be able to convert from one form of S.H.M. 
into the other and the signs of A and B indicate in which quad¬ 
rant the vector is situated initially, e.g. in cosine form 


A 

B 

e 

+ 

-f 

4th 


- 

1st 

— 

— 

2nd 

- 

4- 

3rd 


tan e — - B/A. 

Suppose +20, 

- + 10 , 

tan ( - e) = {. [1st Quadrant] 

^ (3f5()®-26° 30'). r4th Quadrant] 

If in l^'ig. 3c angles are measured from OA" as usual ft/// we now 
project on OY, we have 



oy=^a sin {nt + E) 

-oyi + oy^ 

- a cos E sin nt + a sin E cos nt 

- C sin w/ + D cos nt, 
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where 

a cos E = C, 


a sin E=D, 


^ D 

and 

tan E . 


Sum of two simple harmonic motions, of different periods 
and phases, along the same straight line. 

x = ai cos {nt -f Ci) -f ag cos (qt 4- 62 ) . 

The two vectors Op^ and Op 2 now rotate with different 
angular velocities w, q^ and the length of the resultant vector 
Os will vary between ±^2 21 s the angle 
between the two primary vectors varies 
from 0 to 180 degrees. 

The resultant displacement 05, being 
given by the projection of the resultant 
vector, will depend entirely on the angular 
position of Os relative to the projection 
line as shown in Fig. 4, where Os is large 
but its projection 05 is small, so that the 
- maximum length of Os is not necessarily 
the maximum displacement. In order 
to gain a clear idea of the motion, two 
S.H.M.s, moving along vertical paths and having periods of 
4 and 5 secs, respectively have been combined graphically in 
Fig. 5, both motions starting in phase from their mid-positions, 
i.e, the two generating vectors coincide initially. 

It will be seen that the resulting motion is not simple har¬ 
monic, but it is periodic, and the phase period or time interval 
for the resultant wave to reproduce itself is represented by the 
length AB = 20 secs., during which each component motion 
has completed an exact number of periods, here 4 cycles of the 
slower motion (5 sec. period) or 5 cycles of the faster. 

If the periods had been fractional, say | sec. and f sec., then 
in 2 secs, the first motion would have completed 3 cycles 
and 



Fig. 4. 


in 3 secs, the second motion would have completed 5 cycles 
so that 

in 6 secs., 9 and 10 cycles respectively would have been 
completed and the two motions would be in phase again. 
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Fig. 6 shows the resulting motion, 9 and 10 cycles of the com¬ 
ponent motions having been drawn on a length representing 
6 seconds. 

It will be noticed that the two periods chosen, and therefore 
the angular velocities n and q, are nearly, but not exactly equal. 



This is the most important case and is of particular interest. 
The vectors Opi and Op^ arc now rotating at approximately 
the same speed so that, in one revolution, their relative positions 
will hardly alter and their resultant Os will be very nearly 
constant during this time and will rotate with almost uniform 
velocity. 

The motion is therefore approximately simple harmonic 
having an amplitude now equal to Os, which will vary very 
slowly from + to The angular velocity of Os 
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will be the mean of n and 


q so that the period will b(* 


277 



The time interval between successive maxima or minima will 
be the time interval for one vector to rotate through one 
revolution relatively to the other, with relative angular velocity 

n-q, i.e. period . 

^ ^ n - q 

If the amplitudes of the two motions Ag both equal as 
in Fig. (), then the resultant amplitude varies from 2 a to z(to, 
thus the effect is very pronounced and there ar^^ intervals of 
approximate rest. 

Examining this case analytically, it is oln ioiis that we must 
choose some initial positions for the vectors—in other words, 
we must assume some definite initial displaccnnents and velo¬ 
cities for the primary motions. 

Let us assume that at the start the two vectors, each equal 
to a, coincide, i.e. e^^e^-- and let e 0, so that the motions 
start in phase from their maximum positions. (In Fig. 6 the 
two motions have been started from their mid positions.) 

We thus have 


X “ a cos («/) -f a cos {qt) 
2a cos 


When q 


where 


>n this may be considered as 
cos 

.1- 2„ COS 


which represents a simple harmonic motion of period 277 j - 

with an amplitude A which will be approximately constant 
during this time, but which slowly fluctuates between 0 and 2a. 
The period of the cosine wave giving the value of A is 

277 , but the time interval betwetm successive maxima or 

minima of A will be half this value, i.e. 277/w - q or interx als of 


180 degrees of vector movement. 
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This rhythmic increase and diminution of amplitude is 
termed beating, the name being first used to describe this 
phenomenon as it occurs in music. Two simple tones of slightly 
different pitch (frequency) will produce an alternate increase 
and diminution in the volume (amplitude) of the sound, which 
becomes very pronounced as the two frequencies approach 
one another. 

As another important illustration we have the tides of the 
sea which are the resultant effect of two simple harmonic 
motions, one produced by the attraction of the sun the other 
by the moon, and the superposition of the two causes a fluctu¬ 
ating amplitude, i.e. the spring and neap tides. 

A most interesting practical use of sound beats is embodied 
in the Maihak Extensometer which is an instrument designed 
to measure the alteration in length of any structure in any 
given direction while under actual load. 

The apparatus consists essentially of a steel wire which is 
stretched between grips at its ends over the portion of the struc¬ 
ture under test. The grips are firmly fixed to the structure and 
thus the alteration in length of the wire will equal that of the 
structure in the same direction. This wire can be set into trans¬ 
verse vibration by means of an electromagnet on depressing a 
contact key, and thus a musical note will be emitted, the pitch 
of which depends on the tension in the wire, i.e. on how much 
the wire is stretched. The sound is conveyed to the ears 
electrically by means of headphones. 

By rotating a dial the extension of an exactly similar cali¬ 
brated wire can be altered at will, and when set into transverse 
vibration by depressing another key, the note it emits can be 
compared with that of the other wire. 

To tune this calibrated wire to the wire on the test member 
whether for the initial setting under no load or when under 
load, each key is depressed alternately and the pitch of the notes 
produced roughly compared, the dial then being rotated in one 
direction or the other until the pitch of the notes appears about 
the same. Then, by depressing a third key, both wires can be 
caused to vibrate simultaneously, and, the notes being nearly 
of the same pitch, beats will be heard. 

The dial is now rotated until the beats di.sapp)ear, an operation 
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that can be performed with great accuracy, the period of beat¬ 
ing getting longer and longer as we approach synchronisation, 
until finally an even continuous note is heard. 

The actual alteration in length of the member under test is 
therefore at once obtained from the initial and final dial settings, 
the calibrated wire having suffered the same deformation, or if 
it has been found more convenient to use a tuning wire of differ¬ 
ent dimensions it is a simple matter to correct for this. 

Combination of two simple harmonic motions of the same 
period along two lines at right angles. Ltd the two motions be 

x = ai cos {nt + Ci), 
y = a^ cos {nt + e^). 

This is best examined graphically (Fig. 7). Let OX. OY be 
the two lines at right angles. Let OA and lXOA - e^, so 



Fig. 7. 


that OA by its rotation with angular velocity n will generate, 
on XXi the S.H.M. cos (nt + e{}. Similarly, let OB and 
^YOB=ei, so that OB revolving with angular velocity n 
generates on Y the S.H.M. cos (nt + ei). 
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Initially then, we are at Pj for the S.H.M. along XX^ and at 
P 2 for that along YY^, hence if these two displacements are 
given to a point simultaneously, this point will therefore be at 
P. 

Similarly, by dividing each circle into the same number of 
equal intervals starting from A and B respectively, and joining 
up corresponding projection lines on XX^ and YYi we may plot 
the position of the point P at these intervals. It will be seen 
that the locus of P is an ellipse. 



Two special cases arise : 

(1) If the amplitudes are each equal to a, but the phases 
differ by 90^^, then the locus of P is seen to be a circle of radius a 
(Fig. 8a). Uniform circular motion can therefore be considered as 
made up of two simple harmonic motions along perpendicular 
lines, having equal periods and amplitudes, but phases differing 
by J period. 

Note that the angles have been measured from OX and OY 
respectively, and the point P travels round the circle in the 
opposite direction to the vectors. If we had measured the angle 
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of the second motion from OY^, then 013 would coincide with 
OA , and hence P with A. P now rotates in th(^ same direction 
as the vectors, and the projection OP, of OB on YY^ is then 
a sin {nt + e), where this angle is measured from OX. 

This conception is of the utmost importance and will be 
referred to again. 



(2) If the simple harmonic motions are of different amplitude, 
but of the same phase, then the resulting motion is simple 
harmonic of the same period along a straight line of slope aja^ 
with the axes OX and OY, and amplitude (Fig. 86). 


CHAPTER II 


FREE OR NATURAL VIBRATIONS OF SYSTEMS 
HAVING ONE DEGREE OF FREEDOM. 

Longitudinal oscillations of a single concentrated load supported 
by an elastic structure, the mass of which will be assumed to be 
negligible in comparison with that of the load. By an elastic 
one that obeys Hooke's Law, i.e. the 
extension of the elastic system is 
proportional to the load applied. No 
materials in engineering use are perfect¬ 
ly elastic but most may be considered 
so within certain limits. Hence all our 
investigations will be conducted on the 
assumption that we are working “within 
the limits of elasticity ". 

Thus if F is the force required to pro¬ 
duce unit deflection of the structure, i.e. 
the stiffness of the structure, Fx = the 
force required for an extension x. 

To take a definite example, consider a 
load of mass m supported by a vertical 
spring (Fig. 9). 

When the load is first attached to the unstretched spring its 
weight W will cause an extension where 

or 8.,-^. 

The load will remain in equilibrium in this position, being 
balanced by the tension in the spring, the displacement being 
termed the “ static displacement “. 

If we pull the load down a distance x from its rest position 
the force required will be Fx, and the spring will exert a similar 
force upwards, which, upon releasing the mass, will accelerate 

32 


structure is meant 
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it towards its rest position, the equation of motion therefore 
being 

W dH 
dH Fg 

or ^ -nx. 


The negative sign appears since x is measured from the rest 
position while the acceleration is towards that position. 

This is the equation for simple harmonic motion as deduced 
in Chapter I. 

Thus the mass will oscillate about its equilibrium position 
with simple harmonic motion, the period of which is 



/ 


Mass 



Force to produce unit extension 
of the elastic structure 


also since 



period 



These oscillations are termed free or natural oscillations, being 
set up by an impulse or the sudden addition or removal of a 
portion of the load. If the starting impulse is not again 
repeated, these oscillations will continue until damped out by 
friction. 

In our equation of motion we have so far neglected the effect 
of friction, and for many cases that arise in practice, e.g. sys¬ 
tems vibrating in air, this is true enough ; but friction, however 
small, is always present, and in time these oscillations will be 
damped out. 

We shall deal later with systems subjected to friction. 

Besides external friction, the energy of vibration may be 
destroyed by internal friction. No substance is truly elastic. 
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and the continual bending backwards and forwards will cause 
friction between its molecules, thus dissipating the energy in 
heat. 

In the above simple case we have assumed that the load can 
vibrate in a longitudinal direction only, i.e. we have introduced 
certain constraints which prevent any other motion, angular or 
transverse, which could otherwise occur. The system thus 
possesses one degree of freedom only, since its configuration at 
any instant can be expressed in terms of a single variable or 
co-ordinate, which in this case is the displacement of the load 
from its rest position, and the period of vibration of any such 
system can always be found by determining the stiffness of the 
elastic supports in the direction in which the motion is allowed to 
take place, i.e. the force F, which, applied at the point of attach¬ 
ment of the load, will produce unit deflection of the structure— 
or, what amounts to the same thing, by determining the static 
deflection under the load W. 

Let us see how this may be applied to a single load supported 
by an elastic rod. We shall, as above, assume that longitudinal 
oscillations only are permitted. 


Longitudinal oscillations of a single load supported by an 
elastic rod, the mass of which is negligible in comparison with 
that of the load (Fig. 10). 

Let L — the length of the rod when un¬ 
strained, i.e. before the load is 
applied. 

A =the area of cross-section of the 
rod. 

E — the modulus of elasticity. 

F, as will always be used, = the 
force to produce unit deflex¬ 
ion of the elastic structure at 
the point of application of the 
load. 

Then, with exactly similar reasoning as for a loaded spring, 
we obtain 




y 


JL. 

L 





Fig. 10. 


Period—277- 


V: 


W 

Pg' 
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To determine the stiffness F, we have 
Stress —E . strain, 

Force „ extension 

=■ - 

When the extension is unity, the force retjuired is F, 
. /<' 1 


so that 


—£ 

‘ L’ 
.. A .E 


Period — 271 / ^5 , 

Frequency = 


Note that the equilibrium position of the load does not in 
any way affect the period of the vibration, which takes place 
about this position as mean. If the load is suspended vertically 
the elastic support is extended by an amount 8,^ when the load 
is at rest. If, however, the same system is arranged to vibrate 
in a horizontal plane, the rod or other structure will be un¬ 
strained when the load is at rest. 


Simple harmonic angular oscillations. The simple pendulum. 


This consists of a heavy particle (of mass 
m and weight W) which is suspended 
from a fixed point by a light inextensible 
cord. 

In Fig. 11, let 0 be the fixed point, 
about which the mass can swing in a 
circular arc, making oscillations in one 
plane about the vertical rest position OA . 
Let the mass be displaced a horizontal 
distance x from the vertical OA , the cord 
making an angle d with this line. 

Then a torque - Wx acts on the system 
tending to restore it to its equilibrium 



Fig. 11. 


position, and when the mass is released the equation of motion 


will be 


- - Wx ^ -Wl sin 6, 

g dt^ 
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where I=nil^ = Wl ^=the moment of inertia of the particle about 

0 in absolute units, so that Ijg is the 
value in engineer’s units; 

/=the length of the cord; 

the negative sign, as before, appearing since the displacement 
is measured away from the rest position, while the torque acts 
towards this position. 

Now, provided that this displacement is small, sin 6 is nearly 
equal to d radians, and we may therefore w'rite 


or 

P 

where »* =|. 


Wl^ d^d 


g 

d^_ 

dP~ 


dt^ 

g 

'I 


= - WW. 


e = - nW, 


Thus, the motion is simple harmonic, the period being 



It will be interesting to obtain this result from a slightly 
different point of view : 

Let a;- the horizontal displacement of m from the vertical 
rest position. The vertical displacement of m is then 


l-lcos6=l{\ - cos d)=l. 2 sin* 


e 


If 6 is small, this movement is negligible, being a small quantity 
of the second order. 

Assuming no vertical movement of the particle, there will be 
no force causing acceleration in this direction, so that the vertical 
component of the tension T in the cord will be equal to the 
weight W, i.e. 

Tcosd^W, 

and, since $ is small, for all practical purposes we may assume 
that 

T^W. 


Thus, when the particle is displaced a horizontal distance x 
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from its rest position, the restoring force acting is the horizontal 
component of the tension T, and the equation of motion is 


WdH „ . . 

— -T sin e = 
g 


W 


X 

r 


• • dt-^ I' ’ 


which represents a simple harmonic motion of period 



The compound pendulum. This consists of any rigid body 
capable of making angular oscillations about a horizontal axis. 

In Fig. 12, let G be the centre of gravity of the body and 0 
the point of suspension. 

Then, as for a simple pendulum, for a small angular displace¬ 
ment 6 from the vertical rest position OA , the restoring torque 
is very nearly equal to -W . OG . d ; and when the body is 
released the equation of motion will be 


4 ^ 

g dt^ 


-W .OG .9, 


where /o = the moment of inertia of body 
about the axis of oscillation through 0, 

= Wk^\ 

where is the radius of gyration about 0. 

■ ^ e 

•• 'df^~ V 

-nW 


where «* = 


OG.g 

' V ■ 



Hence the motion is simple harmonic, the period being 


^ = 2.7 

n VI 


OG.g 
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The length L of a simple pendulum which would give the 
same period, i.e. the length of the equivalent simple pendulum, is 



Now if ^o=the radius of gyration of the body about an axis 
through the centre of gravity G parallel to the axis of oscil¬ 
lation, then 

K^=ko^ + OG\ 


Thus the period may be written as 
'V 0( 


277, 


OG.g 


and 


Z.= 


V + OG'* k,i 


OG 


OG 


. + 0G. 


Considering again Fig. 12, produce OG to C such that OC —L, 
the length of the equivalent simple pendulum. 

The point 0 about which the body has been oscillating is 
termed the centre of stispension, but suppose we now put the 
pivot at C and allow 0 to swing below C, then the period will be 

, /kJTGC^ 

W-gcTF’ 


or, the length of the equivalent simple pendulum is now 


U 


GC 


But 


i,=y+oc. 


and, by construction, L =OC = OG t- GC, 
so that GcM or 0G=^, 


which, if substituted in the expression for L', gives 
L'=OG + GC=OC-L. 

The point C is called the centre of oscillation, and the result 
shows that the simple equivalent pendulum, and therefore the 
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periodic time, is the same whether the body swings about 0 or 
Cf that is, the cetiives of stispension and oscillation are inter^ 
changeable. 

It should be noticed that since . GC, the lengths 

GO, GC are only equal when each is equal to in which case 
the centre of gravity is equidistant from 0 and C. 


Angular oscillations controlled by the torsion of an elastic rod. 

In the following sections we shall study the angular vibrations 
of different shaft systems carrying concentrated loads, which are 
of uniform character such as pulleys, flywheels, etc., and the 
moments of inertia of which are large compared with that of 
the shafting. The shafting will 
therefore be assumed to possess 
no inertia, having elastic pro¬ 
perties only. 

Case (1). Torsional oscillations 
of a flywheel, or similar load, at 
the end of a uniform shaft fixed at 
the other end (Fig. 13). 

Let L — the length of the shaft. 

J —the second moment of area of cross-section, which 

for a solid circular shaft is , r being the radius. 

C — the modulus of rigidity. 

/ - the moment of inertia of the flywheel about the axis 
of the shaft, in absolute units. 

Now from books on the “ Strength of Materials ** we know 
that if a torque T is applied at the free end of such a shaft, the 
angle of twist 0 (radians) at this end is given by 



Fig. 13. 


or 


T e 

J-^L’ 

Torque applied = • 0-T^, 


where 2'o = ~ = the torque to produce unit angle of twist, i.e. 

the stiffness of the shaft in torsion. 





Note that this is analogous to the result obtained for the 
longitudinal oscillation of a load on a rod, moment of inertia 
being substituted for mass, second moment of area for area, and 
modulus of rigidity for modulus of elasticity. 

The following cases of torsional oscillation of shafts carrying 
concentrated loads are important. Although we shall consider 
the shafts in torsional oscillation, analogous results may easily 
be deduced for similar systems undergoing longitudinal oscil¬ 
lations by substituting W for /, E for C and A for J as noted 
above. 

It will be remembered that in order to obtain the frequency 
of the longitudinal oscillations of a single load on a rod or any 
elastic structure all that we had to determine was the value of 
the stiffness F ; here similarly, in order to obtain the frequency 
of the torsional oscillations of a single load, we have merely to 
determine the value of Tq the torque to produce unit angular 
displacement of the elastic support at the point of application 
of the load, i.e. the torsional stiffness of the structure at the 
load point. 

Case (2). A single flywheel at the free end of a series of shafts 
(Fig. 14). 


I 



Fig. 14. 
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Let / the moment of inertia of the flywheel (absolute units) 
and let the quantities referring to each shaft be denoted by the 
suffixes 1, 2, ... etc., respectively, so that the torsional stiffness 
of each section will be respectively 

T — T . 

^ 01 ““ r > ^02 ~ ~f~ * 

1^1 1^2 

Then if we apply a torque Tq at the load so as to give it an 
angular deflexion of unity, this torque will be transmitted 
through to each shaft, hence 

T 

Shaft (1) will be twisted through an angle 0 ^— radians, 

^ 01 

T 

Shaft (2) will be twisted through an angle O 2 radians, etc., 

and the sum of these angles of twist gives the total angular 
deflexion at the flywheel, which was given as unity, i.e. 

^1 ^2 't' ^3 — I, 



This expression enables us to determine the equivalent stiff¬ 
ness Tq of a series of shafts as shown. 

The frequency is therefore 

V"A. /before. 

27rV I 

Case (3). A single flywheel carried at the junction of two shafts 
whose other ends are fixed (Fig. 15). 




l— ® — 


^ T 

To, 

Fig. 

ir>. 


Here a torque Tq applied at the load point will cause each 
shaft to twist through unit amount, thus the equivalent tor¬ 
sional stiffness Tq of the whole system is equal to the sum of the 
two stiffnesses or 

To-101 +7 02 . 
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Case (4). Two flywheels, one at each end of a rotating shaft 
(Fig. 16). 


9 

® 

Fig. 16. 

In this chapter wc have been discussing the vibration of 
systems having one degree of freedom and constrained to per¬ 
form one type of motion only. 

For any system carrying x concentrated loads and having 
its elastic support fixed at one or both ends, the number of 
degrees of freedom, when a given type of vibration only is 
permitted, is equal to the number of loads, since the configura¬ 
tion at any instant can be denoted in terms of the displace¬ 
ments of the loads relative to their fixed rest position. 

If, however, the system has no fixing, as in this case, the 
number of coordinates required to specify the configuration at 
any instant, say in torsional oscillation, will ha x- \ since the 
displacements must be stated relative to one of the loads. 

This system thus has only one degree of freedom for the 
specified type of oscillation, here torsional. 

The shaft when not in oscillation is assumed to rotate with 
uniform speed, and any torsional oscillations that may be set 
up will be superimposed on this uniform motion, so that we can 
consider matters as if the shaft was at rest. 

When the system is set into torsional oscillation the flywheels 
will be moving in opposite directions, the shaft ends therefore 
being twisted in opposite directions, so that at some point X 
along the shaft, distant (say) x from /j, there will be a station¬ 
ary point or node, as it is called. 

Since every point of the system is assumed to be vibrating 
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with S.H.M. of the same frequency, the fretjuency of the whole 
is equal to that of any part. Here th<! node, being a stationary 
point, divides the system into two parts, each of which is similar 
to Case (1) above. 

Thus the frequency of the whole system is equal to that of 7, 
on a length of shaft x up to nod<‘, or 1^ on the length {L - x), i.e. 


Frequency = ^^^;'^- 
27rV IiX 


/^02J? . 

2W /g ’ 
27t'V I^(I. - x) ’ 


IiX=h{L-x) \ 


X /j 


which gives the position of the node X, and it is .seen to divide 
the shaft into two lengths in the inverse ratio of the moments 
of inertia of the loads. 

The frequency is at once obtained by substituting the value 
of X or {L- x) in its respective expression abo\ e. 

Alternatively, working in terms of .stiffness, if 7'o is the 
torsional stiffne.ss of whole shaft length L, then 



(shorter length, therefore proportionally stiffer), 

^02“ ^0- / 

Instead of the above system, consid(‘r the corresponding one 
in longitudinal vibration, i.e. two masses ;;/i, nt^ coupled by a 
rod or spring and free to vibrate longitudinally m some sort of 
frictionless guide (Fig. 1(56). 

The length of the elastic connexion now varies during vibra¬ 
tion but the node will form a stationary point in space. 

To solve this problem by the method of nodes, let - the 
distance of the node from one mass at the instant that L 
is the length of the elastic connexion. Thr procedure is exactly 
the same as before excej)t that an equation in xjL is formed. 
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Case (5). Two loads at the ends of a shaft free to revolve, the 
shaft having sections of different diameter (Fig. 17). 



To 


Fig. 17. 

As for the previous case, a node will occur somewhere along 
the shaft. 

The simplest procedure will be to obtain the equivalent 
.stiffness Tq of a uniform shaft which could replace the actual, 
as was done for Case (2) above : 


11 1 

T “~“ I i ... . 

0 01 ^02 

The system then reduces to Case (4), and finding the position 
of the node for this equivalent system enables the frequency to 
be calculated. 

If we wish to determine the real position of the node on the 
actual shaft, the argument would be as follows : 

Suppose the distance of the node from in the equivalent 

system is x, then the stiffness of this length Tq^ = Tq . - . If 

X 

this stiffness is less than ^01 of section (1), a longer length of 
the actual shaft is necessary to lower its stiffness, i.e. the node 
is beyond section (1), say at a distance y into section (2). 

The stiffness T^y of this length y — Tq 2 • - *; 



If y happened to be greater than L,, the node is in section 
(3), but it would obviously be easier to check this first by 
working from the other end. 
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let 


As an example, taking simple numbers, in their correct units, 


— 3/2 

r„,-3 


7^02 "2 


•^03 


I 1 1 


11 

f) 


or 


6 

il 


/. Stiffness of length a: up to node in i*quivalent system 
-4ro-2A: 

/. Stiffness of remaining length L -x in equivalent system 

_47'_8_ 

- 3 ^ 0-11 

These values being less than and 7V, respectively show 
that actual node is in section (2). 

1 


Thus 


1 __l 

24/n“3'^2Z,j’ 
.V 
J . 


or 


Lg 4’ 


i.c. the node is situated \ the way along section (2). 


Equivalent length. In a multiple system comprising con¬ 
necting shafts of different diameters and perhaps of different 
materials, instead of finding the equivalent stiffness of a uni¬ 
form shaft to replace the actual, it sometimes simplifies matters 
if each section is reduced to an equivalent length of shaft of some 
convenient diameter and material, the length being such that 
the elastic conditions arc unaltered, i,e. Tq is unchanged. 

Thus = 4'^®- 

(actual) (equivalent) 

For solid circular shafts, J ' 


Lv ~La 


C k Dj_ 
C A Da 


'-'AS. il 

For example, 1 foot of 6-iiich diameter shaft is equivalent to 
1 X = 16 feet of 12-inch diameter shaft of the same material. 
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Normal elastic curve. This most important curve gives the 
displacements of every point of the system at any instant 
during free vibration relative to that of a convenient load, this 
displacement therefore being taken as unity. If the connexion 
between two loads, or between a load and its fixing, is assumed 
to be perfectly elastic but massless, then during vibration the 
displacement of any point relative to one end of the connexion 
considered will be proportional to the distance from that end— 
in other words, the normal elastic curve (N.E.C.) is made up of 
straight lines. 

The N.E.C.s for a single load in longitudinal and in torsional 
oscillation on an elastic rod or shaft are shown in Figs. 10 and 
13, the displacement of a point (Fig. 10) distantly from the fixed 

V 

end being a . ™ where a is the displacement of the load at the 

free end at the same instant. Fig. 16 shows the N.E.C. for two 
loads in torsional oscillation. N.E.C.s for multiple systems are 
shown in Figs. 20, 25. 

The energy equation. Consider the system of a mass of 
weight W in free vibration at the end of a vertical elastic rod— 
the mass of the rod, as before, being neglected. The system will 
possess both kinetic and potential energies, and, as we are 
assuming no damping forces, from the law of conservation of 
energy we have 

Kinetic Energy 4 Potential Energy— Constant. 

The Potential Energy consists of two parts : 

(1) that due to the position of the weight, and 

(2) the energy stored in the rod due to its deformation, 

i.e. strain energy. 

In Fig. 18a the load-extension graph is given, the respective 
areas of the diagram representing the energy stored ; e.g. when 
the load is applied to the unstretched rod it causes an extension 
of amount and the energy stored 

since W — FS,^. This is the initial energy stored in the rod. 

When the load is pulled down a distance x below its rest 
position, the total extension from the unstrained position is 
now 8gt + x and the force acting is F(8aj4-A:) =ce on diagram. 
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/. Total energy stored in rod 
But 


U" St ^ ^ ^oce 


/. Total energy stored |FS ,^2 .| 177^2 | 


X. 




Fia. 18 . 

Now at the same time that this energy is being stored, the 
load W is losing potential energy by dropping down the distance 
X, i.e. the loss of potential energy = Wx. 

Hence the total P.E. in this position is 
lF8J^\Fx\ 

This we can see at once from the diagram : 

Area acdb = Wx —loss of P.E. of load. 

Total P.E. ~ Aoce - aedb 
— Aoab + ^bde 
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Thus the entire change in P.E. from the initial rest conditions 
is \Fx^, which is equivalent to that for an unloaded rod extended by 
the same amount x, gravity therefore not affecting matters 
other than fixing the rest position to give the required static 
tension to balance the load. 

The Kinetic Energy of the load W at any displacement x 
from its rest position=- — • 

1 1 1 IV /dK\^ 

Th»s-^F8J + -Fx^+- ^ ..constant. 


But is a constant, being the initial energy stored in 

the rod. 

Hence we have 


1 W /dxY 

2 g \di) 


+ 


1 


constant. 


( 1 ) 


Now while we have deduced this equation for a load on a rod, 
a similar equation will obviously hold for a load supported by 
any elastic structure which has one degree of freedom, i.e. as 
we have mentioned above, a system whose position can be 
given in terms of a single variable. 

It will be seen that the energy equation then only contains 
this variable and its first differential coefficient. 

If we differentiate both sides of the equation with regard to 
time, we obtain 

W dx dH _ dx ^ 

Y’di'dF'^^^'dt"^^’ 


or 


W dH 

g ’ 




( 2 ) 


which is the simple harmonic equation of motion deduced above. 

(This is a simple particular case of Lagrange's method for 
determining the equation of motion of any system.) 

Returning to our energy equation (1), in order to determine 
the value of the constant we must know the initial conditions, 
i.e. what displacement and velocity the body has when we start 
to measure time. 

Suppose we pull the weight W down a distance Xq and release 
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it without giving it any impulse, i.e. the initial velocity is zero, 
then substituting in (1), we obtain 

Fx 2 

0+ const. 


Hence 


W (dxY Fx^ _J%^ 
2 g\ di) ‘^■"2 ' 


This means that the sum of the K.E. and P.E. of the system 
during its motion is equal to the strain (mergy of deformation 
from the rest position—a result we should expect from the 
conservation of energy, since this strain (energy is the only 
energy added at the start, the body being at rest in the displaced 
position Xq. 

When the displacement x^x^, then the K.E., and therefore 
the velocity, becomes zero, i.e. the body has reached the end 
of its path. Thus x^ is the amplitudt' of the motion. This also 
is to be expected, since we start with a displacement and, as 
no energy is lost or gained, we should expect the body to return 
to the same point each time. The energv in this position ^ all 
P.E. 

When x = (), the body is passing through its equilibrium 
position, and the velocity has its maximum value, the eiierg}" 
being now all K.E. Hence 


Maximum K.E. - kFx^^^. 

Thus, recapitulating, we see that if a body is given an initial 
displacement Xq and released, the total energy possessed during 
vibration is equal to the energy of deformation of the elastic 
support, which appears wholly as P.E. at each end of a vibra¬ 
tion, the amplitude being Xq, and wholly as K.E. as the body 
passes through its equilibrium position. 

Live or dynamic loads. In the problem just considered con¬ 
fusion sometimes arises such as is expressed by the following 
question : Why, if the strain energy of the rod is measured 
from its unstretched position, is the change of P.E. of the load 
only measured from its rest position although the load was 
attached to the unstretched rod in the first place? (Fig. 18 a). 

To make this clear, we can imagine matters in two ways 
(^) the load W when attached was not allowed to fall freely 
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downwards, but was brought slowly to its rest position, this 
being the same as if a force, gradually increasing from zero to 
its maximum value W, were applied to the rod, for which state 
of affairs the Aoai represents the energy stored. 

Alternatively (6), if we imagine the load to drop freely when 
attached we have what is termed a suddenly applied or a 
‘‘ live load ", and it is clear that the loss of P.E. of the load in 
dropping to its rest position is W . 8^^. But the energy stored 
in the rod is only half of this, i.e. Aoab, hence the load over¬ 
shoots its rest position and will vibrate about this position 
indefinitely unless the excess energy is damped out by friction. 
Fig 186 shows these conditions. The load W is initially sup¬ 
ported so that no force is applied to the rod. Upon sudden 
removal of the supports the load will fall until its loss of P.E., 
i.e. W X of, is equal to the strain energy stored in the rod, f\ofh. 

Thus W X of~\ofxfh ; 

/. fh^2W, 

and of — 28^^. 

The load will therefore vibrate about its rest position with 
amplitude — 8^^, and the maximum stress produced in the rod due 
to this sudden application of the load is twice the static stress. 

If the load had been dropped a distance A on to a stop at the 
end of the unstretched rod the distance of would have been 
such that 

W{of+h)-^lofxfh, 

and the maximum stress would have been correspondingly 
greater than 2W, 

Example ; A vertical tie rod carries a load of 30,000 lb. by which 
it is stretched 0-72 in. If this load was to fall 0*3 in. on to a stop 
at the free end of the bar, with what period would the mass vibrate 
and what would be the amplitude? 

The Period will be 27rJ^ =2nJ0-272 sec. 

^ g ^ 32 X 12 

For the amplitude we have 

Loss of P.E. of load =30,000(o/+0-3) in. lb. 

The maximum force P =fh can be obtained since 30,000 lb. pro¬ 
duced an extension of 0*72 in. 
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the extension of is produced by a force P = 30,000 


equating, 

30,000 (o/+0-3) 


I 30,(KK). of 


X 


0 / . 
0-72 ’ 


o/2 = 1*44o/+(j.432 ; 
whence of in. 

Thus 0*975 in. is the amplitude and the two values o/obtained 
are those for the top and bottom of the vibration measured from 
the end o of the unstretched rod. Note that at the top of the move¬ 
ment the weight will leave the stop if it is still loose after its initial 
fall, so that a true vibration will not occur. 


To account for the inertia of the supports. ^>0 far with every 
system under consideration we hav(' neglected the mass, or 
moment of inertia as the case may be, of the elastic 
constraints. In certain problems, however, this may 
not be negligible in comparison with that of the load 
and may considerably modify the motion from the 
simple harmonic that we have assumed. 

In order to gain an idea as to the effect of the 
inertia of the supports, let us again take the case of 
the longitudinal vibrations of a single load at the tree 
end of an elastic rod (Fig. 19). If we assume that 
the mass of the rod, while not negligible, is small 
compared with that of th(^ load, then we shall not be i’^^* 
far wrong in assuming that the displacements of every point 
in the system during vibration will be so little affected that we 
may consider them to be th(‘ same as fo^' a mas.sless rod. 

This means that the potential energy of both systems may be 
assumed to be approximately the same, since from the energy 
equation we see that the P.K. term depends only on the 
(displacement)2; and hence the main eflect will be on the K.L. 
term. 

Let the weight per unit length of the rod. 

jy = the distance of an element hy of the rod when at 
rest from the fixed end, and 
L — the length of the rod under the .same conditions. 

Then if x is the displacement of the load at the free end of the 
rod at any instant, the displacement of the element 8y will be, 
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on the above assumption, the same as for a rod of no mass, i.e. 
proportional to the distance from the fixed end, or 

y 

Displacement of element —x,j- 


Thus the velocity of the element will be 


dx y 
dt L 


or 



where V — dxjdt is the velocity of the load at that instant. 


Hence the K.E. of the clement 


1 

2 



/. Total K.E. of whole system 


1 ^ 

2 g 


2 g 



r 

which represents the K.E. of a load of weight 1E + --— con¬ 
centrated at the free end of the rod. ^ 


But wL—tho: weight of the rod, hence the inertia of the rod 
can be accounted for by adding ^ of the mass of the rod to the 
mass of the load. 

By exactly similar reasoning, but converting into angular 
motion, we should find that the inertia of the shaft in Case (1) 
for torsional oscillations may be included by adding ^ of the 
polar moment of inertia of the shaft to the moment of inertia 
of the load. 

In this manner, for systems of one degree of freedom, it is 
easy to allow for the inertia of the elastic support by consider¬ 
ing the kinetic energy of the system, but in more complicated 
problems it is not so straightforward. This approximate 
method is due to Lord Rayleigh. 

When the mass of the rod is comparable with that of the 
load, a more exact mathematical treatment is necessary, and 
the case of a marine propeller and its shafting is considered in 
a later chapter. 



CHAPTER III 


NATURAL VIBRATIONS OF SYSTEMS HAVING 
SEVERAL DEGREES OF FREEDOM 

Longitudinal vibration of systems having several degrees of 
freedom. A system is said to have 2 degrees of freedom when z 
independent variables are required to specify its configuration 
at any instant. 

We have so far considered the vibration of a system having 
one degree of freedom and have found that the motion is simple 
harmonic. 



General equations of motion for a series of loads moving in 
any manner can be deduced but are outside the scope of this 
work ; however, in most practical cases we are concerned with 
a vibration of a particular type—longitudinal, angular, oi 
transverse, etc., i.e. we have introduced constraints which 
reduce the number of degrees of freedom by confining the motion 
to a specified type, and in all such cases it can be shown that 

53 
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a particular solution of the differential etpuitions of motion is 
simple harmonic in character. 

In order to fix our ideas consider (say) the longitudinal 
vibration of the series of masses coupled together elastically as 
in Fig. 20 . Here there will be three degrees of freedom since 
the configuration at any instant can be denoted by the displace¬ 
ments Xi, X 2 , Xq of the loads from their respective rest positions. 

Then, as stated, it can be shown that one particular way in 
which the system may perform free vibrations is such that 

Xi—Ui cos (nl-i-e), 

X 2 ^a 2 cos (nl-he), 

x^ — a^ cos 

which means that the loads move with simple harmonic motion, 
all reaching their maximum positions or passing through their 
means together. 

This is called a natural or normal mode of vibration, since it is 
the motion that the system most readily acquires, and this is 
the only type of motion that will concern us in the following 
pages. 

We shall now show that for a given system there are a 
number of such normal modes of different frequencies. 

Returning to the case of three loads (Fig. 20 ) : 

Let Xi, X 2 , %3 = the displacements of the loads from their rest 
positions at any given instant, being meas¬ 
ured positive downwards. 

Fj, Fg, F 3 —the forces to produce unit alteration in length 
of each spring respectively, i.e. the stiff¬ 
nesses. 

Then considering load ( 1 ) moving down, this has two forces 
acting upon it upwards : 

{a) The restoring force due to spring ( 1 ) — -F^x^ ; 

(b) The force due to the compression of 

spring ( 2 ) through {x^ -X 2 )= - F 2 {x^ - 
the alteration in length of a spring being the displacement of 
the end at the load concerned minus the movement of the other 
end. 



NATURAL VIBRATIONS 55 

Hence the equation of motion for this load is 
W //2r 

. 0 ) 


(If X 2 is greater than spring ( 2 ) is in tension and therefore 
exerts a downward force on This, of course, is automatically 
allowed for by sign in the above.) 

Changing our datum to the rest positu)n of load ( 2 ) and 
assuming this load to be moving downward, spring ( 2 ) will 
now be extended by (X 2 -X 1 ) and exert an upward force 
-F^ix^-x^, and s})ring (3) a force - F.^^{x^- x.;^ in the same 
direction, being compressed by [x^ - x^. 


Thus - I'\(X,-X,) .( 2 ) 

Similarly, transferring to load (3) the ext('nsion of spring 
(3) is and therefore 


^3 

g dt^ ~~ 


(Xo - Xo 


.(3) 


Now making the assumption above that the system is vibrat¬ 
ing in a normal mode, we have (using for convenience the d'T 
notation x for d^xjdF ): 


Xj cos {nt + e ), 

X 2 ~ ^2 cos {nt 4 e ), ^2 -- 

x^ = cos {nt + e), x^- 


- cos (;// -f e) 




“ n^x2 ; 

H2.V3; 


where — is the frequency of the motion. 

277 


Thus substituting above, we obtain 
W 

( 1 ) - ^ n^x^ ^F^Xi \ F2 (Xi~X2) ] 

W 

( 2 ) — - n ^ X 2 ~ ^2(^2 “ *''i) 3 (-^2 ~ ■''3) » 

W 

(3) - nH^ - FAx^ - X 2 ). 

S 
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[Note the interpretation of the equation having changed the 
signs : ^ x or - ^ n% is the force accelerating the load, 


W 


g 


g 


H— tiH is the force exerted by the load.] 

s 

These three equations contain four unknowns Xi, X 2 , x^ and 
n^, but only three independent variables since the displace¬ 
ments of any two of the loads can always be expressed as a 
ratio of the third, e.g. 1 , xjx^, xjx^, so that the x*s can be 
eliminated and we are left with an equation which for this 
case will be in («^)^. 

This is the frequency equation. There will thus be three 
roots ^ 2 ^, n^, all of which will be found to be real and 
unequal. This means that there are three ways or modes in 
which the system can vibrate with simple harmonic motion, 

n n n 

each with a different frequency, given by -- , - -. 

Ztt Ztt Ztt 


The configuration of the system during any one of these 
normal modes of vibration can be determined from the three 
equations of motion of the loads by substituting the value of 
n^ concerned and hence obtaining expressions for the ratios 

and 

X2 x^ 

If n^^, n^, nf^ represent the roots in ascending order of 
magnitude it will be found that : 

{a) Substituting n^, these ratios are both positive. This 
means that the loads all move down or up together, i.e. their dis¬ 
placements are all on the same side of the mean at any instant. 

( 6 ) Substituting n^, one ratio will be positive, the other 
negative. 

This means that two adjacent loads will be moving down 
together (positive ratio) while the third load will be moving in 
the opposite direction (negative ratio). 

Thus a node will be formed in the spring coupling the two 
loads whose displacements are in opposite directions. 

(c) Substituting the highest value both ratios will be 
negative. Thus the centre load m 2 will be moving in the 
opposite direction to the outer loads and m 3 . There will 
therefore be a node in both the springs ( 2 ) and ( 3 ). 
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In each of these natural modes of vibration the loads, of 
course, are moving in step with one another, all reaching their 
maximum displacements or passing through their mean posi¬ 
tions together. 

The slowest mode is usually termed the fundamental and 
possesses the least number of nodes, and each succeeding mode 
in ascending magnitude of frequency contains one more node. 
Anode can only occur in an elastic connexion between two loads. 

Let us work out a simple case of the above three-load system 
as an illustration. 

We will assume that 


unity, 


and 


~g g " g 

Fi = Fa - J’3 ^ unity. 


(The above values are obviously absurd practically, but we are here con¬ 
cerned only with the interpretation of the solution.) 

The equations of motion thus reduce to 

( 1 ) {n^-2)xi ~ -Xi) 

( 2 ) («*- 2 ) 

(3) (n*- 1)X3= -Xj. 

From (3) 

substituting in (2) 


2 T> 

- 1 


(»=-2 

and then from (1) substituting for x^ 

{n*-2).x, («*- 2 -^ 311 ) 


whence («*)* - 5 («*)* + -1-0. 

The roots may be found by a process of trial-and-error sub¬ 
stitution and plotting, and are (very nearly) 

«^2=:0-02, 

. na*=:l-56, 

«32 = 3-236. 
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Now from equations ( 1 ) and (3) we have 


_L__ 

X 2 (2 - «*) ’ 



and, substituting the above roots, these ratios become : 


Root 

XjX2 

X 2 IX 2 


+ 0-555 

+ 0-807 


+ 2-42 

-0-55 

W3* 

-1-236 

-2-236 


Thus when the system is moving in the mode of frequency 
«2/27r a node is formed in spring (3) ; and when the vibration 
has a frequency « 3/277 there is a node formed in both the springs 
( 2 ) and (3). The fixed support, of course, always constitutes 
a node. 

The normal elastic curves for the first and second modes of 
vibration are shown in Fig. 20 , the amplitude of being taken 
as unity. The curves have been plotted along the static length 
of the system. 

These solutions to the frequency equation are really “ par¬ 
tial ” solutions, the general complete solution being the sum of 
them all, i.e. the motion which will occur when any elastic 
system is displaced from its equilibrium position can be con¬ 
sidered as produced by superimposing all or any of these nor¬ 
mal modes of vibration. If, however, any one of these modes 
is started alone, the system will continue to vibrate with this 
simple harmonic motion. The number of such normal modes is 
equal to the number of degrees of freedom which the system 
possesses. 

The general motion would therefore be 


cos («!< + ei) + 3/3 cos {n^ + e*) +... , 


X 2 =Zi cos (uit + ei) +Z 2 cos + + ..., 


where yi, Zi are the amplitudes of the masses in 
each of the normal modes respectively. 

The resulting motion is of course not simple harmonic. 

Consider any system of two masses, having two degrees of 
freedom, to which the above equations would apply, and sup¬ 
pose the arrangement is such that n^ and «a are not very 
different in value. Then the motion of each mass is the sum of 
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two simple harmonic motions of nearly the same frequency, so 
that in this case the resultant motion of each is approximately 
simple harmonic, and the amplitudes will alternately increase 
and diminish (beats). These amplitudes cannot both reach a 
maximum or a minimum together, because the system, being 
in free vibration, possesses a constant stock of energy (assum¬ 
ing no damping) so that as the energy of one mass is increased 
by increase in amplitude, that of the other must decrease. 

Suppose, for example, that the displacement ratios for this 
two-mass system were 




1 

2 


and 


y? 

^2 


- 1 , 


being obtained by substituting the two roots Mj*, in the 
original equations of motion ; and suppose the system is re¬ 
leased after having given mass nti a downward displacement of 
one inch, whilst was held in its rest position. This displacor- 
ment given to will be, therefore, the maximum displace¬ 
ment it can attain, i.e. the vectors y^, concerned start in 
their maximum positions, or, in other words, the phase angle 
Cl = ^2 = zero and so, with t—0, 

x^^V^y^ + 3 ' 2 . 
while X 2 = 0 = Zj + z^, 

whence, using the above ratios, 

yi=V. y2=r: 

Now the jVi and motions are always in phase, being of 
frequency nJ2TT (no node in connexion between masses, 
y^jz^ = 4-ve), while they 2 ^2 motions are 180 degrees out of 

phase (node, -ve) and of frequency which we 

are assuming to be not very different from the other. The y 2 
motion will start in phase with the yi motion witli maximum 
displacement, thus giving our initial condition that the mass 
mi starts with its maximum displacement yi4-y2 = l inch. 
Since the two masses in both component motions start at 
their maximum displacements, their initial velocities are zero ; 
so that the values of y and z given satisfy the other conditions 
that both masses are initially at rest, nq in its maximum 
position and m 2 in its mean position. These results could 
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have been deduced by substituting the initial conditions in the 
expressions for the displacements and velocities of the masses. 
These initial conditions for the two natural modes of a two- 
mass system similar to Fig. 20 are shown in Fig. 21(a) and (b) 
and their resultant in {d). 



Fig. 21. 


The amplitude of Wj slowly reduces as the motions get out 
of phase, becoming +^2 = J + (-§)= - Jin the Jbeat period. 
During this same time the amplitude of Wg, which started as 
zero, has become ^i+^s = § + ( + §), i.e. +| (the positive and 
negative signs merely indicating the relative positions above 
or below the mean), and it will be seen that a node, which 
started originally at the mass Wg, has moved slowly from this 
position to a point which divides the connecting spring in the 
ratio of the displacements now occurring, i.e. J/f. 

The process is now reversed. 

Rather similar phenomena will be discussed in the next two 
sections, and again in the section dealing with combined linear 
and torsional oscillations. 
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Twin pendulums elastically coupled. Fig. 22 (a) shows two 
equal masses (of weight W) attached to light rigid links 

of the same length I, which are free to oscillate in the same 




vertical plane about the points 0^, 0^. A spring of stiffness F 
connects the links at a distance h from the suspension points 
and is unstrained when the links are vertical. 

Since the configuration is completely specified during vibra¬ 
tion by the angular displacements and 0^, there are two 
degrees of freedom and therefore two natural modes. Assuming 
that the system can vibrate as shown we can write down the 
equations of motion: 

Pendulum (1) : in addition to the restoring torque due to its 
own weight, the spring is compressed a dLstance h {By - ^ 2 ) ^"d 
also exerts a restoring torque -F .hifii-B^ xh 

wie, - FA* (0, - e,). 

g dF 

Changing our datum to 

Pendulum (2) : the spring is now stretched through A (02 “ ^ 1 ) 
and exerts again a restoring torque -FA*( 02 "^i)> so that 

Wie» - FhHB^ - 0i). 

g dF 

Assuming that 

flj^a^cos (nt + e), 

02 =a*cos {nt+e), 
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the equations of motion reduce to 
W 

— l»n% = Wl0i+Fh>(6,-(/,) .( 1 ) 

S 

w 

— = Wld^^Fh*{0t-9^).' .(2) 

S 

Dividing equation (1) ly (2), we get 

01 Wl0i + Fh^{0i-0i), 

0t~Wl02 + Fh^0i-0i)’ 


\ Wl0i0^ + 0^Fh^ {01 - 02) = W10A + 6yFh^ {0^ - 0i) \ 



P 

Substituting 0i=02 in (1) gives n^ = j, which is the same as 


for a simple pendulum, both masses move in phase with the 
same amplitude (Fig 22b). 

Substituting 0i= -02 gives 


n 


2 

2 


^f + 2 ^ - 

I W' F’ 


the two masses moving in opposition and always symmetrically 
disposed (Fig. 22c). 

Now if the coupling spring is very weak, i.e. F very small, 
the second term above is very small, and thus fiy and differ 
by only a small amount. Hence in the general motion, when 
these two natural modes are superimposed, beats will be pro¬ 
duced, and, following the same argument as in the preceding 
section, if pendulum (1) is given a displacement 0 while pen¬ 
dulum (2) is held and the system is released from this configura¬ 
tion, we have 

^i=^yi+yi = 9 and yilzi = \; 

02=Zi+Z2=O >' 2 ^ 2 =- 1 ; 

0 

yi=y2=2’ 


2i = 


Z2 


0 


2 ’ 


whence 
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and the amplitude of pendulum (1) will slowly change from 
yi +yi = 9 to yi -^ 2 = 0 , and in the same time the amplitude of 
pendulum (2) will increase from Zi + = 0 to = 9, so that 

each pendulum in turn comes to rest as the other reaches its 
maximum amplitude 6, energy being continually transferred 
from one to the other. 

The double pendulum. This is illustrated in Fig. 23 (a) and 
consists of two heavy particles nii, Wg of weights W^, 
suspended by light inextensible cords. Vibration is assumed 
to take place in one plane, hence there are two degrees of 
freedom. 

To obtain the values of the frequencies of the possible modes 
of vibration we must use the general method of writing down 
the equations of motion of the masses. This problem is dis¬ 
cussed in detail as the results deduced are interesting. 

Let X and y be the horizontal displacements of the particles 
from the vertical rest position, being of the same sign when on 
same side of this rest position. These displacements, as for a 
simple pendulum, will be assumed to be small, hence the ver¬ 
tical movement of the particles will be negligible. 

Also, for the two cords, let 9^ be their inclinations at a 
given instant, and Tj, their tensions. 

Consider first the lower pendulum. The horizontal restoring 

y ~ ^ 

force when wtg is displaced a distance y is Tg sin 02 = — * 

and, using the same reasoning as for the simple pendulum, we 
may assume that — IFg if the displacements are small, hence 
the equation of motion is 


( 2 ) 




V — X 
('2 


Now as regards the first pendulum, since we are assuming the 
tension Ti in the cord to be equal to the vertical foice at its end, 
then approximately Ti = {Wi-\-W 2 )- 
Thus the horizontal forces acting on are : 

{a) The horizontal component of this tension acting towards 
the mid position 

= (W^i + W"*)r.and 
n 
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(b) The horizontal component of the tension in the lower cord 
acting outwards when the system has the configuration shown 




Fig. 23. 
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These equations will hold for all possible configurations upon 
substitution of the correct signs for and y. 

Assuming that simple harmonic vibrations can occur, let 
x = acos {nt + e), -yji--nH] 


y = b cos (nt + e), 
Substituting above we obtain 


d^y 


- n^y. 


( 1 ) 

(2) ^ ' x+ where R = ^^'2/^1- 


From these equations we can eliminate x and y and leave 
an equation in (»*)*, e.g.: 

From equation (1), 

and from (2), 



y g 

I2 

Equating these expressions, we obtain 

or (n*)*-(l+ 7 ?) (f+ ^)«* + (l+^) f-1==®. 

This is the frequency equation **, the two roots of which 
give the frequencies of the two normal modes of A^ibration. 

In order to simplify matters let us assume 

and 

Equation (i) then becomes 

(m*)*-4|.m*+2(|)*=0 


E 




66 


THEORY OF VIBRATIONS 


The roots of this quadratic are therefore given by 



=f[2±V2]. 

Now from equation (2), 



and substituting the lower value of i.e. 

».-=f[2-V2], 

we obtain 

+0-414. 

Thus the masses are both on the same side of their mean 
position at any given instant. 

For the higher frequency, 

X 

and hence -= -2-414. 

Thus the masses are on opposite sides of their mean positions, 
as in Fig. 236. 

There are some interesting special cases of the system worthy 
of note. 

Suppose that is very small, then the frequency 

equation (i) becomes approximately 

.(“) 

a a 

the roots of which are - and f and the corresponding frequencies 

h h 

± 11 1 . II 

2 n\ h ’ 277 V k 
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which are the same as for the two pendulums if separate. Thus 
in the mode corresponding to the first frequency, the upper 
pendulum vibrates just as if it were alone. This we could 
picture to be the case since is very heavy, and m^, the 
particle suspended from it, is very light and will not appreciably 
affect the motion. 

As regards the lower pendulum in this mode we can consider 
its support (i.e. m^) to be given a simple harmonic motion of 


1 ! p 

frequency f which will force the pendulum to take up the 

same frequency, while its natural frequency, i.e. with support 
stationary, would be 


/«. 

2W 


We are here, however, slightly in advance of our subject. 
This system described is dealt with in detail on page 168 and the 
reader is asked to refer back to this problem later. 


a 

Upon substituting in equation (ii), we obtain 

n 


y h h 


If /i >/2 this means that the lower pendulum is moving in 
exactly the same manner as a simple pendulum of length li 
suspended from the point 0, which can be considered as an 
imaginary node, Fig. 23c. 

If /i </2 then the ratio is negative and we have the result 
shown in Fig. 2M, the lower pendulum moving as if supported 
at 0, which forms a real node. 


In the second normal mode of frequency. 


_L jl 

277 V L 


(approx. 


the ratio xjy is zero, i.e. a; —0 , so that the upper particle is at 
rest and the lower one swings as a simple pendulum with this 
frequency. 

Now on page 58 we stated that the roots of a frequency 
equation are really partial solutions, and although any system, 
if once set into vibration in a particular mode, will continue to 
vibrate in that manner, yet the general motion produced when 



68 THEORY OF VIBRATIONS 

the system is disturbed will be the sum of all the normal modes 
existing. 

Here, then, the general motion of the two particles will be 
obtained by superimposing the two modes given by the roots 
«i, «j, i.e. 

x—Ui cos («!< + + flj cos [n^ + , 

and y — ^i cos {riyt + cos + e^. 

If, as above, R is small and we make —l^, the roots of equa¬ 
tion (iii) become equal, so that the roots of the true equation (i) 
are approximately equal; and we have seen that the motion 
of each particle, being the resultant of two S.H.M.s of nearly 
equal frequencies, is itself approximately simple harmonic with 
an alternately increasing and diminishing amplitude. 

If the amplitudes of the component motions are made equal, 
i.e. =a and therefore 61 = 62 = b, the effect is most marked 

—the resultant amplitudes of and Wj varying from zero to 
2 a and 26 respectively, i.e. there are periods of approximate 
rest. 

Since the system is in free vibration and no external forces 
act upon it, the energy which it possesses will be constant, so 
that nil 3^nd m2 cannot be at rest together, but as the motion of 
one dies down the other must increase in amplitude, energy 
being alternately transferred from one particle to the other. 

Now suppose the lower particle is much heavier than the 
upper, i.e. R is large. Let us see first whether we can visualise 
the nature of the motion. 

The lower particle, being heavy, will tend to keep the whole 
cord taut in a straight line of length li + /j, the motion being 
approximately that of a simple pendulum of this length, the 
upper particle for all practical purposes not affecting matters. 

A second way in which the system might vibrate can be 
deduced as follows. The lower particle will possess consider¬ 
able inertia, hence when a given impulse is applied to start the 
motion the upper particle will probably respond more readily 
than the lower, which will remain approximately stationary, 
and the motion will be equivalent to that of a particle mi 
on a cord of length li +1* which is stretched between two fixed 
points. 



NATURAL VIBRATIONS 


69 


With R large, the frequency equation (i) becomes approxi- 
mately: 


L 


I Digressing for a moment: 

Consider the equation 

ax^ -{-bx 

If a, P are its roots we may write 

a(x-a){x-P)-^0, 

i.e. ax^ -(ot-^p)x-\-ocp = 0. 

Comparing this with the original, we see that 

b 

a ’ 
c 

a ‘ 


Sum of roots (a -f jS) = - - 
Product of roots ajS — + 


Sum of reciprocals ~ ^ ^ 


while the roots themselves are given by 
-b±Jb'^ -iac 


2a 




The roots of the above approximate frequency equation are, 
therefore, 

. 

The second term under the root sign is, however, very small 
compared with the first, e.g. the expression expanded is 


J 


ifY + R^ 




gy , 2Rgi 


+ 


(/e-2). 


2R^g^ 

and as R is large, the final term is approximately -yy"» so that 
the expression reduces to 

^(g/^i+g/4) very nearly. 

Thus, using the positive sign in (iv), one root is 

approximately.(v) 
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If we use the negative sign, the other root would apparently be 
zero, but as this cannot be, its value can be determined from 


Products of roots = 


R.l 
Ilk ’ 


whence, dividing this by (v), the second root is ..(vi) 

I'l + ^2 


Using the first root we see that 

R(glli +glk)-glh 
y glk 

Rglli+glk{R-i) 

glk 

and, R being large, this becomes approximately 

R ih+h ) 

h 

Hence x is seen to be large compared with y, and as, by 
hypothesis, the displacement of nii is small, the particle Wg is 
almost stationary. 

If we use the above results, that Wi is negligible in comparison 
with W 2 andy with x, in conjunction with the original equation 
of motion of mj, i.e. equation (1), this becomes 


g dt^ 


= -W2 



which is the equation for the simple harmonic motion of a 
light particle attached to a tightly stretched cord of length 
(/ 1 +/ 2 ) in which the tension is uniform and equal to W 2 , e.g. 
Fig. 23^: if the displacement x is small so that the increase in 
tension produced in the cord is negligible in comparison with 
the original tension T — IFg, the horizontal restoring force is 


-^2 



The frequency is therefore ^ ^g . + which agrees 


with the root obtained above (v). 
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Substituting the second root (vi), i.e. t -—, , in the expression 

n +^2 

for xjy obtained from equation (2) page 65, we get 

x_ 

which shows that the two lengths of cord keep in the same 
straight line during this mode, the system being approximately 
that of a simple pendulum Wg on a length of cord the 

light particle not appreciably affecting matters, Fig. 23/. 

Torsional oscillation of shaft systems carrying concentrated 
flywheel loads. The determination of the natural frequencies 
of torsional oscillation of shaft systems is one of the most impor¬ 
tant problems met with in practice, so that in this section the 
various methods are discussed in detail. The same methods can 
be employed for the determination of the natural frequencies 
of similar systems in longitudinal oscillation and some have 
been dealt with already. 

(A) The method of nodes. In the previous chapter we saw 
that with two loads at the ends of a shaft free to revolve a 
node was formed which divided the system into two sections 
having the same frequency. Consider, now, a similar system 
carrying three loads : 

Case (6). Revolving shaft system carrying three loads (Fig. 2Aa ). 

Here it will be seen that two modes of vibration are possible, 
there being two degrees of freedom, since the configuration 
during vibration is completely specified by the angular displace¬ 
ments of the loads expressed in terms of any one displacement: 

(а) With one node, the centre and one outside load (which 
pair depends on the stiffness of the connexions and the magni¬ 
tude of the moments of inertia) moving together in the opposite 
direction to the remaining load. 

(б) With two nodes, the centre load moving against the two 
outer ones. 

A node, other than a fixing, can be formed in any shaft 
connecting two loads. Let us imagine that all the nodes 
possible are formed, so that, here, a node will be formed in 
shaft section (1) at a distance x from /i, and a second node in 
section (2) at a distance y from /g. 
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The system is thus split up into simpler systems as in 
Fig. 246, which we have already discussed in Chapter II, and, 
the frequency of the whole system being equal to that of any 
part, we have 



Fig. 24. 


frequency=^ 7^ (^“ t) = ^Vf. ' 7 ] 



from which a quadratic equation in a: or y is obtained, giving 
two real values of x with a corresponding real and imaginary 
value of y (or vice versa), which represent the two possible 
modes of vibration. 
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An example will illustrate the above procedure : 

A gas engine has a crankshaft 3 in. diam. and 4 ft. long, and carries 
two flywheels, both of moment of inertia 1 ton ft.^, at its ends. An 
extension of the shaft of diam. 1*5 in. and length 2 ft. carries the 
armature of a dynamo of moment of inertia J ton ft.* 

Neglecting the effects of the crank, determine the frequency of the 
two possible modes of natural torsional oscillation. Take the modu¬ 
lus of rigidity C =5,000 tons per sq. in. 

Referring to Fig. 24, we here have 


^3 = i ton ft.* 
L,-4ft. 


Z., = 2ft. 


32 


Cl = €2 — 5,000 tons per sq. in. 
Using ton, ft. units, we have 

CiJi 5,000 X 144 X 7r(^)^ 

Li 4 X 32 

C2J 2 __ 

‘""8 


^01' 

To2- 


ton ft. per radian ; 


Equating frequency expressions (i) and (iii), 

Tqi . 

ii X 12 ^2 ~y 

. loi J . 

•• 1 ‘a; i ’2-y* 

V = 2 - a;/4. 

Substituting, say, fory in (ii) and equating to (i). 



Tqi Li 1 Pt- Li j. ^ 2 ! 

7:'T-r,L 

i.e. 

T ^ fr ^ 1 ^ 

8 2-a:/4_ 

Whence 

9a:*-84*+128 = 0,• 


* = 7-41 or 1-916 ft, 

and 

jy =0-147 or 1-521 ft. 



74 


THEORY OF VIBRATIONS 


When « = 7-4I ft. there is no real node in that shaft {L^ being 
4 ft.), the node occurring in the second section at 3/=0"147 ft. 

The meaning of the imaginary value is that the frequency of 
the whole system is equal to that of on a shaft of diameter 


3 in. and length 7-41 ft. ^stiffness Toi • , so that if the N.E.C. 

between and 1 2 were continued it would cut the axis at a 
distance 7*41 ft. from 

This is the one node mode of vibration. 

Substituting for x in Case (i) 


frequency 


=- /- 


5,000 x 144 x71(1)^x4x32 


4 X 32 X 7*41 X 1 


(ton, ft. units) 


= 5-50 cycles per sec. 

When a: = 1-916 and y = 1-521 a real node appears in both 
shafts, i.e. the two node mode of vibration, and substituting 
this value of x in Case (i) above we get 

frequency = 10-80 per sec. 

Knowing the position of the nodes, real or imaginary, and 
taking unit amplitude say for /j, the relative amplitudes of 1 2 
and 1 2 are at once obtained (Figs. 24c and d). 

Thus, in general, to solve for the frequencies by the method 
of nodes—assume all nodes possible at distances x, y, z, etc., 
from the respective loads ; this divides the system into simple 
systems each having the same frequency. Sufficient equations 
can be found to eliminate the y*s and ^'s, etc., and leave an 
equation in x^ where m is the number of modes possible. 

Upon substituting the values of x so found in the respective 
frequency expression all the frequencies are obtained. The 
number and position of the nodes are determined from the 
values of x, y, etc.—if less than the corresponding length of 
the shaft section a real node exists. 

Note that in some problems, when solving (say) for x, a 
negative value may be obtained, e.g. for the system shown in 
Fig. 25 the normal elastic curves for the two modes of vibration 
are shown in (a) and (6), there being no node and one node 
respectively in the shaft connecting the two loads. Having 
chosen to measure x from as shown, it so happens that in 
(a) the N.E.C. between and I 2 when produced cuts the 
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axis to the left of /j, giving a negative value therefore for 
To obtain the frequency substitute this negative value in the 
frequency expression involving 
X as before. 

Whilst this method — of 
equating the frequencies of the 
simple cases formed by intro¬ 
ducing a node in each shaft 
connecting two loads — is 
simple, yet it will be n^alised 
that with a large number of 
loads the mathematical work 
involved in the elimination will 
become very laborious, and 
even when the nodal equation has been obtained, this must 
be solved by a tedious process of trial and error. 

In practice, however, many systems can be reduced to the 
case of three loads, e.g. a marine Diesel engine shafting, com¬ 
prising propeller, flywheel and engine crank masses, if the 
connecting shafts are long it will be sufficiently accurate to 
assume that all the engine masses are concentrated in the 
centre plane of the engine. 



(B) Determination of the natural frequencies of torsional 
oscillation of shaft systems, carrying concentrated loads, from 
the equations of motion of the loads. W^e have already studied 
this method in connexion with masses in longitudinal oscil¬ 
lation, so that we need only illustrate the method by studying 
some of the systems previously examined. 

{a) Shafting fixed at one end and carrying a series oj loads. 
Two loads are shown in Fig. 26. 




— 


35: 


Fig. 2fi. 


The following notation and symbols will be used throughout, 
each section of shafting between two loads or up to a change in 
diameter being numbered consecutively. 
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Let 

Ii, /,=the moments of inertia of the loads in absolute units. 

6j=the angular displacements of the loads at any given 
instant. 

Tqi, T(,2 =the torques to produce unit angle of twist in each 
shaft section respectively. 

We will also use the abbreviated form 0 for . 

dt^ 

Consider load (1) on its retaining shafts (1) and (2) : Shaft (1) 
is twisted through angle 0^, and shaft (2) through angle [0^ - 0^, 
hence the restoring torque exerted on the load by the shafts 

— — - 02)], 
or the equation of motion is 

-^-S,= -[T2A+To,(er-0,)] .( 1 ) 

O 

Transferring now to load (2), we see that its retaining shaft, 
i.e. shaft (2), is twisted through an angle (6g-0i)—note the 
change in sign of the angle since we have changed our datum— 


thus 

^-~S2=-T22{0,-0^) .( 2 ) 

O 

Assuming, as before, that every load vibrates in phase with 

ft 

S.H.M. of frequency —, we may write: 

Ztt 

01 =«! cos (nt + e), cos («/ +c) =-; 

02 =«* cos {nt + e), .'. S 2 - - <* 2 ^* cos {nt + e)= - n^ 02 . 

Hence, substituting above, 

-j«*6i = T'oi 0 i + Tq2(6i —62), .( 3 ) 

o 

~ = ^02 (^2 ~ ^ 1 ).( 4 ) 

6 


Thus by elimination of 0^ and 6* (which can be done since there 
are only two independent variables and 0 i/ 02 , one displace- 








from which the two roots are obtained. 

By substituting the roots in equations (3) or (4) we shall 
obtain the ratios of the amplitudes 0i/02 for each mode. One 
ratio will be found to be positive, i.e. there is no node in shaft 
(2), while the other is negative which means that the loads are 
moving in opposite directions, thus a node will be produced in 
shaft (2). 

{b) Case (4) above—two loads at the end of a shaft free to revolve 

(Fig. 16). 

Here then, the equations of motion will be 


o 

o 

Substituting ^ 1 = for S.H.M. 


d'j — — 

we obtain 

^n% = TM-e,). .( 1 ) 

g 

= .( 2 ) 

8 
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Eliminating 6 ^ and from ( 2 ) 



Substituting in (I) 





as previously deduced. The position of the node will be found 
as usual by substituting this value in equations ( 1 ) or ( 2 ), thus 
obtaining the ratio 6 Jd 2 , which will be negative. 

{c) Two loads at the ends of a shaft free to revolve^ the shaft 
having sections of different diameters. 

Two such sections are shown in Fig. 27. Although it would 
be much simpler to obtain the equivalent stiffness of the 

shafting, or convert to an 
equivalent length of uniform 
shaft, we will here work out 
the problem as it stands since 
the method of procedure is of 
importance. 

Let the loads be /j, /g, their 
angular displacements 0 ^, 63 , and let the angular displacement 
at the junction of the two shafts be 0 ^ as indicated. 

Then we have Load ( 1 ) : 

S 

Now at the junction of the two shafts the torque exerted by 
section ( 2 ) on section ( 1 ) is equal and opposite to that by section 
( 1 ) on section ( 2 ), i.e. 

^ 01 (^2"" ^1) = ~ ^02 (^2 ~ ^3) • 



Fig. 27. 




Then finally 

Substituting 

we have 
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0\ = - «*0i for S.H.M. 

03— -«^03, 

H*01 — Tqj (0J — 02), .(1) 


h 

g 

il 

g 

Eliminating 0i, 6 ^, we have : 

From (2) 

{ TqI + 7 32) 00 — 7 0203 T 7 'ol 0 i- 


^ — 7 03 (02 — 0 l) “ 7 02 (03 - 03) 
'3 — 7' o 2(03 ~ 02). 


.( 2 ) 

.( 3 ) 


Also 


m203 = - m20„ 

g g ' 


i.e. 


03 /l’ 

Thus, introducing these results in equation (1), we have 


—- w*03 — 7'oi0i Tqi 

s 


r ^ 02^3 

L ^01 ^ 02 J 


— Tq^Oi — Tqi0 


* L 7 'oi + 7 o 2 J 




g 


^ 01 


F 

V 


whence 


n 




+ T, 


-7'o2-{^ + 7’oi| 

1 Q 


7'o1 + Fo2 
2U1 v 




_ 1 _ 1 


From a study of these simple cases the student should experi¬ 
ence no difficulty in writing down the equations for any system, 
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but it will be realised that the process of elimination of the O’s 
becomes very laborious when the number of loads is large. 

The most important case of all is that of a shaft system free 
to revolve, and if the student were to work out the frequency 
equations with (say) three and four loads, he would notice 
that the terms involved follow an ordered arrangement such 
that it should be possible to evolve a general expression for any 
number of loads. This has been done by various investigators, 
and such formulae will be found in more advanced works and 
save the preliminary work of elimination. The solution of 
the equation, being a matter of trial and error, will still be 
tedious. 

We will now consider a second method for obtaining the 
frequency equation which, with a tabulated system of trial 
and error solution, is eminently suited to practical problems. 
A full discussion of this method is given by Professor F. M. 
Lewis in his paper “ Torsional Vibration in the Diesel Engine 

(G) Tabulated system of trial and error solution for the fre¬ 
quencies of torsional oscillation of a shaft system which carries 
concentrated loads and is free to revolve. We have seen that 
the torque which must be applied to a load of moment of inertia 

ft 

I absolute units to give it a S.H.M.of frequency — is 

Ztt 

' ls=-ln^d. 

g 8 

This is the torque exerted on the load by its elastic constraint, 
so that the torque exerted by the load is equal and opposite, i.e. 

+ -n^e. 

g 

Consider the first load of the system shown in Fig. 28, and. 
for convenience, assume 0^=unity. 



Fig. 28. 


* Trans. Soc. American Naval Architects and Marine Engineer fi!>r. 
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Then: 

Torque exerted by load ( 1 ) on shaft ( 1 ) x 1 

ft * 


Twist produced in shaft ( 1 ) = (f/, - 0^) «« x — ; 

^ ^01 ' 

Amplitude of load ( 2 ) 6 ^-6^- ifii - = fi - . ”* "1; 

L s ^oiJ 

/. Torque exerted by load ( 2 ) = — fl - —^ • 

^ L ^ ToiJ * 

/. Torque transmitted to shaft ( 2 )rr:sum of torques due 
to loads ( 1 ) and ( 2 ) 



/. Twist in shaft ( 2 ) = (0^ - ^ 3 ) = J- | |; 

Amplitude of load ( 3 ) =0^ = 0^- (0^ - 0^) 



and so on. 

This process is continued until an expression for the total 
torque, which would be exerted on the shafting if it were con¬ 
tinued after the last load, is obtained. This expression is 
therefore equated to zero, as no external torque can act on the 
system when it is in free vibration. 

The student will probably realise that all we have done is to 
write down the equations of motion of the loads in turn and 
eliminate the 0 *s as we proceed. 

The result is the frequency equation as before. [If the prob¬ 
lem had been as in Fig. 26 the above process would have been 
continued until an expression for the amplitude at the wall 
(which is merely a load of infinite inertia) was obtained, and this 
on being equated to zero, is the frequency equation as before.] 

When the number of loads is large, the solutions are most 
quickly obtained by assuming values for w* and plotting the 

F 
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resulting " excess torques ” after the last load, hence liuding 
the required values of n® to make this torque zero. 

As a first approximation to the fundamental frequency the 
system can often be reduced to that of two loads. The number 
of such trial calculations will obviously depend on the experi¬ 
ence of the operator, but care must be taken not to assume 
values of too far apart which would lead to a wrong interpre¬ 
tation of the result. The type of curve obtained is shown in 
Fig. 29, and if values of had been taken at points (a), (b), (c) 
an apparently continuous curve would have resulted, which 
would give an entirely erroneous result at z. 



The process lends itself to most convenient tabulation, and 
in order to illustrate the method the following example (Fig. 30) 



has been worked out, the value of assumed being the actual 
value for the 1-noded mode of vibration, so that the final torque 
should be zero, the trial tables to obtain this figure not being 
reproduced. 
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IH 

/i/g = 3,650 — in.* 

72 /^ = 1,825 „ 

,, C for all shaft sections 

-^ 4/5 —*» = 10’Ib./sq. in. 

Hence 

CI 

Tqi =--— = 10*77 lb. in. per radian, 

7„,=^ = I0V „ 

J-‘2 

T —^-^ — 10’ - 

■* 03— r ~ • 7 >» X 

L 3 4 

Value of n* Assumed = 502 . 


Load 

lie 

g 

Load 

A mpli- 

e 

r- ij*. fi 

T, 

S-n'e 

e 



[uac 

e 

g 


r. 

1 

3650 

1-83 X 10« 

1 

os 

II 

X 

QO 

1'83 xlO* 

10«7r 

•583 

2 

1825 

•915 X 10« 

•417 

-•702= 

•382 X in*— 

-> 2-212 X 10* 

10«7r 

•702 

3 

1825 

•915xl0« 

-•285 

—2485= 

-•261 xl0» 

l-Oi)! X 10* 

lOV 

4 

2485 

4 

7300 

3-66 X 10« 

- -5335 

-1-951 X 10« 

0 


— 


(1) (2) (3) (4) (5) ^ ((») (7) (8) 

til ^ 


Inertia torque 
for each load. 


Total inertia 
torque for all 
loads up to and 
including the 
one considered 
= Torque on 
shaft following. 


(6) / (7) gives 
twist in shaft 
considered. 

This, subtracted 
from angular 
displacement of 
previous load, 
gives the ampli¬ 
tude of load fol 
lowing in column 
(4). 


The process should be self-explanatory—as ve move along 
line (1) of the table we are merely following out the sequence of 
events recorded above for the calculation of the excess torque. 

Since this is the final correct value of which makes the 
excess torque zero [column (6)], (which has been obtained after 
a series of similar trial tables), column (4) gives the relative 
amplitudes of the loads during this mode of free vibration 
which therefore enables the normal elastic curve to be drawn. 
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This is shown in Fig. 306, there being one node situated in 
shaft section (2). 

The student might like to show similarly that n* = 3,396 is 
the correct value for the two-noded mode of vibration, the 
nodes occurring in shafts (1) and (3). 

Approximate formula for obtaining the fundamental fre¬ 
quency of natural torsional oscillation of a uniform shaft which 
is firee to revolve and carries concentrated loads. Consider again 
the two-load system shown in Fig. 31a. We saw that the fre¬ 
quency equation was 



Fig. 31. 


h . + To*)]+r„,ro*=o 

(the loads and shaft sections being numbered consecutively 
from the wall), and from page 69 we have that, if n^, are 
the roots of this quadratic equation. 


J_ 


7 To*+^(7,, +To*) 

S _o_ 


Ji-+br± 

gToi g LT'oi 


+ 



This is a special case, which can easily be proved being a 
quadratic, of the general result that for any number of loads on 
a shaft fixed at one end 
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[As we shall be dealing with a very similar result in a later chapter, 
the general proof is here given for reference. 

Consider the equation 

+ a^x^-^ -f a^x^-^ +... + = 0. [A] 

This may be written as 

ao(x -a)(x-P) (X - y) (x - 8) ... =0, 
where a, j3, y... are the roots of the equation, i.e. 

- (a +j3 + y + ...)x^~^ 4- (aj3 4-ay 4-j8y 4- 

- (ajSy 4-aj88 4-j3y8 4- =0. 

Equating the coefficients of this equation and [A] we see that 

+y + •••) = 
or 

the sum of the roots = - 

«o 

and Z* (roots two at a time) = 4- — , etc. 

(Iq 

Now divide equation [A] by x^, we have 

Ill 1 . 

«0 + «l--+«2^*+«3-» + ••• +«n^„=-0. 

or, if y = -, 

X 

a„-y” + +... + flo=0. 

Comparing this with [A], we have 

dn-t 

Sum of roots -- 

«n 

But the sum of the roots=2y=2^“ =- 4"3 + -4-.... 

X <x p y 

Hence in a homogeneous equation of the above type [A] : 

U-t 

Sum of roots = - . 

■ «o 

^n—1 

Sum of reciprocals of roots = - ~— 

It will be left to the student to show that the frequency equation 
for three loads numbered consecutively from the fixed end reduces to 

w, (jJ - (jJ [hl^Tot + Toi) + hhiToi + T'o*) + / il2Toi\ 

o o' 

- [IiTnTos + /.(roiro, + ToJob) + hiToJoi ^ + TM] 

^ -To^T,,T,,=0. 
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from which, taking the sum of the reciprocals of the roots, we 
obtain the result stated above.] 

A 

Now if ^ = the frequency of on shaft (1) only (Fig. 316) ; 
Ztt 


and if ~=the frequency of on shafts (1) and (2) (Fig. 31c), 


where Tq is the equivalent stiffness and is given by 

JL 

' ■ i * 

0 -^01 ^02 

Thus, by a similar reasoning for any number of loads, we see that 


1 1 

- n H - a 


1 111 

—- + ... -h -7—^ + T~i + •• 


"3* Pl^ p2^ Pi^ 

If, as is usual, fi^*, ... are large compared with ttj® their 

reciprocals may be neglected, so that very nearly 

J_= L J_ 

Again, if the shaft is uniform (or one in which the actual 
shaft sections have been converted into equivalent lengths of 

uniform shaft) j 

A . 


J JL^ 

'-n ^ rr* 


[Li + Lg]* ; 


‘ V CJg 


{I\Li 4-/2(“^1 + -^2) +-^3(^1 + -^2 + ^3) + •••]• 


Consider now a uniform shaft free to revolve (Fig. 32), and 
let the node for the fundamental frequency be as shown, while 
Li, La ••• have the meanings indicated. Then the node divides 
the system into two cases as above and, equating the two 

approximate expressions for , we have 

% 

+La + L3) -f/2(L2 +L3) -\-I 

i.e. the node is situated at the Centre of Gravity of the loads if 
/i, /a... be imagined to be masses. 



Fig. 32. 


I 


This affords by far the readiest solution for the 1-noded mode 
and its value from a practical point of view cannot be over¬ 
estimated, since the fundamental vibration is in general the 
most important. 

Let us work out the example for three loads given on page 73 
by the various methods explained above. Fig. 33a shows the 
actual system, and Fig. 336 gives the equivalent system for a 
uniform shaft 3 in. in diameter, since : 



Fig. 33. 


Actual shaft =2 ft., 1*5 in. diam. 

/. Equivalent length of 3 in. shaft = 2 x 



= 32 ft. 
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(1) Approximate solution for the l-node mode —the node is at 
the C.G. of the loads if their moments of inertia are considered 
as "masses”. 

Thus if X=the distance of the C.G. from the left-hand end, 
taking moments about this end, we have 

2JxA’ = (lx4) + (ix36) ; 


Thus the node is 5-78 ft. from or is situated in the second 
section at distance 30'22 ft. from 1 3 . The frequency is therefore 
obtained by substituting in the approximate formula above 
ZIl = {l 3 X 30-22), taking the loading on the right-hand side. 

, 1 /5,000xl44x7r(l/4)«x32 

= W - l/4 - x - 30-ii2 T^- 


= 5*45 per sec. 

Previous calculation gave 5*50 per sec., hence the error by 
this approximate method is 0-91 per cent. 

(2) Using the equations of motion— 

We have, on substitution for S^, dj and 


= .( 1 ) 

o 

g ~ ^01 (^2 ” ^ 1 ) + ^02 (^2 ~ ^ 3 )» .( 2 ) 

o 

= To2{^3 “ ^ 2 ).(3^ 

o 


Whence, on eliminating 0i, 6^ and 6^, we obtain the following 
equation in («*)*: 

W 3 (D* -1 + + + To*)] 

+ ^01^02 (-^1 -^2 = 9 . 


Herer„i = ^^ = 


C/i 6,000 X 144 X7r{J)* 

17“ 4x32 

= 69-10 ton ft. per radian; 
5,000 X 144 X7r(J)* 


To2 —■ 


2 x32 


= 8*64 ton ft. per radian. 
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Thus, on substitution, we finally arrive at 
/«*\2 

W -181-2- + 5,370=0; 
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the frequencies are 


J 


g 

: 143-75 or 37-45. 


s/l43-75 x32 . 

(1)- ^ -= ll>-80; 


V37-4r> X 32 
(2)- - -x.5.60, 

as before. 

(3) Using the method of Professor Lewis for obtaining the 
frequency equation, and working through from load (1) as 
described, the following expression for the total torque trans¬ 
mitted will be obtained and therefore equated to zero : 


Torque due to load (1) 

II 

1 

1 to 


Torque due to load (2) 

=¥[■- 

/i«n 

Torque due to load (3) 

= 


'g iL 

1 r/.«* 


I 

i| ^ 

1 

' g \ 


(‘+'C)]} 


Adding these and equating to zero, we obtain 

+ (-^1 ^ 3) 

which, as would be expected, is the same as the equation just 


deduced above. 


Alternative method for the determination of the frequency 
equation. There are many variations of the method for deter¬ 
mining the frequency equation (or its trial and error solution) 
by working along the shaft, and mention will here be made of 
one other since this method has been employed for the solution 
of a special problem in a later chapter. 
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Consider again the general system of a shaft which is free to 
revolve and which carries a series of flywheel loads (Fig. 34): 

The torque T^, exerted on load (1) when the angular displace¬ 
ment is 6i, is 



Fig. 34. 


Since this represents the torque exerted on the load when at 
unit angular displacement during vibration, the term Dynamic 
Stiffness, denoted by the symbol Z, has been suggested for it, 
being analogous to the static stiffness Tq of a shaft in torsion. 

Consider now the shaft section AB. As it possesses no 
inertia (our original assumption), any torque T applied to it 
will be transmitted along the shaft, so that in transferring 
from A to B 



and as (0* -9^=^ with the datum at B, we see that 
■* 01 

Zjr^~T;,’ 

1 1 1 

or = + ^. 

■* 01 


Let us work along the shaft from left to right starting at the 
point 0 just before load (I) where will be zero. 

Passing load (1), -Zo= - — 

% 
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Transferring to B along shaft AB, 
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_L-1 1- 


1 1 

r-+ 


g 


T ‘ 
2 ■‘01 


h 


. T„ 




g 


Passing load {2), Zc -Zg - ; 

g 


Zc = 


h 

g 


n^T, 


01 J 

— 


-n^-T ^ 


h 

.g 






^g 

If there was no continuation after this load, i.e. the system 
consisted of the two loads I^, /*, at the ends of a shaft, Zq 
would be equated to zero, i.e. 

0 = «*roi - ^ («*)* + -* w^roi, 

g g g^ g 

as we have obtained by other methods before. 

Carrying on for the three-load system depicted, we have 


or 


Shaft CD, 


I 1 1 

■ = ^ + 


Zd ^ 02 


and finally 
and as is here zero. 


/ 


Passing load (3) Zjj ~ 

s 


h^2 


Zn — ■\ -W*, 
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which is merely another way of saying that the Z-value just 
to the left of point D is equal and opposite to the value just to 
the right. 

It will be left to the student to make the final substitutions 
and so obtain the same frequency equation as before. It may 
sometimes be convenient to work from both ends of the shaft 
as similar expressions will be formed, and at the meeting point 
the Z values so obtained must be equal and opposite. 

Many methods of expressing the frequency equation have 
been evolved by different investigators, and in problem 16, 
Examples I, one other form is shown. 

Qeared drives. The natural frequencies of torsional oscil¬ 
lation of any shaft arrangement, coupled by gearing, can readily 
be obtained, provided that we make one important assumption, 
namely that contact never ceases between the teeth in gear, the teeth 
being pressed together firmly by the transmitted torque. In other 
words, the torque at a gear face must never become negative, 
since, if the teeth part, the system is no longer continuous. 

There are various methods of dealing with the problem. 
The equations of motion of the loads can be written down in the 
usual way, and the reaction torques of the gear wheel on its 
pinion and that of the pinion on its wheel included in the 
respective equations for the pinion and the wheel, e.g. Fig. 35 : 



Fig. 35. 


When gear pinion Is is at an angular displacement 6^* measured 
positive, say clockwise, the restoring torque due to shaft x is 
- anticlockwise. But besides this torque there is 
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another torque acting due to the reaction of the driven wheel 
Ic on Ib, and its direction is anticlockwise for dg clockwise. 
The magnitude of this torque is PR, where P is the tangential 
reaction between the gear wheels, so that the equation of motion 
will be 

~^B=-ToA0i,-e^)-PR. 

S 

On transference to the next shaft which rotates in the opposite 
direction to the previous one, instead of considering negative 
angles, let us reverse the direction for measuring the angular 
displacements, anticlockwise now being f ve; so that, for a 
clockwise rotation 0^, Ic rotates through an angle 0c ~ 
anticlockwise and the reaction P, being now that of on Ic, 
produces a torque Pr in the direction of the displacement, i.e. 
anticlockwise, and therefore acts in the opposite direction to 
the restoring torque of the shaft {y) which is -TQy(Bc-0D) 
clockwise. Thus, 

o 

Since Oq is known in terms of ds, this reduces the variables 
by one, and sufficient equations will be found to eliminate the 
fl’s and P, leaving the frequency equation as usual. 

Again, if using one of the methods of working along the shaft, 
when we arrive at the expressions for the torque Tp on the 
gear pinion with the corresponding angular displacement 6p, 
this torque will be divided by the gear ratio R/r (see Fig. 35) 
while the angular displacement will be multiplied by R/r to 
obtain the corresponding values when transferring across from 
the pinion to its wheel. 

By far the best method, however, is to replace the actual 
system by an equivalent system of continuous shaft so that all 
loads and shaft sections rotate at the same speed, the gearing 
being eliminated. We have, therefore, to obtain expressions 
for the equivalent inertia of a load and the equivalent stiffness 
of a shaft section so that the vibrational characteristics will be 
unaltered, i.e. the kinetic energy of a load, and the strain 
energy in, and power transmitted through, a shaft section 
must be the same in both cases. 
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Let iV^=the actual r.p.m. of the load or shaft section con¬ 
cerned. 

iVa=the equivalent „ „ „ „ „ „ 


For a load: 


1 /^ 


K.E. = - : 

2 g ^ 2 g ^ ‘ 



For a shaft section : 

If r^=the actual torque transmitted by the section, then 
for the same power 


Tgu)g — T^a)ji ; 


<*>E 




and, for the same strain energy, 

= iT eOe (see page 46) 

so that for the equivalent torsional stiffness To®, we have 


Toe_Te/9e_Te ^a_(^a\^ 
ToA~Tje^~T^'eE~\NE) • 

Thus the equivalent inertia of a load or stiffness of a shaft is 
obtained by multiplying the actual by the square of the ratio 
of the actual to equivalent speeds. It is therefore preferable 
to reduce a system to the common speed of the high speed 
shaft as the equivalent values will be less unwieldy, being 
smaller. 

Let us take some examples : 

(1) Fig. 36«, which might represent an electric motor drive 
through a simple gear to a pump runner. 

Replacing this actual system by a dynamically equivalent 
system in which all loads and shaft sections rotate at the speed 
(say) of shaft x, we have (Fig. 35&): 



so that the system reduces to the simple case of three loads. 
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(2) Fig. 36a, which might represent two turbine rotors driving 
through gearing a propeller —or an engine driving some 
twin system. 



Fig. 366 represents diagrammatically the equivalent system 
of four loads, and, reducing everything to the speed of shaft x. 



In this replacement a double branch appears in the equivalent 
system, but the equations of motions are written down as usual, 
e.g. 

( 1 ) = 

o 

s 

(3) ^»n*0,=ro2(ds-^2); 

o 

(4) ^n% = T,,(e,-e,). 

o 

Upon eliminating the 0*s a cubic in (w*)® will result, and there 
will be one, two, or three nodes. 
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An interesting and important case of a symmetrical arrange¬ 
ment of the above system is illustrated in Example 32 (page 118). 
In many cases the inertia of the gearing will be negligible in 
comparison with that of the other loads, so that the problem 
can be still further simplified. 

If we had been working by the tabular method, when we 
pass the gear pinion 1^ we should have to form two lines in the 
table, one for each branch, and the necessary requirement is 
that the excess torque must be zero at the end of each branch. 

A full discussion of every type of problem connected with 
shaft systems is given in the book Practical Solution of Torsional 
Vibration Problems by Dr. W. Ker Wilson.* 

Gearing in angular motion is analogous to a lever, and we 
should be able to get corresponding expressions for the equi¬ 
valent mass of a load or the stiffness of a spring when trans¬ 
ferred from their actual positions on a lever system to some 
other position more convenient for calculation purposes. Con¬ 
sider a rod, pivoted at a point 0, the angular motion of which 
is controlled by a spring of stiffness attached at a point A 
distant from 0. The other end of the spring is fixed and 
the spring is arranged at right angles to the rod when at rest. 

If we wish to replace this actual spring by another of stiffness 
F* at a distance Lg from 0, the requirement will be that for a 
given small angular displacement 0 of the rod, the equivalent 
spring must exert the same restoring torque. 

Thus, 

deflexion of spring A =Ljf0, 

It ft ft E ^Lg01 
F^(Lx0 ). =Fg{Lg6 ). Lg, 



Similarly, an equivalent mass mg at a point E must have the 
same moment of inertia about 0 as the actual mass m^ at the 
point A, in order to give the same effect, i.e. 


* Chapman and Hall. 
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Torsional oscillations of a crankshaft. 

(a) To take into account the reciprocating masses. In our 
previous discussions on shaft systems in torsioneil oscillation, 
we have assumed that all the attached masses were purely 
revolving in character having constant moments of inertia, 
but with an engine crankshaft, which is one of the most impor¬ 
tant systems where trouble can arise from torsional oscillation, 
there are reciprocating masses to complicate the problem. 

We can gain a visual idea of the effect of such a mass as 
follows. A reciprocating mass of weight W, its connecting rod 
and crank, are shown in Fig. 37, and when the crank is at either 


r- 



dead centre it will be realised that oscillations of the crankshaft 
can occur without appreciably being affected by the recipro¬ 
cating mass, the movement of the latter being very small for a 
considerable angular movement of the crank. 

When, however, the crank and connecting rod are about at 
right angles—or, considering an infinite rod, when the crank is 
at right angles to the line of stroke, any vibration of the shaft 
is transmitted to the full mass, just as if the whole mass were 
concentrated at the crankpin. Thus, with an infinite rod, the 
effect of the reciprocating mass is equivalent to that of a 
rotating mass, the weight of which varies from zero to W every 
quarter revolution, concentrated at crank radius R. 

Instead of this variable system, it is usual to assmne a con¬ 
stant mass of weight concentrated at the crankpin, so that 
its equivalent moment of inertia will be absolute units. 

This is the best we can do, but, in any case, to reduce an actual 
shaft with flanges, couplings, etc., to a form suitable for 
o 
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mathematical treatment, we must introduce various approxi¬ 
mations. 

We can examine the problem more mathematically as 
follows: 

To determine the moment of inertia of an equivalent disk, 
which will cause the same torsional vibrations of a shaft system 
as a reciprocating mass. 

During a free vibration we know that 

K.E. + P.E. ^constant. 

The potential energy is strain energy of angular twist of the 
shaft, and will be the same in the actual and equivalent condi¬ 
tions, as the shaft system is unaltered. 

Thus we need only consider the kinetic energy. 

Let the mechanism be set at any given crank angle 0 (meas¬ 
ured from the inner dead centre), the shaft not being in rotation, 
and let the shaft be set into angular oscillation about this 
position as mean, causing the crank to have an angular velocity 
oi (say) as it passes through this position. 

Assuming an infinite connecting rod, the reciprocating parts 
will move with simple harmonic motion and their velocity at 
this given instant will be 

- utR sin 0, 

therefore, if the weight of the reciprocating masses —IF, the 
kinetic energy at this instant is 

1 W 

^ sin* 0, 

2 g 

so that the moment of inertia / of an equivalent disk, which 
will have the same K.E. at the same angular velocity, will be 
given by 

1 / IW 

i ia>* = s —a>*R*sin* 0, 

2g 2 g 

i.e. I = WR^ sin* 0 absolute units. 

The value of I thus varies with the crank position, and if the 
shafting were at rest with the crank set at this angle 0, the 
frequency , of vibration would be calculated with the above 
value of /. 
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However, we are more concerned with a revolving shaft 
which is undergoing vibration, and we can approximate to the 
result by taking the mean value of / during one revolution 
(i.e. d = 0->27T radians). 


Thus, 


Mean I — 


WR^ \ \m^edd 
Jo _ 

277 


Now 


I si 


. o /I j/» ^ sin 20 

sm2 0i0--- , 


but as wc are integrating be¬ 


tween 0 and 277 the sine term vanishes, so that 


Mean 1 


1 

277 


WR^ 


27tJWR^ 
2 “ 2 


which is the same as the moment of inertia of a mass of weight 
W 

— concentrated at crank radius. This is the usual value 

assumed in practice, but if a nearer approximation is needed, 
the expression for the velocity of the reciprocating parts with 
a finite rod (see page 215) could be used, the mean value of I 
then being 



where L : - the length of the connecting rod. 

(b) Elasticity of a crankshaft. The problem of estimating 
accurately the torsional elasticity of such a complicated struc¬ 
ture as a crankshaft is extremely difficult. An applied torque 
will produce twisting of the shaft and of the crankpins as well 
as bending of the webs, while the amount of restraint exercised 
by the bearings will influence matters. Again this restraint 
will depend on the clearance and on the thickness of the oil film. 

Thus it will be seen that it is no easy matter to derive a 
simple formula for replacing the cranks by an equivalent 
length of uniform shaft. With the usual crank design in which 
the diameter of the pin is equal to that of the shaft, it will be 
clear that the smaller the throw (crank radius) in relation to 
the diameter of the shaft, the more nearly will the system 
approach that of a uniform shaft, while the longer the throw, 
the greater will be the angle of twist produced by a given 
torque due to the increased elasticity of the webs. 
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A most interesting article on this subject by Major B. C. 
Carter is to be found in Engineering, July 13th 1928, and a 
further article on the same subject appeared on November 1st 
1929, while a great wealth of practical information will be 
found in Dr. Ker Wilson’s book previously mentioned.* 

If it is possible to apply a torque at one end of an actual 
shaft, the other end being rigidly held, the torsional stiffness 
can be determined directly, but as these calculations may have 
to be made during the drawing-board stage of a design no 
experimental approach can then be made. 

Combined linear and angular oscillations. As another impor¬ 
tant example of the use of the equations of motion, let us take 
the case of a load supported on two springs and free to vibrate 
in a vertical plane, but without lateral movement (Fig. 38a). 






© 


© 

Fig. 38. 

While the centre of gravity C of the load undergoes a linear 
oscillation, the load itself will, in general, perform an angular 
oscillation about the C.G., and since the configuration at any 
instant can be expressed by the linear displacement x of the 
C.G. and the angle 0 turned through by the load from its rest 

* Ibid., p. 96. 
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position, the system has therefore two degrees of freedom and 
will possess two natural modes of vibration. 

Let W = the wt. of the body ; 

/ = Wk^ — the moment of inertia (abs. units) of the body, 
about an axis through its C.G. and per¬ 
pendicular to the plane of vibration. 

Fi, F 2 = the spring stiffnesses. 


Then, assuming conditions to be as in Fig. 386, at the instant 
shown the extension of spring (1) from its rest position is 
{x + l^d), and that of spring (2) is x and d being con¬ 

sidered of the same sign when the load is moving down with 
anti-clockwise rotation, or their reverse. 

Now the effect of each spring force in regard to the C.G. is 
to introduce (1) at C an equal and parallel force, which will 
give the linear acceleration and (2) a couple about C producing 
angular acceleration. 

Thus the equation of linear motion is 

W dH 

As regards the angular motion, spring (1) is exerting a clock¬ 
wise torque Fi (x +1^6) . and spring (2) an anti-clockwise 
torque Fi{x -l29)lt. The diagram shows x greater than 1^6) 
if less, the torque changes sign, the spring becoming compressed. 

Hence for B positive anti-clockwise 


Thus 


i.e. 


/ ^ 

g dt* 

g dt* 
I_d^ 
g dF 


Fi(x + lid)li + Fi(x-1^0) . fj. 

= -(F, + F,)x-(FJ,-F^,)d-. 

d*x 


dt* 


+ ax + bd = 0, 


%^dx^fe=^. . 


•( 1 ) 


•( 2 ) 
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where a = - (Fj + Fg). h^- (Fi/j - Fjlj) , 

c=-{F,l,< + FM^. d = ^. /=i. 

Now the above two equations normally contain both x and B 
indicating that both linear and angular vibrations occur in 
each natural mode, but if 6=0, it will be seen that x and B 
become independent, equation (1) representing entirely linear 
motion, and equation (2) angular motion only. The .solutions 
of these equations give the two normal modes, the one being a 
linear vibration without rotation, the load being at every 
instant parallel to its rest position, the other being an angular 
oscillation about the C.G. which now suffers no linear displace¬ 
ment. (These normal modes can, of course, be superimposed 
so that a combined linear and angular motion could occur.) 

Let us consider the general case in which b^O so that x and 
B are not independent. 

To solve, as.sume 

d^x 

x = A cos {nt + e) so that = -nH, 


B=B oos{nt-\-e) „ „ 


Thus x(a-n^)+bB = Q, .(i) 

X .d-\- {f -n^)B = 0 .(ii) 

Eliminating x and B we get 


(a-n*)(/-n*) -bd = 0, 
or {n^)^-n^{f+a)+{a/-bd) — 0 ; 

«* = i[(/+a) ±>/(/+«)*-4(a/-6d)], 

ft ft 

from which the frequencies of the two natural modes --*•, ^ are 

277 277 

obtained. 

Substituting the values «i, w* in equation (i) we get the ratio 



A 

B 


for each mode. 


i.c. 


X b b 


B 



or 


a 
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It will be found that this ratio is positive for the slower 
mode («i) and negative for the higher (mj). Remembering that 
we have taken x and 0 of the same sign when the linear motion 
is downwards and the angular anti-clockwise (or their reverse), 
it will be seen from Figs. 38c and d that the actual motions in 
each mode are the same as if the body was swinging about the 
points Oj, Oi respectively, being distant from C to the right 
and left by the amounts COj, COi=x/0. 

If the two frequencies are very nearly equal, then, as dis¬ 
cussed on page 68, the general motion due to the superposi¬ 
tion of the two natural modes will result in beats. In order to 
visualise matters, consider the motion of a uniform bar AB 
symmetrically mounted on two springs of equal stiffness, the 
rest position being horizontal (Fig. 39). Thus, in our equations 



above, i = 0, and the one natural mode is entirely linear : 


g dP 


- -2Fx. 


.so that a; -yi cos («!< + Ci) and -- •«/(2Fg/IF),and the other mode 

is entirely angular: 


so that 


g dt*~ 

$=Zj cos (Mj/ + «i) 


-(2FF)e. 


and 
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Suppose that the frequency of the angular oscillations is the 
greater, and let the end A be pulled down a given distance S 
while the end B is held in its rest position (Fig. 39a). It will 
be seen that when these initial imposed conditions are split 
up into the two component motions, the amplitude of the end 
A in each motion will be S/2. Upon release, the system will 
for a short time continue to oscillate about the point B as a 
fixed point, the motion being a combination of the two natural 
modes which start off in phase with their maximum displace¬ 
ments as shown in Fig. 39a. 

.Gradually, however, the phase of the angular motion gains 
on the linear and Fig. 39b shows the result when the phase 
difference is 90 degrees. It will be seen that the bar is horizon¬ 
tal at its maximum displacement, there being no angular 
deflexion, while as it passes the mean position the bar suffers 
the full angular deflexion. 

Finally, Fig. 39c shows the component motions 180 degrees 
out of phase, and it will be seen that the point A is now station¬ 
ary, spring B only being in vibration. 

The whole process then reverses. 

By turning the diagram upside down we obtain the equi¬ 
valent of a motor car body on its springs. The subject of the 
vibration of vehicles is discussed in the paper '* The Principles 
of Vehicle Suspension ” by H. S. Rowell.* 

♦ Proc, I fist. Automobile Engineers, 1923 (Part II). 



EXAMPLES I 

CHAPTERS I, II, and III 

1. Determine the maximum force required to accelerate the 
reciprocating parts of a single cylinder engine, for which the follow¬ 
ing data apply: 

Mass of reciprocating parts - 500 lb. 

Stroke - - - - 18 in. 

R.P.M. - . - . 250. 

The connecting rod may be assumed infinitely long. 

Ans. 8,000 lb. wt. 

2. The track of a switchback railway is arranged in a wave for¬ 

mation, such that the car over this section is given a simple harmonic 
motion in a vertical plane. If the vertical distance from crest to 
hollow is 20 ft. and the time taken by the car to travel from crest 
to crest is 4 sec., determine the maximum and minimum pressures 
on the rails, the weight of the car being 2,000 lb. [Liv. U.] 

Ans. 3,540 lb. wt.; 460 lb. wd. 

3. The two ends of a long rod are given simple harmonic motions 
of the same period along paths which, the rod being long, may be 
taken as parallel straight lines. The amplitudes of the motions are 
2 in. and 6 in. respectively, while the phase of the motion with the 
smaller amplitude is 90° in advance of the other. Determine the 
amplitude and phase of the mid-point of the rod. 

.4ns. 3-16 in. 18° 26' in advance of the 
motion with greater amplitude. 

4. In a certain examination candidates were asked to find the 

greatest value of the acceleration of a mass oscillating at the end of 
an elastic string with a i>eriod of J sec. and a travel of 6 in. Deter¬ 
mine the answer required and show that no elastic string could 
maintain a mass in oscillation with a travel of 6 in. and with a period 
so small as J sec. [Liv. U.] 

Ans. 39-5 ft. sec.* 

Here 

Period = ™; /. n = ^ = 47r radians/sec. 
n i 

S.H. acceleration = -n*x ; 

3 

Max. acceleration = - lOw* x = -39-5 ft. sec.*. 


106 



106 


THEORY OF VIBRATIONS 


This acceleration is directed towards the rest position and when the 
body reaches the highest point of its oscillation the support would 
have to be in compression to give this value which is greater than 
gravity. With a string this is obviously impossible ; the \ travel or 
amplitude with such a support cannot be greater than the static 
extension, the maximum acceleration being then just equal to 
gravity. 


5. A vertical U-tube, of uniform bore throughout, contains liquid 
occupying a total length of 4 ft., with equal heights of column in 
either limb. Determine the period of the resulting 
oscillations when the liquid column is displaced and 
then released. [Liv. U.] 

Let 2L = total length of liquid in tube. Fig. (a). 
z£; = wt. per unit length. 

Total mass = 2Lxw. 

When the column is depressed a distance x ft. 
from its rest position in one limb, the height of the column in the 
other limb is 2x ft. above that in the first limb. 

Hence restoring force = w x2x; 



Fig. (a). 


or 


2ivL 

~g 


d^x 


- 2wx, 


_ g . 

dt^~ L^‘ 


Period ==27r 



Here 2L=4; 


/. Period = 1*57 secs. 


The result is interesting since the period does not depend on the 
nature of the liquid but only on the total length. 


6. A helical spring, when fixed at one end and loaded at the other, 
requires a force of 10 lb. to produce an elongation of 1 in. The ends 
of the spring are now rigidly fixed, the one vertically above the other 
and a load of 20 lb. is attached to the middle of its length. Determine 
the time of one complete vibration when the load is set vibrating in 
a vertical plane. Ans. 0*227 sec. 


7. A load of i ton is being raised by means of a steel rope which 
weighs 1*5 lb. per foot and has a cross-sectional area of 0*5 sq. in. 

At what depth will the natural frequency of longitudinal vibra¬ 
tion of the loaded rope be 6 per sec. ? Take E = 7,000 tons per sq. in. 
for the steel rope. Ans. 207 ft. 
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8. The mainmast of a large vessel is of practically uniform dia¬ 
meter ; its height above the wedging is 84 ft., and the centre of 
oscillation is 16 ft. below the wedging. The weight 
of the part above the wedging is 25 tons. 

Assuming simple harmonic motion, if the period 
for a single roll from side to side is 6 secs., deter¬ 
mine the bending moment on the mast near the 
wedging when the ship has rolled 30'' from the verti¬ 
cal. [Liv. U.] 

We have [Fig. (b)] 

(1) B.M. due to static inclination of 30° 


84 

= 25 X 2 • sin 30° = 525 tons ft. 

(2) For dynamic moment 

d^eidt^= -nW. 

2t 

Period = 12 secs. = 


64 ^ 

i 






Fig. (6). 


^ = 30°, i.e. 7r/6 radians. 

Hence angular acceleration of mast at 0 = 30° 

Consider an element of mast distant x from wedging, if w = wt. 
per unit length, then 

Moment of inertia of element about centre of oscillation 0 


= . 8.V . (x + 16)*; 

Torque about 0 at 30 “^■ hx . (x +16)*. ; 

Torque about wedging = . bx . (v + j 7Vl6 ’ 

Total torque =^ J (.v + 16).v . dx 
= 338 tons ft. 

Now as mast moves outwards from the centre the system is being 
retarded, but owing to the momentum acquired by the mast it will 
tend to be carried on and so exert an outward B.M. about wedging. 

If mast is moving inwards the system is being accelerated, but 
owing to the mast's inertia it will tend to lag behind, hence the B.M. 
exerted at wedging is still outwards. 

Total B.M. =338 F525 =863 tons ft. 
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9. A disc of weight 20 lb. and diameter 18 in. was arranged to 
undergo angular oscillations in a horizontal plane about a vertical 
axis passing through its centre of gravity, being controlled by the 
torsion of an elastic rod. 

It was found that the disc made 16-5 complete oscillations per 
minute. 

A body of weight 5 lb. was then placed on the disc and the number 
of vibrations per minute was now found to be 13*2. 

Determine the radius of gyration of the body in the position in 
which it was placed about the axis of the torsional oscillations. 

Ans. 0-796 ft. 

10. The diagram Fig. (c) represents a light rigid rod of negligible 
mass, free to turn about the fixed point 0 and carrying at its other 

end a concentrated load of 2 lb. wt. 

A spring of stiffness 4-8 lb. per inch ex¬ 
tension is attached to the mid-point of the 
rod as shown. 

Determine the period of the oscillations 
set up when the load is given a small dis¬ 
placement from its rest position. 

Ans. 0-414 sec. 

A common error in this problem is to say that the equivalent load 
on spring if attached to its end would be 2W, being twice the weight 
at half the distance. This, however, is not the case, since the load 
is undergoing angular oscillations about 0, and hence W at radius 
of gyration /j is equivalent to W x [lijl^^ at a radius of gyration 
i.e. 4IF in this case (see page 96). 

Hence equivalent load at spring in linear motion =4IV. 

/. Period = 27r^~ 

V rg 

=0-414 sec. 

Alternatively, working from first principles, 
let a;= extension of spring, when 

angle turned through by rod ; 
then, restoring torque = Fx . /g 

= F . d . /g*, since x^B .l^ \ 

s 

or ___i_ .tf. 

Hence period as above. 
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11. A weight W lb. hangs from a cord attached to the rim of a 
disk of radius R ft., as shown in Fig. (d). The disk is free to turn 
about a horizontal axis through its centre 0, and is restrained by a 
spring attached at radius r ft., the rest position being as indicated. 


Determine the period of the oscillations 
resulting from a small displacement of the 
weight. 

Moment of inertia of disk=/ lb. ft.^ 


Stiffness of spring =F lb. per ft. 

[Liv. U.] 


A ns. 


Period = 27r 


V 



Fig. {d). 


12. A uniform cylinder, closed at the base, is weighted so as to 
float upright in a given liquid, the depth immersed being 1 ft. 

Neglecting any resistance offered by the liquid to the motion, 
determine the frequency of the oscillations that will be set up when 
the system is given a vertical displacement from its rest position and 
released. Ans, 0*904 per sec. 


13. A uniform beam of weight 
rollers rotating at high speed i: 



Fig. (e). 

Let the beam be displaced a 
Then the normal reactions of th 


W rests horizontally on two rough 
1 opposite directions as shown in 
Fig. (e) i. Show that, if the beam 
moves at all, it will move with 
simple harmonic motion along its 
axis. If fii and /Xj are the coeffi¬ 
cients of friction between the 
beam and the rollers, obtain an 
expression for the period and for 
the distance of the centre of the 
oscillations from the centre of 
symmetry shown in the figure, 
distance x to the right (Fig. (c) ii). 
e rollers are 


and therefore the frictional forces are 


_ TI/ • 


w 

Force acting to right = F, - 7 *,=[a (/[ij (m, + ^**)]; 

Wd*x W, , Wa, .. 
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Since the differential of a constant is zero, we may re-write the 
above equation as 




This represents a S.H.M. of period 27ry ^— about a centre 

distant from the axis of symmetry by the amount b, being to the 
right if 6 is + ve, i.e. >ft 2 * if ft is - ve. 

Alternatively: 

Let /Xi>/i 2 - Then in the symmetrical position Ri=R 2 
Fi>F^. The force acting to the right is (Fj -F 2 ). 

If the beam is displaced by an amount y to the left, 

increases, Rj diminishes ; 

/. (Fj - Fg) increases. 

The rest position will be where F^ == Fg, 
i.e, =" /^ 2 ^ 2 - 

Let this distance be ft from axis of symmetry. 




(a-ft) 


R -~W 

2a 


forFi = F2, fjLi(a-b)==fi2(a+b), 
or 6 = 

If now the beam is displaced from this rest position by an amount 
X to the right, 

Wx 

Rg is increased by ^ , 


Rj is decreased by 


/. Fg is increased by /ig. 
Fi is decreased by /^g. 


from their equal values ; 
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/. Force acting is a restoring force (to the left) (fXi +^ 12 ) • 
proportional to the displacement. 

S.H.M.ofPeriod = 27rV-r^^,- 

+/^ 2 ) 

14. Two equal masses, of weight 1,000 lb. and radius of gyration 
16 in., are keyed to opposite ends of a steel shaft, 24 in. long. The 
shaft is 3 in. diameter for the first 10 in. of its length ; 5 in. diameter 
for the next 4 in. of its length ; and 3*5 in. diameter for the remainder 
of its length. Determine the frequency of the free torsional vibra¬ 
tions of the system and the position of the node. [Liv. U.] 

Take T = 12 x 10* lb. per sq. in. 

Ans. 22*75 per sec. Node distant 7*98 in. from 
the free end of the 3 in. diam. section. 


15. The sketch represents a system of two loads, and 
which can perform longitudinal oscillations in the vertical plane. 

Fig. (/). 

Determine the two natural frequencies possible, given : 

IFi =320 lb. 1\ = 1,000 lb. per ft. 

= 160 lb. = 5,000 lb. per ft. 

7^3 = 1,250 lb. per ft. 

[Liv. U.] 

Ans. 2*94 and 1*22 per sec. 


16. In longitudinal vibration : 

If /i is the frequency of a load on 
a spring of stiffness E, ; 

/a is the frequency of a load Wy on 
a spring of stiffness Eg » 

/g is the frequency of a load IFg 
a spring of stiffness E^ ; 
and /4 is the frequency of a load IFg 
a spring of stiffness Eg ; 
show that the frequencies (/) of the two- fig. (/). 
load system shown in Fig. (g) are given by 




Fig. ( g ). 


i/r +A*] + [/l* +/2^][/3^ +/4^] 


[Liv. U.] 

An overhung shaft consists of two sections, section (1) starting 
from the bearing. At the end of this section is situated a flywheel 
of moment of inertia /i,,and a second flywheel is situated at the 
free end of the second section. 

If the frequencies of natural torsional oscillation of ly only 
on shaft section (1) only, only on section (1) only, and /* 
only on section (2) only, are 1, 2 and 3 vibrations per sec., de- 
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termine the frequencies of the two natural modes of the whole 
system. 

Ans. 13*325 or 0*676 per sec. 

^ 17. Determine the two possible frequencies of longitudinal oscil¬ 
lation of the system shown in Fig. (h), given : 

- 384 lb. == 300 lb. per ft. 

IYa = 192 1b. F2 = 300 „ 

Fa = 200 „ 

F 4 = 240 „ „ [Liv. U.] 

Ans. 1*16 and 1*63 per sec. 



Fig. (A). 


18. A uniform shaft, 2 in. in diametei, carries a series of flywheel 
loads as shown in Fig. (t). Determine approximately (a) the posi¬ 
tion of the node for the fundamental frequency of torsional oscil¬ 
lation, and (6) the fundamental frequency. 



Fig. (i). 

/i = 4,000 lb. ft.® /4 = 2,000 lb. ft.^ C = 12 x 10* lb. per sq. in. 

/a = 6,000 „ /a = 3,000 „ 

73 = 1,000 „ [Liv. U.] 

Ans, 2*04 sec. 

19. A vertical rod, 2 in. diameter and fixed at one end, carries 

three masses of 500, 300, and 200 lb., situated at distances of 1 ft., 
3 ft., and 5 ft. from the fixing. Calculate approximately the funda¬ 
mental frequency of longitudinal vibration. Take £=30x10® lb. 
per sq. in. [Liv. U.] 

Ans. 179 per sec. 

20. The circular frequency of a single load W supported by a 

spring of stiffness F, which is fixed at its upper end, is 10 radians 
per sec. Determine approximately the fundamental frequency of 
four similar systems which are attached one below the other in 
series. Ans. JlOI2n. 
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21. Fig. (j) represents a load W attached by a spring of stiffness 
Fi to a belt, which passes over a disk, of moment of inertia / and 
radius R, and is finally anchored by the 
spring of stiffness F 2 - Assuming that no slip 
occurs in the belt for small angular displace¬ 
ments of the disk, determine the frequencies 
of the two natural modes when 
W^lOO lb. 

/-225 1b. ft.* i^ = l*5 ft. 

Fi- 1,000 lb. per ft. 

^2 = 1,500 „ „ 

A ns. 4*94 or 2*01 cy. p.s. 

This problem, and the next, may be solved 
direct, or, if preferred, the disks can be first converted into equivalent 
masses in linear oscillation, i.e. fn=IjR ^; show that this is so. 

'^2. Fig. (^) represents two disks, of moments of inertia and 
radii R^, Fj respectively, which are free to turn about their centres 
Oi, O 2 . Their motions are controlled by belts which are coupled 

to springs of stiffnesses F^, Fg, F 3 as 
shown, and the initial tension tnrough- 
out the system is such that for any 
small angular movements the springs 
will remain in tension and there will be 
no slip. Determine the frequencies of 
the two natural modes of vibration if 
/i = 3,200 lb. ft.* Fi = 1,000 lb. per ft. 
72 = 6,400 „ „ = 2,000 „ „ 

Fi-lft. Fa-4,000 „ „ 

7 ^ 2-2 ft. [Liv. U.] 

.4ns. 1*80 or 0-746 per sec. 

23. Explain the meaning of (a) degree of freedom, (b) natural 
mode, and (c) normal elastic curve in regard to a system in vibra¬ 
tion. 

A shaft system, free to revolve, carries a series of four concen¬ 
trated loads. The first load has a moment of inertia of 16,000 lb. ft.* 
units and is coupled to the next by a solid circular shaft of length 
3 ft. and diameter 2 in. [C = 12 x 10® lb. j>er sq. in.] 

The ratio of the amplitudes of these two loads for the three modes 
of torsional oscillation possible is 

+0-8. +0-4, -0-5. 

*'1 

Determine the corresponding frequencies. [Liv. U.] 

.dns. 0*67, 1*16, 1-83 per sec. 




H 
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24. Given that 13-80 vibrations per second is the frequency of 
one of the natural modes of torsional oscillation of the shaft system 
sketched [Fig. (/)], determine the number and position of the nodes. 


The inertia of the shaft may 

/, =3,000 — in.* 
g 

/,= 6,000 .. 

/* = 1.600 
74=2,600 „ 

Ans. 3 nodes : 


neglected. 

The torque per radian of twist 
of each shaft section is 

(1) 7-186 X10* lb. in. 

(2) 6-288x10* „ 

(3) 3-182x10* „ 

[Liv. U.] 

Shaft (1) 13-6 in. from load (1) 

(2) 11 in. (2) 

„ (3) 25iin. „ „ (3) 



1 

M3 t 

3 

1 

2 


t42'J 

L48"-1 

Lsoii 


♦ 



1. I. I, U \ 


Nopg 


T.. 


1 . 


I 


Fig. (/). 


Fig. (m). 


25. A 6-cylinder aero-engine is direct coupled to an airscrew. 
The moment of inertia of each equivalent cylinder disk is 0*15 — 


and that of the airscrew 25 units. The stiffness of each shaft 

g 

section between consecutive cranks is 2*8 x 10® lb. in. per radian 
and the stiffness of the connexion to the airscrew is 2-02 x 10® lb in. 
per radian. Show that l,000/27r is the 1-node frequency of torsional 
oscillation. 


26. The following data refer to a four-cylinder marine diesel 
engine with flywheel direct coupled to a propeller /<,, Fig. (m). 
Stiffness of shaft sections : 

Tqi == Toj = Tqj = ro 4 = 50 X 10® lb. ft. per radian ; 

= 1 X10® lb. ft. per radian. 

Moment of inertia of propeller = 64,000 lb. ft.* units. 

Engine cylinder: 

Mass of piston and crosshead = 5,440 lb.. 

Mass of connecting rod =2,400 lb., 

which may be divided equally between the reciprocating and the 
revolving masses at crbsshead and crankpins respectively.Mo¬ 
ment of inertia of crank is equivalent to a mass of 600 lb. at crank 
radius of 1*25 ft. 

• See p. 214. 
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It is required that, for the fundamental one-node mode of tor¬ 
sional oscillation, the node should be situated midway between the 
flywheel and propeller. 

Determine : 

(а) the equivalent mass which, concentrated at the crankpin, 

will replace the reciprocating mass, and hence the moment 
of inertia of the whole rotating system per cylinder; 

(б) the one-node frequency ; 

(c) the moment of inertia of the flywheel to give these conditions 
(use a tabular method of solution). [Liv. U.] 


Ans. (a) 250 ft.*, {b) J 1,000j2n, (c) 960 ft.* 

S S 


y. 


f. 


27. Fig. («) represents a system of three loads which can perform 
longitudinal vibrations in the vertical plane. Given the following 
data, what would be the stiffness of spring (3) in order 
that one of the frequencies should be 20/27r per 
second, and how many nodes are formed ? 

Spring stiffness : 

IFi-64 lb. Fi-400 lb. per ft. 

= 96 lb. F 2 = 100 lb. per ft. 

1^3 = 32 lb. [Liv. U.] 

Ans. 267 lb. per ft. 


Fig. (w). 


28. The sketch. Fig. ( 0 ), represents two shafts, of diameters 4 in. 
and 2 in., fixed at each end and carrying two pulleys, which are 
coupled by a non-elastic belt, in the positions shown. Determine the 



frequency of the natural torsional oscillations of this system if the 
moments of inertia of the pulleys are 1^=32 lb. ft.lb. ft.* 
units. 

Take C for both shafts = 12 x 10® lb. per sq. in. [Liv. U.] 

Ans, 141 per sec. 
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29. Determine the natural frequencies of torsional oscillation of 
the geared system shown in Fig. {p), given : 



Fig. ( P ). 


= 1,280 lb. ft.* units 

/j = 2,000 ,, ,, 

73 = 2,240 „ 

73 = 5,120 „ 


Stiffness 

I'm = 25,000 lb. ft. per radian 

r „3 = 200,000 „ „ „ 

703 = 300,000 „ „ „ 

703 = 600,000 „ „ „ 

Gear ratio 2:1. 

[Liv. U.] 

Ans. 3-98 and 5-65 per sec. 


30. Determine the frequencies of torsional oscillation of the 
geared system. Fig. {q), given that 



7i =6,400 lb. ft* 

7j = 2,900 lb. ft.* 

73=2,700 lb. ft.* 

Torsional stiffness of shaft sections : 

7oi = 10,000 lb. ft. per radian 
7 o3 = 40,000 ,, ,, 

7q3 = 30,000 ,, ,, 

7q3=60,000 ,, ,, 

Gear ratio 3:1. 

[Liv. U.] 

Ans. 0-71 or 2*26 per sec. 
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31. Determine the two frequencies of natural torsional oscillation 
of the geared system shown in Fig. (r), given ; 

/i = 64 lb. ft.* units. 

/*=256 

Inertia of gearing negligible. 



Fig. ( r ). 


Torsional stiffness : 

Tqi = 1 ,(XK) lb. ft. per radian. 

7'o2 = 1,200 

7 03 = 2,000 
7'o4=3,(KK) 

7o5 =4,000 

Gear ratio 2:1. 


Reducing to speed of high speed shafting : 

Equivalent stiffness of the three sections (2), (3) and (4) together 


1 


1 


7 -.- 1,200 ^ 2 : 4 ) 

4 000 

Equivalent stiffness section (5) = . = 1,000 lb. ft. j^er rad 


Equivalent inertia load (2) = ^ =64 lb. ft.* 

The system thus becomes symmetrical, two loads of 64 lb. ft.* on 
the three shaft sections of 1,000, 240, and 1,000 lb. ft. stiffness. 
Solving by equations of motion gives 

(n*)* - 1240n* +370,000 = 0, 

or «2 = 740 or500. 


Corresponding frequencies 4*33 and 3*57 per sec. 

Solving by “ nodes ", only one value of x is obtained which gives 
the true node obviously at the mid-point of the centre section. 
How is the other frequency obtained? 

It will be that of the two loads moving in step as if the centre 
shaft were removed, i.e. a load (2 x 64) at junction of two shafts of 
stiffness 1,000 lb. ft. each. 
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32. Determine the natural frequencies of torsional oscillation of 
the system shown in Fig. (s), neglecting the inertia of the gearing. 
Given : 


Moment of inertia, 

= units. 

Stiffness, 

Tox = =5,000 lb. ft. per radian. 

6,400 lb. ft. per radian. 

Speed of shaft z is one-quarter that of x or y. 

Ans. 2*02 and 5*03 per sec. • 



I 


53 


Fig. ( t ). 


As the two branches on shaft (x) and on (y) are exactly simi¬ 
lar, instead of leaving them as branches in our equivalent system, 
we can join them together so forming one Ioad=2/a on a shaft of 
stiffness so that the system reduces to that of two loads of 
320 lb. ft.2 and 1,600 x lb. ft.* at the ends of a single shaft, the 

10 000 

equivalent stiffness of which will be found to be —lb. ft. per rad. 

But this means that there is only one natural frequency, whilst if 
the branches had been kept separate there would have been two 
frequencies. What is the missing one? It should be clear that it 
will be oscillating against 1^, a node being formed at the gear box ; 
in other words it is that of I^ on the shaft {x). 

If the inertia of the gearing had to be taken into account, it is 
much simpler to proceed by the above method, the system reducing 
to that of three loads giving a quadratic for the frequency equation, 
and find the third frequency as explained. By keeping the branch 
in, a cubic will result giving of course all three frequencies. 

33. An engine drives a centrifugal pump through the double 
gearing sketched in Fig. {/). Determine the natural frequencies of 
the system, given : 

Moment of inertia of engine equivalent rotating system, 16,000 
lb. ft.* 

Moment of inertia of pump runner, 400 lb. ft.* 

Moment of inertia of each gear-wheel (^4), 320 lb. ft.* 

Moment of inertia of each pinion (B), 80 lb. ft.* 
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Speed of each pinion is twice that of its gear-wheel. 

Torsional stiffness of engine shaft (1), 20,000 lb. ft. per radian. 
Torsional stiffness of pump shaft (2), 5,000 lb. ft. per radian. 

[Liv. U.] 

A ns. 1-55 and 5-85 per sec. 


'^4. Determine the natural frequencies of torsional oscillation of 
the geared system shown in Fig. (m), in which the inertia of the gears 
can be neglected. 



Fig. (w). 



= 57,600 lb. ft.* 
/j= 3,200 „ 
/3= 6,400 „ 


Toi =36,000 lb. ft. per radian 
7 'o3= 9,000 „ „ „ 

r,3= 4,000 „ „ „ 

7 - 04 = 2,000 . 


Speed ratios = 2, = 3, = 2. 


[Lu^U.] 

,<4 MS. 4/27r, \'10/27r. 


This arrangement will be found to reduce to a symmetrical branch 
system which can therefore be reduced still further. 


^36. Fig. (v) represents two pendulums pivoted at the points Oj, 0^ 
respectively, and controlled by the springs F^, F^, F\. 

Determine the two natural frequencies, given that 

= 384 lb. = 2,400 lb. per ft. 

WB = 2li\b. F\=^ 120 „ „ 

F^^ 120 „ „ 

Transfer the masses and springs into the line of the spring f 
The equivalent system is then identical with that of Example 17. 



CHAPTER IV 

DAMPED VIBRATIONS 




We have so far assumed that no frictional resisting forces act 
on the systems in free vibration, but actually, in practice, 
such forces, however small, are always present and will in time 
damp out the vibrations. The resistance offered by air or oil 
friction to the motion of a body is very complex, no simple law 
being known which will hold for all velocities. For moderate 
velocities (such as would be produced by a loaded spring 
vibrating in air or coupled to an oil dashpot) 
friction may be assumed to vary as the 
velocity, which lends itself to mathematical 
investigation, but for very high velocities 
friction appears to vary as the square of the 
velocity, in which case no mathematical solu¬ 
tion can be obtained. 

Assuming, then, that we have a single load 
supported by an elastic structure, which is immersed in a 
medium whose resistance varies as the velocity, the equation 
of motion will be 



Fig. 40. 


g 


-Fx-F^ 


dx 

di’ 


Force Force exerted Resisting 
accelerating by elastic force of 
load constraints friction 


or 


W d'^x „ 


dx 

dt 




Force to Force to 
overcome overcome 
friction elastic 
constraints 


where F^ is the resisting force per unit velocity or " damping 
coefficient ”, the resistance, of course, always opposing the 
motion. Fig, 40 shows such an arrangement with a dashpot 
attachment. 
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Thus 


where 


d^x dx 


•( 1 ) 


2)fe = 


Pig 


W ' 

Fe 

= as before. 
n 


The modern method of solving differential equations is by 
means of the “ operator ” and will be familiar to some students, 
but for those unacquainted with the method the physical 
interpretation will probably be clearer if we use the older idea 
of making a standard substitution. Although not necessary 
for the form of solution which we propose to adopt, the constant 
2k has been employed in order to conform with the operator 
method. 

The standard substitution for such a differential equation 
would be x=e^*, where t represents time and A is some constant, 
because upon differentiation a similar function results, e.g. 
dx d^X 

— = so that all* the terms of the original 

dt dr 

equation can be expressed in terms of which considerably 
assists matters. 

If, however, we make the substitution 


.y. 


we shall obtain the solution in a form the meaning of which it is 
much easier to visualise. 

We have then, differentiating the above, 


and 




Substituting in the original equation (1) we shall obtain, on 
collecting terms, 


d*y 


i /0\ I C%U\ 


dy 
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Now, we have made no restrictions regarding the value of A, 
hence let us make A = - A, then the second term of the above 
equation will vanish and we have 


dt^ 


+ [«* - A*] .3^=0. 


Thus, x = .y is the solution to the original equation (1), 
provided that the above equation in y is satisfied. 

Three cases now occur : 

(1) The most important case is where m*>A*, so that the 
term (n* - A®) is real and may be denoted by Thus 


d^v 


the solution of which we are already familiar with, being 

y—a cos 6) 

Hence the solution of the original equation is 
X — . a cos (/a/ + c). 

The type of motion represented may be considered as a 
simple harmonic vibration, the amplitude of which diminishes 
exponentially to zero as t increases. 

Let us examine the motion in detail, and in order to simplify 
matters slightly let us consider the phase angle c to be zero, 
i.e. we start measuring time when x — a instead of when 
x = a cos €. 

Thus x—e-^^, a cos ijlI. 

The space-time curve (Fig. 41) is included between the two 
curves x = ± since cos fit varies between ± 1, the points of 
contact A, B, C... occurring when 

fJLtl=0, 

/x /2 = 7r, etc., 

i.e. at equal intervals of time 

Note that these are not the points of maximum displacement 
which occur before at Af, iV, etc. This will be explained below. 

Now the value of x is zero every time cos/it/ is zero, i.e. 
when fiti=7Tj2, /xf 2 = 37r/2, etc. 



DAMPED VIBRATIONS 123 

Thus the body arrives at its mid-position at equal intervals of 
time or the time interval between two consecu¬ 

tive points on the mid-position line, when the body is moving 
in the same direction, such as D, E is 2 nln. 

Again, the velocity will be given by 

dx 

^ = ae-^^(- fisin fjU-k cos fit) .(i) 

- cos (/Lt/+ 61) as an alternative form, 

where 

a cos — -ka\ 

[i.c. tan€,= 

a sin €i=(ia I « 



(These are merely the alternative forms of S.H.M. previously 
considered.) Thus the velocity-time curve is of similar form to 
that of the displacement, and since the body reaches the end of 
its swing on either side when dxjdt= 0, i.e. when cos (jd + cj) 0, 
the time interval between two successive maxima of x on the 
same side of the mean, e.g. M, P, is 
Thus 27 r/^ is called the Period, and this interval can only be 
measured between consecutive crests or zero positions. 
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Now we have seen that S.H.M. can be represented by the pro¬ 
jection of a vector which rotates with uniform angular velocity. 

Here also we can consider a similar idea, the vector OP 
which generates the motion (Fig. 42) rotates with uniform 




angular velocity /x, but, instead of remaining constant in length, 
diminishes, according to the law 

and the displacement of the body from 0 is «=r cos (it. The 
curve traced out is called an equiangular spiral, since the tan¬ 
gent to the curve always makes the same angle ^ with the 
radius arm. (That this is so may be seen from the fact that the 
velocity of the generating point is made up of two components 
each proportional to the radius arm r —the one perpendicular 
to the arm=r/x due to the rotation of the arm, the other along 
the arm=ir/rf/= -kae-’‘*= - k .r. Hence their resultant will 
be proportional to r and will be inclined always at the same 
angle ^ to the arm.) (Fig. 42a.) 
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Returning to equation (i) for the velocity, we noted that a 
maximum value of x occurs when dxjdt ^d, i.e. when 

tan iji= - kill. 

This occurs when the tracing point on the displacement spiral 
is at either Y or (90°-^) before fd—O or 180° and 
the projected points X, X^, ... correspond with the points 
M, N, P... in Fig. 41. 

Moreover, since the expression for the velocity is similar to 
that for the displacement but with phase difference cj, where 

tan Cl = - ^, examination of the angles in Fig. 426, in which 

the vectors are shown giving a maximum displacement and a 
corresponding zero velocity, shows that 

fj = 180 °-<^, 

so that tan c, = - tan 


and 



Note that, with the same argument as for the displacement 
vector, the body will possess its maximum velocity before 
reaching its mean position. 

Now, if at a time ti the body is at the end of its swing, its 
amplitude is given by 

Xy = ae~’*' cos (it^. 

After an interval - <i — - = ^ period the body will be at the 

/I 2 

other extreme end of its swing, and its amplitude is now 
x^ —ae~*** cos 

But for these conditions (i.e. points Y, Yj, Fig. 42a), 
cos fd^ — — cos fd ^; 


• 

■■ 

This is termed the Amplitude Reduction Ratio, 

Similarly, if x^ is the next maximum displacement on the 
same side of the mean as x^, 

— = + since t^-ty — ---. 
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This ratio is the same for all pairs of consecutive maxima on 
the same side of the mean and the quantity 


2kir 



is called the logarithmic decrement of the motion, and is impor¬ 
tant since it enables us to determine the damping coefficient 
experimentally by noting this reduction ratio and the period. 
Now for orffinary S.H.M. without damping, i.e. 


the period is 


dH 

dt^ 




2n 

Vn*’ 


When damping is introduced we have seen that the period is 
increased to 

2ir 27 t 


Thus if the frictional coefficient 2k is small compared with n, 
(e.g. systems vibrating in air), the two periods will only differ 
by a small amount of the second order, the chief effect being 
on the amplitude. The angle would then be very nearly 90°, 
so that the maximum displacement would occur for all practical 
purposes when cos fU= ±1. 

Case (2). = 


The equation 


becomes 


• dt^ 


Hence 

and 


y = {At^B), 
x = erM ,(At + B). 


Now 5=the initial displacement when <=0, and A depends on 
the initial velocity which the body possesses when we start to 
measure time, e.g. 


j^=e-^*[A-k(At + B)l 
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When < = 0, 

or A=^^^ + kB. 

at 

If, when time is measured, the body is passing its zero 
position, i.e. B = 0, then the initial velocity =^. 

If the body is displaced a distance B and then released 
without being given any starting impulse the initial velocity 
will be zero and A =kB. 

Now the starting impulse (if any) may be given in the direc¬ 
tion of the displacement B or against, i.e. either away from or 
towards the mean position, and the sign of the initial velocity 
will depend on this. Hence A and B may have the same or 
opposite sign according to the magnitude and sign of dxjdt. 

(a) If of the same sign, x=0 can only occur when <=oo 
since the diminution of the first factor e-*' ultimately prevails 
over the increasing second factor (At + B). 

Jg 

(b) If of opposite sign, x = can also occur when ^ . 

A 

Hence the body can only pass once through its mean position 
if at all. 

Friction is excessive, and the motion is not an oscillation, 
being termed Aperiodic. 

The curves (Fig. 43) indicate the motions possible. 



(1) Starting impulse away from mean position. 

(2) No starting impulse.' 

(3) Starting impulse towards mean position. 
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Case (3). : The equation in y now becomes 






where 

The solution of such an equation is 
y=A&^* 

whence x = Ae~^'f 

where A and B are constants depending on the initial conditions, 

and = ] 

_ !■ and are both positive. 

A2=A +J 

The value of x tends ultimately to zero with increase of time, 
and the motion is Aperiodic. 

For the body to pass through its mean position, i.e. it = 0, we 
have 

A 


A real value of t can only occur if A and B are of opposite sign, 
which will depend on the initial displacement and velocity, so 
that the body can only pass once, if at all, through its mean 
position. 

While Case (1) is the most important from our point of view 
as a vibration can take place, the transitional conditions. Case 
(2), are convenient as a basis of comparison for damping 
coefficients. Thus for these critical damping conditions let the 

W 

damping coefficient be — 2^«. —, i.e. 



for a single load in longitudinal vibration. Then, for any othei 
damping coefficient 

Fi _ 2k _k 
Fi^~2k^~n' 

This ratio will appear in many expressions in the followinj 
chapters. 



EXAMPLES II 

CHAPTER IV 

1. A load supported by an elastic structure performs a damped 
oscillation of period 1 second in a medium, the resistance of which 
varies as the velocity. At a given instant the amplitude was 
observed to be 10 cms. and in 10 secs, this had been reduced to cm. 

What would be the period of the free vibrations if the resistance 
of the medium were negligible ? [Liv. U.] 

Ans, 0*997 sec. (A =0*4605). 

2. A load when attached to the end of a vertical spring, which is 
fixed at the other end, causes a static deflexion of 2 ft. A dashpot 
is fitted to the load, which causes a resistance varying as the velocity, 
and is adjusted so that critical damping conditions exist. 

At a given instant the displacement of the load from its rest 
position was 1 ft. and in \ sec. the load was observed to pass through 
this position. 

Determine 

(1) the initial velocity of the load ; 

(2) the time taken to reach the maximum displacement on the 

other side of the mean, and 

(3) the magnitude of this displacement. 

Here -k-B) 

a;= 0, when /= -BjA or infinity ; 
i = - BjA , and as B = 1 ft., A = - 2. 

dx 

The initial velocity -~=A - kB 

and k is given equal to n, i.e. \/^ ='\/^ =4; 

0,1 z 

initial velocity = - 6 ft. sec.*, 

the negative sign indicating that it is directed towards the mid¬ 
position. 

The body reaches its maximum displacement when the velocity 
becomes zero, i.e. when 

A’-k(At^B)^0\ 

^=3/4 sec., 

the displacement then being 

^-4. s/4(.2.3/4 +1) = -0 025 ft. 
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3. A uniform tube closed at its base is weighted so as to float 
upright in a liquid, being immersed to a depth of I ft. when at rest. 
It is observed that, when the tube is given a small vertical displace¬ 
ment and released, a damped oscillation takes place in which the 
ratio of two consecutive maximum displacements on the same side 
of the mean is 10 : 1. 

Assuming that the resistance of the liquid varies as the velocity, 
determine 

(a) the value of k, and 

(b) the period of the damped vibration. 

[Liv. U.] 

Ans. (a) 1*94; (6) 1‘184 secs. 

4. A single load on elastic connexions having a natural period 
undamped of 27r/20 sec., is subjected to a resistance which varies as 
the velocity. It is given an initial displacement of 1 ft. and released 
without any starting impulse. 

Determine the displacement after yq, J and I sec. when 
(a) k=n and (b) k~2n. 




(«) 

(h) 

Ans. 

^ sec. 

0-7358 ft. 

0-6299 ft. 


10 

0-4059 

0-3676 


i 

0-0916 

0-1266 


i 

0-000499 

0-00504 

For (b) we 

have 




X 


II 

(N 

II 

K 

= k-.IW-n^ = 

10-72, 


^2 


149-28, 

<=0 

initial displacement = 

.4+J3 = l. 


. ^ 

dt 


Whence .4 = 1-077, 

£?= -0077. 

With the values given, the second exponential term is negligible 
except for very low values of t. Notice that the load is brought more 
nearly to rest in a shorter time in the case for critical damping, and this 
is always true for any conditions. 


dx 

= - Ai.4 - A,^ and is given here as zero ; 



CHAPTER V 


NATURAL VIBRATIONS OF HEAVY SHAFTS 
(UNIFORM SECTION) 


On page 51 we showed how the inertia of a simple elastic 
system could be taken into account, but otherwise in all our 
calculations we have neglected the inertia of the elastic con¬ 
nexions in comparison with that of the loads. 






%;v 




-J 


i 

ITi i 






Fig. 44. 


We will now consider the oscillations of a heavy shaft, 
unloaded except for its own mass, and will develop the equations 
for longitudinal oscillations, although in general the frequen¬ 
cies obtained in practice are so high that no trouble is likely to 
be experienced. Exactly similar equations can be deduced for 
the corresponding cases in torsional oscillation. 

Consider then an element of the shaft enclosed between two 
sections distant x and (:\;+8x) from one end (Fig. 44a). 

At any instant let the longitudinal displacement during vibra¬ 
tion of section x he z and that of (x -{-Sx) be (2:-+-82), while the 

dz 

length 8 x of the element has become 8jr -f- — 8x. 

dx 

[For students who may be unfamiliar with partial differentials " 
for which the symbol d is used—the meaning is merely that is the 

rate of increase of z with x only, all other variables which may 
affect z being considered constant for this change.] 
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Now in words also means the alteration in length per 

OX 

unit length of the bar, i.e. measures the strain at the face x, so 

Bz Bz 

that the stress at this face will be £ . v- or the force = £^4 . — 

dx dx 

where A is the cross-sectional area, and £ the modulus of 

elasticity. 

If the shaft had no inertia this force would be constant 
across the element, but due to its inertia each element in 
vibration has to be accelerated so that there must be a differ¬ 
ence in the forces on the two faces which were originally at 
distances x and {x + hx). 

This change of force we can express as a partial differential, 

|[£.4|]s,=£.4g.S», 


hx = EA 44 . Sx, 
dx^ 


»herel[£.4|] represents the rate of change of force with 

distance in the x direction only, or the change of force per unit 
distance, so that upon multiplying by 8x we get the change 
over distance 8x. 

Thus the two faces are subjected to the forces shown in 
Fig. 446. 

Let IP=the weight per unit length, so that the mass per unit 

W 

length in engineer’s units is numerically equal to -. 


Then the element 8x has a mass of — which is given an 

g 

d*z 

acceleration ^ (note that now we are considering change of z 

with time only) by the above difference in force, so that in the 
limit 

w d*z 3*2 

g ■ 3/* 3x* • 

or d^z^ EAg 3*2 

3/* w 3x*' 


where z is a function of both x and t. 



NATURAL VIBRATIONS OF HEAVY SHAFTS 132 

In all our previous work we have considered vibratory 
motion to be simple harmonic of the form b cos (nt + e) where 
the amplitude b is entirely independent of t. 

Here then it would appear reasonable to assume that z can 
be written as X cos {nt + e), where X depends only on x (and 
not on t) and determines the configuration at the section x. 

On this assumption we have 

^ J = - Xn^ cos {nt + e) 


[X being constant in this differentiation in regard to /.] 


and 


dH 


d^X 




[cos (nt -f e) here constant when differentiating in regard to x, and 
dx^ is not “partial” as X depends only on x.] 


EAg d^X 


or 


dx^ 

dV 

dx 




d^X 


w 

where = v- . w*. 

EAg 

This expression is of familiar form, except that for S.H.M. A' 
would have been a function of time whilst here it is a function 
of distance x. 

By analogy the solution will be 


so that 


X — B cos (ax + c) 

- a cos ax + p sin ax. 


z — \o(. cos ax -f p sin ax] cos (nt -f e), 

where the constants a, P will be determined from the end condi¬ 
tions and type of problem. 


Uniform cantilever. Suppose we wished to determine the 
frequencies of longitudinal vibration of a uniform cantilever of 
length I unloaded except for its own mass, we know that 
when x = 0 at the fixing, the displacement z will be zero, and 
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when a; — / at the free end there can be no stress in the rod, i.e. 
dzjdx is zero, since the stress is proportional to this term as we 
have seen. Thus 

^ = 0 2 —0 —acos (w/4-^). 

If cos(w/-f-^) is zero, then the shaft would be at rest no 
vibration taking place, i.e. a must be zero ; 

2 = j8 sin ax . cos {nt + e ). 
dz 

x=l pa cos al . cos (nt f e ). 

Now P:^0 SiS otherwise z would always be zero at every 
point, cos al must be zero, so that 

, 7T StT OTT 


i.e. 



7r/2 

X ••• • 


There is thus an infinite number of frequencies possible, the 
fundamental being 

2it 2it' I y w 


Since the Normal Elastic Curve gives the relative displacement 
or amplitude of the longitudinal vibration of any section, its 
equation will he sin ax, and substituting the above values 

TT StT 

of a, i.e. ... we obtain the sine curves for the different 

ZiL 

modes shown in Fig. 45 where 

77 

(a) For the fundamental Zj^—p sin x. 

Whence-/ 

No node (other than at fixed end). 

(A) z^=psin~x. 


Whcnx=l/S 

2//3 •^^=0 

I Za=-P 

One node 
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and so on, one more node appearing for each higher fre¬ 
quency. 

The student is left to work out the frequencies and normal 
elastic curves for a shaft fixed at both ends, and no difficulty 



should be (‘xperienced in converting the equations for the 
torsional oscillations of similar shaft arrangements. 

We shall replace 

z by 0 , the angular displacement at distance x ; 
w by the moment of inertia per unit length of shaft, 
k being the radius of gyration ; 

A by y, the second moment of area of cross-section ; 
and E by C, the modulus of rigidity, 
so that 



3/* if’A’* 9.V* ’ 


•'vncl d [a cos ax H jS sin ax] cos (nt + e). 

Note also that ^ x 1 = weight per unit volume or density y 

and j is usually denoted by p so that ^ and it is interest- 
ing to note that \ ~Ejp is the velocity of sound (or the propaga- 
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tion of waves) along the shaft (see page 268). Similarly, for 
torsion, 

•• wk* 


so that 


w p 


Longitudinal vibrations of a heavy cantilever carrying a con¬ 
centrated load of weight W at its free end. At the free end of 
the shaft the force acting on the shaft will be 




as deduced above. The stress at this element is now no longer 
zero, because of the attached load, which requires for its accel¬ 
eration a force 

\j 

so that the load will exert on the shaft an equal and opposite 
force, i.e. (W n 

(g . 

We have already shown that, for a cantilever, 

2 = sin ax cos {nt -f- e) (« being zero) 
dh 


and 


— = - m*/ 3 sin ax cos Int 4- e), 
ot* 

= pa cos ax cos {nt + e ), 
ox 


so that upon substituting in (i) and taking x=l, 
W 

-«* sin al= - EA . a cos al, 

g 

, , EAga 

or tan al = -, 7 >~ • 

Wn* 

We can reduce this to another form as follows : 


wn' 


'EAg> 


EAg _w 


n* 


tan al = 


7*’ 


w 

Wa 
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If Y = the ratio of the weight of the shaft to the weight of the 
load, i.e. (where weight per unit length), 

Y - al tan aL 


The frequencies can be obtained from this equation graphi¬ 
cally by taking various values of n* and plotting V jal and tan al 
against aL 

Example. 

We have stated above that the frequencies of longitudinal vibra¬ 
tion are so high that generally they are well beyond the operating 
range of any machine, so that no trouble from resonant effects can 
occur (see next chapter), but the analogous results in torsion are of 
great practical importance. Occasionally, however, longitudinal 
vibrations come under review and the following investigation was 
made by the author when trouble was experienced from axial 
vibrations of a marine propeller shaft system. The calculations are 
given in fair detail as they afford an excellent example on the genera' 
principles which we have been discussing. 

A hollow marine-engine shaft carrying a 3-blade propeller at its 
free end was considered as a cantilever fixed at the thrust block as 
far as axial vibrations were concerned. To determine the effect on 
the frequency of solidifying '' the shaft over various lengths from 
the thrust block end (Fig. 46 ). 



Fig. 4(5. 


Let /j ^ solid length, 

/2 = hollow length, 

then, with the same symbols as before, we shall have 
dH 1 dH 

(i) for X 0, but < (i.e. over length /,) 

dH 1 dH 

and (ii) but <(/i -f/j) (i.e. over length /,). 

Also from the previous sections we know that for a cantilever— 
over length ly : 2 = sin a^x . cos (ni + e) [a^ =0] 

over length /a: 2 = [aj cos 4 * P2 sin a^x] cos (nt + e). 
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At x=li: 

Pi sin a^li. cos {«< + e) = (a* cos aji + jS, sin aJi) cos (nl + e) ... (1) 
At x = {li+li) : 

Force accelerating load = C—^i) = - f E,A j ) ; 

w 

-«*[«2 cos aj(/j + 4) + Pi sin (/j + 4)] cos {tU + e) 

s 

= - E^A 2[ - sin 

-f M] («/ +1’).(2) 

Also the force EA at the junction ( v =/i) must be continuous : 
ox 

[EiAiPiUi cos cos {nt + e) 

= [£2^2^2("" <*2 ^2^1 + P2 cos ^2^1)] cos (;// + r) .( 3 ) 

(f) gives £1.41^1 cot a^li 

_ £2^2^2( ~«2 sina2/i+i^2 cos aji) 

a2 cos a^i + P2 ^2^1 ’ .^ 

thus eliminating 

Then from ( 2 ) and ( 4 ) expressions for ** arc obtained which, upon 

Pz 

equating, give 

W 

Q cos a^ili +-n* sin + /j) 

S W 

^ sin aj (/, + 4) + - n* cos aj (/, + /,) 

- P COS . sin flj/i + Q cos 
^ P cos ^i/i. COS aj,^ + Q sin . sin * 


where 


P^E^A^a,i 

Q —J^zA 2^2- 


Using the trigonometrical relationships for the sine and cosine of 
the difference of two angles, the above expression reduces to 

Q[P cos aj/i. cos a ^2 ~ Q sin Uyly^. sin ^2^21 

W 

~ — n\P cos Aj/i sin a^ 2 ~Q sin cos ajj/aJ* 
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Now, the shaft being of the same material throughout, L, 

PIQ-AJA,, 




and thus 
so that 


W 2 ^ l/^ 2 • ^2^2 ~ ^2^2 

^ ^ ~ [AJA^ . cot ^/l/l . sin ((^2 “*■ cos aj 2 ^ ’ 


(5) 


and finally, since < 1 . 2 ^ is also e(|iial to , 

IF IF IF /^/A'. I 

H */0 = h 2 /;.„1 ..a„ = ' V * ^ ) • 

g ^ J? • ■ ■ /I ?£’2 / «4 


IF^?2 1F^/.2^2 

_ « 2 ^ 2 . V ‘‘"'^2 =. weight of shaft 

Y ' IF weight of propeller \V 

This equation has now to be solved by plotting the two sides of 
the equation against values of a^ 2 - 
Details of system. 


Total length of shaft L 
Total weight all solid - 
Total weight all hollow 
A^ (solid) - 
A 2 (hollow') - 

"‘^ 1/^2 - - - - 

Weight of propeller 
Density of steel - 
E for steel - - - 

Three cases were calculated : 


2175 in. 

234.440 lb. 

10(5,040 lb. 

330 sq in. 

123 sq in. 

2(58 

39,240 lb. 

0-283 lb. per cu. in. 

30 X 10* lb. ])er sq. in. 


(1) 

II 

11 

II 



l2= 1,632 in. 



w^2 (wt. hollow length) =80,2lK) lb. 

^^-2045. 

(2) 

/, = JF =/2 = 1,088 in. 



53,470 lb. 

y=i-36. 

(3) 

/, = i/.=3/j = 1,632 in. 



/j = .'>44 in. 



= 26,735 lb. 

r =0-631. 




•283 


10* X 32-2 X 12 


nU 


202-2 X lOa 
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Note that, if the whole shaft was solid or hollow throughout, i.e. 
/2=0 and A i—A 2 so that P can be substituted for Q on the left-hand 
side of equation (6), this expression reduces to that previously 
obtained on page 137, which checks the result. 

The results obtained from the graphical solution were as follows : 


Shaft condition 

Fundamental 
frequency «/27r 

Critical 

Engine Speed 

All hollow 

1044 per Mhiute 

348 r.p.m. 

Case (1) 

1185 „ 

395 

(2) 

1308 „ 

436 „ 

.. (3) 

1344 „ 

448 „ 

All solid 

1206 „ 

402 „ 


The propeller, having three blades, will tend to set up three dis¬ 
turbing impulses per revolution so that if the engine was to run at a 
speed of J of the frequency for the particular case considered, 
unwelcome resonant vibrations may be set up, as will be explained 
in the next chapter. The curve (Fig. 47) shows these critical si>eeds. 



and knowing the range of speed for which the engine is designed it 
might be possible to avoid resonance by suitably “ solidifying '' the 
shaft. 

As an exercise the student might like to establish equation (5) 
working along the shaft in terms of dynamic stiffness general 
expressions for the displacement z and the force at any section 
having already been deduced. 
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Extension of a heavy vertical rod due to its own weight. 

Consider a vertical rod fixed at its upper end. U.sing the same 
expressions as in the previous section, we have : 

dz 

Strain at any section distant x from fixed end = — ; 

ox 

dz 

Force at this section -AE r ^weight of shaft below this 

ox 


section =w {I-x), 

where ie' = the weight per unit length, 
/ = the length of the rod. 


AEz-uix —+ c 


When .r - 0 'I 
2 = 0 J ■' 


c = 0 


ir/\ 12 


extension of rod (z),^i- — . „ , 

^ a'x lL 

i.e. is the same as would be produced by a concentrated load 
equal to half the actual weight of the rod if placed at the free 
end of a massless rod of the same elasticity. 




CHAPTER VI 

FORCED VIBRATIONS 

We have now dealt with the free or natural vibrations that can 
be set up when an elastic system suffers a displacement due to 
an impulse or a sudden change in the magnitude of the load. 

If this impact is not renewed the system will continue to 
vibrate in its own natural modes until the oscillations are 
damped out by frictional resistances, which, however small, are 
always present. If, however, the disturbing force is applied at 
regular intervals, i.e. if a periodic force acts on the system, the 
latter will be compelled to vibrate in a way foreign to it, depend¬ 
ing on the nature of the disturbing force. 

A disturbing force may be of two types: [a) impulsive, or 
{b) continuous, i.e. has a definite wave form. 

If impulsive, such as might be produced by the blows from 
a hammer applied at regular intervals, then it can be visualised 
that between the applications of the impulses, the system will 
vibrate with its own free period, but the amplitude of the 
vibration will tend to increase and diminish with a rhythm 
depending on the relation between the frequency of the dis¬ 
turbing force and the natural frequency of the system, the 
impulses at one time coming into phase with the displacement, 
thereby increasing the amplitude, and then going out of phase 
and so opposing the motion. 

If continuous say of simple harmonic form P cos [qt + e), and 
as will be shown this is the most important type for study, 
then we shall prove that the system will vibrate with S.H.M. 
of frequency qj^-n equal to that of the disturbing force, the 
magnitude of the amplitude depending on the relation between 
the forced and natural frequencies. 

Critical frequency. If the frequency of the periodic force is 
equal to the natural frequency of the system upon which it 
acts, then it is clear that the force will always act in the direc¬ 
tion of motion,and never against, hence energy will continually 
be added to the vibrating system, causing the amplitude to 
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increase until the elastic limit of the constraints is passed and 
fracture occurs. (If the force happens at the start to be applied 
so as to oppose the motion, it will merely bring the system to 
rest and start it off again with the forced frequency.) This 
value of the forced frequency equal to the natural is called the 

critical resonance " then occurring. 

This is one of the vital problems which confronts the engineer. 
Every engineering structure is an elastic system which may be 
set into vibration by the application of a disturbing force 
which, if of the same frequency as the natural, may cause 
alarming amplitudes resulting in excessive stress and conse¬ 
quent breakdown. 

It is for this reason that a regiment of soldiers is required to 
break step on crossing a suspension bridge, otherwise the 
rhythm of their marching might coincide with the natural 
frequency of the bridge. 

The roll of a ship in the sea may attain alarming dimensions 
if acted upon by waves of the same frequency as the natural 
roll which would occur if the ship were given an angular dis¬ 
placement in calm water. 

The balance weights in the driving wheels of a locomotive 
will produce a simple harmonic disturbing force in a vertical 
and horizontal plane. The vertical force might cause unwel¬ 
come vibrations in a bridge, which would also be subjected to a 
periodic disturbance due to the wheels passing over the joints 
in the track, etc. 

The hull of a ship is an elastic structure which can vibrate in 
a variety of ways, and resonant conditions can easily be set up 
by unbalance in a reciprocating engine or due to a fluctuating 
turning moment on the crankshaft. 

In order to illustrate the balancing of the reciprocating 
masses of a multi-cylinder engine. Professor Dalby designed a 
model 4-cylinder engine which was suspended from springs in 
a vertical plane, this being also the plane of reciprocation. The 
shaft was driven by an electric motor and any unbalance 
due to the reciprocating masses would produce a periodic dis¬ 
turbance in the plane of reciprocation, which would force a 
vibration of the engine on its springs. 

By running the engine at such a speed that the frequency of 
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the fluctuations of this unbalance coincided with the natural 
frequency of the engine on its springs, the amplitude of the 
vibration becomes very large, and by this means the slightest 
unbalance can be detected. At a higher speed, of course, the 
magnitude of the unbalanced force is greater, but the amplitude 
of the motion is less as we shall see. It is therefore only at this 
particular resondnt speed that the engine should be run for the 
detection of any unbalance. 

If the forced frequency is not exactly equal to the natural 
but in its neighbourhood, dangerous amplitudes may still be 
produced, since there may be enough applications of the dis¬ 
turbing force in the direction of motion to cause fracture, before 
becoming out of phase and opposing the motion. 

Now we have stated that the nature or wave form of the 
disturbing force affects the type of vibration forced. 

If “ Simple Harmonic ”, we have noted that a vibration 
having the same frequency as that of the disturbing force, and 
of constant amplitude, is set up, and resonance can only occur 
on coincidence of the forced and natural frequencies. 

If Impulsive, however, it is easy to see that a disturbance of 
frequency 1/2,1/3,.... etc., of the natural frequency will cause 
resonance, since the force again is always applied in the direc¬ 
tion of motion, the system having performed a complete number 
of vibrations and arrived into the same position by the time the 
next application of the force takes place. 

Resonance, however, is not, in general, so dangerous with 
such a disturbing force, as friction, in between impulses, tends 
to damp down the vibration and prevent the amplitude becom¬ 
ing excessive. 

Harmonic components. The wave forms of many disturbing 
forces that occur in practice—for instance, the turning moment 
of a reciprocating engine—are not simple harmonic in character, 
but any such curve can be split up into a Fourier series of sines 
and cosines, i.e. into harmonic components, the frequencies of 
which are usually 2, 3, 4, etc., times that of the actual disturb¬ 
ance. 

[Fourier’s Theorem states that any periodic function may be 
expanded as a series of the form 

/(x)=i4TO + .<4iCos x + .<4jCos 2x + ... +Bi sin x+B^sin 2x..., 
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or alternatively by 

f(x) -A^ + a^ cos (x + oL^ -f ^^2 cos (2x -i ag) -f- ... 
where and tan «!==etc. 

A^ is the mean height of the curve, and the theorem means 
that the fluctuations about the mean can be split up into sine 
and cosine waves of frequencies 2, 3, 4, ... that of the funda¬ 
mental.] 

The resultant vibration set up is the vector sum of the vibra¬ 
tions which each of these components would cause if acting 
alone, and hence the effect of each harmonic can be considered 
separately. 

It is thus clear that such a disturbing force, having a fre¬ 
quency of 1/2, 1/3, etc., of the natural frequency of the system 
upon which it acts, may cause dangerous amplitudes due to one 
of its harmonics synchronising with the natural frequency. 

We shall deal with these harmonics in more detail in the 
following sections. 

Note that though a disturbance of lower frequency may set 
up resonance in a system having a frequency which is an exact 
multiple of the other, the converse does not hold. For instance, 
if we had an elastic system with a natural frequency of say 10 
vibrations per second acted upon by a disturbing force of 
frequency 20 vibrations per second, then if continuous, the 
harmonics produced will have frequencies of 40, 60, etc., 
vibrations per second, being still further removed from the 
natural; while if the force was impulsive and the first applica¬ 
tion was in the direction of motion thus increasing the ampli¬ 
tude, the second application would meet the system on its 
return and so tend to stop the motion. 

In certain cases the operating speed of a machine is designed 
to be well above the natural frequency, hence there will be no 
danger from harmonic components, and in running the machine 
to speed, the resonant conditions will exist for so short a time 
that no excessive stress will result. 

The precise investigation of many actual problems that arise 
is difficult, but much may be learned from a study of the differ¬ 
ential equations and their solutions representing the motion of 
a single load held in elastic constraints under the action of a 
simple harmonic disturbing force. 

K 
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From experience the author has found that the vector 
method of solution—which will be familiaf to those studying 
alternating current work—is by far the better method of 
illustrating the results, since it enables a visual picture to be 
obtained, which the mathematical process rather tends to 
conceal. (An excellent series of articles in support of the use 
of “Vector Methods of Studying Mechanical Vibrations” by 
Professor David Robertson, has appeared in The Engineer, 
Vol. CLI.) 

First of all, however, we will study the mathematical solu¬ 
tion. 


Motion of a single concentrated load supported by an elastic 
structiure and acted upon by a simple harmonic disturbing force. 

Here, in addition to the restoring force of the constraints, we 

have acting a S.H. force of frequency (say) and maximum 

Ztt 

value P, so that the force at any instant will be represented by 
P cos 

The equation of motion is therefore 


or 


i.e. 


g ^ 
Force 

accelerating 

load 


= -Fx + P cos (qt + e), 


Force Disturbing 

exerted force 

by elastic 
constraints 


g dP 


+ Fx~P cos [qt + e), 


Force to 
overcome 
elastic 
constraints 


( 1 ) 


d^x 

cos [qt + e), 


where 


Fp 

as usual, 

yy 


( 2 ) 
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Now the only motion in which the acceleration and displace¬ 
ment have similar cosine forms is a S.H.M., so that it is reason¬ 
able to assume that the solution of the above equation, i.e. the 
resulting motion, is of the form 


x — A cos (qt f e). 

Then dxjdt — - Aq sin {qt -f- e), 

dHjdt^ — -Aq^ cos {qt + e). 

Substituting in left-hand side of equation (2) we obtain 
A {n^ -q^) cos {qt^-e). 

Thus the solution holds provided 

A{n^-q^)==f, 

f 


or 


i.e. 


. 4 - 


n 




X — 


f 


- q^ 


. cos (qt + e). 


Hence the given periodic force can maintain thi» forced 
oscillation of constant amplitude * depending on the 


forced and natural frequencies, and of frequency -- equal to 

Ztt 


that of the disturbing force. 

Now when the disturbing force is not acting, i.e. when the 
right-hand side of equation (2) is zero, we then have the simple 
harmonic solution of the form cos (w/-i-a), which represents 
the free oscillations that can exist independently of the forced, 
and when the disturbing force comes into play, the motion will 
be the resultant of these two, i.e. 


x^a cos + a) + 


- q 


cos {qt-\-e). 


Free oscillations Forced oscillations 


The first term, i.e. the solution of the equation when the 
right-hand side = 0 is in mathematics termed the complementarv 
function, and the second term which concerns the forced motion 
only is called the partictdar integral. 

We have so far considered friction to be negligible, but such 
resisting forces, however small, are always present and the free 
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oscillations will in time be damped out, leaving the system 
undergoing the forced oscillation only. At the start, however, 
these free oscillations may be important as, superimposed on 
the forced, a large amplitude, and therefore excessive stress 
may be produced. 

•The total displacement at any instant can be determined if, 
when we start to measure time, the initial displacement and 
velocity of the body are known, i.e. if a and a and A and e are 
known, or, in other words, if the lengths and initial positions 
of the two vectors, which generate the forced and free motions, 
are known. We have already examined such a motion on 
page 24, but it will be useful to consider the matter further. 

Let us assume that when we start to measure time (/ = 0) the 
body is momentarily at rest in its mid-position, and for conveni¬ 
ence let us take the phase angle e — d, which slightly simplifies 
the mathematics but in no way affects the motion, so that, 
using the alternative S.H. form for the free motion, 
x = C cos nt-\-D sin nt + A cos qt, 

and when ^ = 0, ^ . dx^ ^ 

Xo = 0 and 

dt 

Thus a;, = 0 = C + A ; C = -A=- - ; 

dx 

-~ = 0=:Dn; .*. H = 0asw9£0. 


Vectorially this means that (i) the lengths of the two gen¬ 


erating vectors are C and A 



both motions will be zero. Fig. 
projection line being vertical. 


and are both equal, (ii) the 
vectors are initially at 180 
degrees to one another and 
lie in the projection line, i.e. 
the body is at its maximum 
displacement in both the free 
and forced motion but on 
the opposite sides of the 
mean so that the resultant 
displacement, is zero, and (iii) 
being at the maximum dis¬ 
placements, the velocity in 
48 illustrates these results, the 
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Hence at any instant 

/ 


X=: - 


2_^2 [cos nt- COS qt] 


- +• 


.1.. 

n^-q‘ 




We shall refer to this expression again shortly. 

Assuming that the free oscillations have been damped out, 

consider the amplitude coefficient ^ 


-q^ 


of the forced motion. 


When there is no fluctuation of the disturbance occurring, i.e. 
9 = 0. but a constant force P is applied 

I 

W/W P' 

which, as we should expect, is the static displacement produced 
by this constant force P. 

Now when the fluctuation of P takes place we have the forced 
motion 


f P^ IPs. 
Displacement x = ^ - 


x = 


f 




cos {qt -f e) ■ 


1 


.1 _ 

fp * (I - q^jn"^) 

1 


. cos [qt -f e) 


[X-q^ln"^) F 


P 

r= . cos (qt + e) 


n^-q^ F 


P 

cos [qt + e). 


The coefficient 


or 


1 - q^jn^ - q 


is called the magnifleation 


factor or dynamic magnifier, since it shows how the actual 
amplitude differs from the displacement that would occur if 
the maximum value P of the disturbing force was applied 
statically. 

Thus the " magnification factor » ^ AmpUturu!>r^sm?w l » 

. P 


, T-, , , 1 Maximum force exerted in 

But F X actual amplitude = elastic structure. 

Maximum force exerted in 

so that the magnification factor = disturbing 

force. 
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The graph (Fig. 49) shows how this factor varies with the 
frequency ratio qjn. 



When q is very small compared with n, we see that the 
magnification factor approaches unity, i.e. the displacement of 
the load is approximately equal to the static extension of the 
structure under the disturbing force at any instant. 

Again : 

When q is less than n, the coefficient is positive, i.e. the 
displacement is in phase with the disturbing force. 

As q approaches n the amplitude increases until when q — n 
it would appear infinite, resonance then occurring. 

When q is greater than n, the coefficient becomes negative, i.e. 
the displacement and force are of opposite phase, and as q con¬ 
tinues to increase the amplitude becomes less and less until, for 
very high frequencies of the disturbing force compared with the 
natural, the body may be assumed to be stationary in space. This 
is an important result and will be considered in detail later. 
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Returning to our equation x = 


. cos {ql + e), when q -n 


this solution would appear to fail since it merely indicates that 
the amplitude is infinite, but gives no information as to the 
phase relationship of the displacement and disturbing force. 

In order to simplify matters, we will assume the solution 
now holding and by substitution show that it is correct. The 
forced motion only is considered (particular integral). 

Thus we have 

d^X 

-^ + n^x = f con (qt + e). 

When q=n: 

Assume the solution x - Bt sin {qt + e). 

Then 

dxjdt = Bt q cos {qt + e) + B sin {qt + e ), 
d^xjdt^ = -Btq^ sin {qt + e) + 2Bq cos {qt + e) ; 

/, Substituting in L.H.S., 
d^x 


remembering that q—n. 

Hence A; = B/sin {qt + e) is the solution provided 2Bq=f, i.e. 
^""{^sin {qt + e), 

which represents a vibration whose amplitude increases with 
the time, the disturbing force being 90° in advance of the displace¬ 
ment as is indicated by the cosine and sine terms, the force then 
always acting in the direction of motion causing the resonant 
conditions, and passing through its maximum as the load passes 
through its mean position. 

Alternatively, we can establish the above result from the 
expression for the particular case of the general motion dis¬ 
cussed on page 149. 

We have 

2/ . 



152 THEORY OF VIBRATIONS 


Let q very nearly equal n and let a very small 

quantity, 




D 


/ 


sin At 




_ J {n + q) ■ 

Since J is small, sin At varies very slowly and its period 
2flr/J is large. Thus the motion can now be considered as 

simple harmonic of frequency j2 it and amplitude 

-T ——r sin At 
A(n-^q) 

which varies very slowly, i.c. beats are occurring, the time 
interval between successive maxima or minima being | period 


q<n 



When q=n, in the limit we can substitute At for sin At and 
thus avoid making the expression for the amplitude indeter¬ 
minate [=5]- 
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Thus x = ~ sin at. 

2q ^ 

(The phase angle e was assumed to be zero in establishing the above expression). 

The wave forms representing the disturbing force and dis¬ 
placement fluctuations and the vectors generating them are 
shown in Fig. 50 for the different values of q assumed above. 

Note that ** force and displacement in phase or out of phase 
does not mean that the force is acting in the same or opposite 
direction respectively as the motion of the load, but that the 
two generating vectors are together or opposed, the force, i.e. 
the projection of the force vector, sometimes being in the same 
direction and sometimes opposed to the motion, as inspection 
of the diagrams will show. 

Note also that in taking the disturbing force as P cos qt 
when ^ = 0 the force has its maximum value. If, when the force 
is applied, it rises from zero to its maximum value we must 
express the force as P sin qt. 

Forced vibrations—^vector solution. In our differential equa¬ 
tion above we have assumed that a simple harmonic disturbing 
force is acting, and then have shown that the motion produced 
is also simple harmonic of the same frequency. 

We will now assume that the motion forced is simple har¬ 
monic and then deduce the nature of the disturbing force that 
must be applied to maintain this motion. 

The general problem is therefore : 

A body supported by an elastic structure, and having a 
natural frequency n/27r, is forced to vibrate with simple har¬ 
monic motion of a frequency ql^n, other than its natural, by 
the application of a disturbing force. 

It is required to determine the nature of this disturbing force 
that must be applied to maintain the required motion. 

Consider as an example the vertical vibrations of a loaded 
spring (Fig. 51a), and let the forced motion be 

x — A cos qt. 

As shown on page 17 this may be represented by the projec¬ 
tion of the vector oa' — A on the vertical line YY', rotation 
being with angular velocity q. 
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Similarly, the velocity 

dx * . , 

will be generated by the vector od' =^Aq situated 90 degrees in 
advance of oa', and the acceleration 


-Aq^ cos qt 



will be generated by the vector ob' = Aq^, 180 degrees out of 
phase with the displacement vector oa'. 

We will consider the two cases : 


(а) Without damping. 

(б) With damping varying as the velocity. 

Thus the motion given is the solution of the equations 
respectively: 


, ,W dH 

(») j Si 


+ Fx^X, 


W dH 

T- dx 

+ Fx 


1 

1 

1 

1 

Force 

1 

Lorce to 

Force to 

1 

Disturb¬ 

accelerating 

overcome 

overcome 

ing 

load 

friction 

elastic 

constraint 

force 


where X is the disturbing force whose nature has to be deter¬ 
mined. 
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Now each of the terms on the left-hand side of either C(|na- 
tion represents an external force acting on the body, and since 
each is proportional to either the displacement, velocity, or 
acceleration, of a motion that is given as simple harmonic, we 
may represent them at any instant by the projection of vectors 
parallel to the space vectors of Fig. 5la, which rotate with 
angular velocity q and have magnitudes equal to the maximum 
values of the respective forces. The sum of these vectors will 
give us the maximum value of X, and it is obvious that this 
resultant vector will rotate at the same angular velocity 9 , 
and its projection on the given diameter will give the value of 
the disturbing force at any instant. In other words, the dis¬ 
turbing force necessary to maintain the prescribed motion is 
also simple harmonic in character and of frequency ql27T. 

Thus : 


(a) No dumping : 


W d \x 


+ Fx = X. 


Then, remembering we are considering external forces (Fig. 

Vector oa = F^=the maximum value of the force required 
to displace the body from its rest position through its ampli¬ 
tude A, i.e. the force required to overcome the elastic restoring 
force in this position. 

This vector may also be taken to represent the position of the 
body at any instant, being proportional to the displacement 
vector oa'. 

W 

Vector ob = — (Aq^) =the maximum value of the force which 

g 

gives the simple harmonic acceleration towards the mid¬ 
position. 

This vector therefore acts in the opposite direction to oa, which 
represents a force acting away from the mid-position. 

Thus the vector oc — oa-ob — the maximum value P of the 
required disturbing force. 

It is seen to be in phase with the displacement, i.e. coincides 
with the displacement vector oa' and is simple harmonic in 
character, so that 

X=P cos qt. 
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Hence the equation of which x — A cos ql is the solution is 


g dt^ 


-{■Fx=P cos qt. 


To determine the value of the amplitude A, we have 

P=oa-ob=FA - — 
g 



f 


-q^ 


as before, where f=PgjW, 


n^=^FglW. 


Fg W 

When q is < n, or , i.e. — q^<F or ob< oa, the vectors 

- - W g 

are as shown in Fig. 5lb, the disturbing force vector being in 
phase with the displacement vector oa'. 

As q approaches n the amplitude A increases towards infinity. 

For q>n, i.e. ob>oa, the disturbing force vector oc is now 
180° out of phase with the displacement vector oa'. 

For the transition stage when q=n and A becomes infinite 
we argue as follows : 

P = oc is the maximum value of the disturbing force which is 
being applied and its value is therefore Jixed, but, when oa=ob, 
P although still acting can now have no component along the 
line cd), and the only place for this vector, which will satisfy 
these conditions and cause the amplitude A to become infinite 
by continually adding energy to the system, is 90° ahead of oa'. 
In this position it will be seen (Fig. 51c) that the force at any 
instant (i.e. projection of oc or YY') is always acting in the 
direction of motion of the load W. 

Thus from this simple vector diagram we have been able to 
obtain the complete solution as before, and at the same time 
secure a visual interpretation of the results. We are, of course, 
considering the forced motion only (i.e. the Particular Integral), 
assuming that the free vibrations have been finally damped out. 

(6) With Damping varying as the velocity : 
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Again on the assumption that the motion is to be simple 
harmonic of amplitude A and frequency we have in addi¬ 
tion to the previous vectors oa, ob, a third vector od to represent 
the maximum force to be supplied to overcome friction (we are 
summing up the external forces that have to be supplied). 

Its value is therefore (Aq) (the maximum value of the 
velocity being Aq), and its position will be in the direction of 
the velocity vector od\ i.e. 90° in advance of the displacement 
vector oa, since the force then always acts in the direction of 
motion, which is necessary as we have to overcome friction 
(Fig. 52a). 



Hence the maximum value P of the disturbing force required 
is the resultant of oc and od and is at an angle a in advance of the 
displacement vector oa. 

If, then, the given motion is 

x — A cos qt, 

the disturbing force required is 

X = P cos {qt + a). 

The angles in Fig. 52a show these conditions. 

If, however, we make 

X = P cos qt, 

the solution of the differential equation becomes 
x=A cos {qt-ix). 
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To determine the amplitude A and the phase angle a : 

W 

oc = P cos a = FA - (Aq^); 

S 


A = 


and 


od 

tan a = — = 
oc 


P cos a 

W ' 
F^ — q^ 
g 

FMq) 




f 


- q^ 


cos a, 


•(1) 


Fxq 


2kq 


”-1^ 


W ^ - q^ 


.( 2 ) 


where, as before, 2k — 


Fig 
W ‘ 


Also from (1) and (2) we get 


tan a = - 


sm a 


n 


2kq 

cos a -q^ 
cos a sin a 


2-^2 


.( 3 ) 


/I _ / “ _/ ^ 

*• . 

Thus from (2) as q approaches n, a increases and when 
9 = tan a = co , i.e. 

a = 90°, 

and the amplitude is from (3). 

Hence on coincidence of the forced and natural periods, the 
disturbing force is 90° in advance of the displacement and is 
just sufficient to overcome friction at that speed and produce 
the above amplitude, 

i.e. P — od—FiAq. 

2kq 


Again, since 
and 


tan (x=- 




cos* a (m*-^*)* 


A = 


f 


-q^ 


. cos a = 


/ 


•J (n* - + ^k^q^ 






FORCED VIBRATIONS 


159 


This expression could also have been derived from -- oc^ f od'^. 

Now the static displacement of the system under the force 
P being 

P_PglW_f 
F Fg/W m2' 

the expression for the amplitude may be written in the follow¬ 
ing form : 

4 _ 

V \ n^J fP m2 


and the Magnification Factor is therefore 


A 

fln^ 


1 





m2 


4*2 


For any given damping medium and elastic support, — 


will 


be a constant, say = X2, so that the magnification factor depends 
only on the frequency ratio. 

For K = 0, the expression coincides with the previous one for 
no damping as would be expected : 



but as we can take either a + ve or a - ve value for the square 
root, we can plot the portion of the curve shown negative in 
Fig. 49 as positive as in Fig. 53a, and this figure also shows the 
variation of the magnification factor with frequency ratio for 
various values of K^, 

We see that 

(а) When q is small compared with m, the magnification factor 
approaches unity, or the displacement of the load is very nearly 
the static displacement under the action of the disturbing force 
when not fluctuating. 

(б) When q is large compared with m, the magnification factor 
approaches zero, i.e. the load remains almost stationary in !^ace. 

These results are the same as those already noted for no 
friction, as indicated here again for if2 — o, hence for a disturbing 
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force of frequency high or'fow compared with the natural, damping 
has very little effect on the motion whatever resistance is supplied. 



Fig. 53. 

But in the neighbourhood of coincidence of the forced and 
natural frequencies (say 5'/«=0*76->l’26) damping produces a 
marked effect, the amplitude being kept finite on resonance. 
When q=n, the magnification factor = l/K. 
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It will be noted, also, that the amplitude becomes a maximum 
before exact coincidence of q and w, but for small damping it is 
usual to take the maximum as occurring on coincidence. 

We shall discuss this effect in a following section relating to 
the use of a damper to eliminate torsional oscillations of a shaft. 
We will, however, here determine the value of the frequency 
ratio at which the maximum amplitude occurs: 

Magnification factor = 

For this to be a maximum, the denominator must be a mini¬ 
mum, hence differentiating this and equating to zero, we have, 
calling (qln)^ — x, 

d/dx[(i -x)^-^KH]—i), 
or dldx[l +x^^{K^-2)x]^0 ; 

2xi-(K^-2)=0, 

2-K^ 

or x = 

This expression holds provided is less than 2 so that qjn is 
real. 

Now in dealing with damped vibrations without disturbing 
forces we saw that, provided a damped vibration of 

period 27r//x could occur where iJi^ = {n^ - k^), and this motion 
will be superimposed on the forced, which we are studying here. 

Thus substituting 1 - for ~ to obtain the maximum 

magnification factor, we have 

1 



1 1 







L 
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or the maximum amplitude ^2 ^ magnification factor 


^ . 

2kfx 

When is greater than 2, the maximum occurs for q/n = 0, 
being equal to the static deflexion P/F. The curves for such 
conditions are indicated on Fig. 53a, the amplitude always 
diminishing as q/n increases. 

The variation of phase angle a with the frequency ratio is 
shown in Fig. 536, and it will be seen that for moderate damping 
the conditions are not very different from those with no damp¬ 
ing. For qjn small, a is approximately zero, and as q increases 
the increase in a is not great until we arrive in the region of 
resonance when the increase to 90 degrees becomes very rapid, 
and as we pass through these conditions the change of phase to 
approximately 180 degrees is also rapid. 

For heavier damping, however, the increase in a from zero 
through 90 degrees and thence to 180 degrees is more gradual, 
being spread over the whole range, instead of being confined to 
the narrow margin around ^/m = unity. 


Work done by a simple harmonic disturbing force. Consider, 
again, a damped forced vibration x = A cos qt in which the 
disturbing force vector P is at an angle a in advance of the 
displacement vector oa' = A. Let the force vector (Fig. 526) be 
split up into two components 

P cos a parallel to the displacement vector, 

P sin a normal to the displacement vector. 

Projecting, as before, on the vertical YY', it will be seen 
that the force component (P cos a) cos qt acts alternately for 
each J cycle with and against the motion, so that the energy 
added in J cycle is destroyed in the next, and the total energy 
added in one complete cycle is therefore zero. 

The projection of the component P sin a, however, acts 
always in the direction of motion, continually adding energy to 
the system, which, however, is destroyed by damping, thus 
keeping the amplitude constant and finite (i.e. P sin a=FyqA), 
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This is exactly similar to the disturbing force vector at 
resonance when a = 90 degrees. 

Measuring the angle from OY, the magnitude of the projec¬ 
tion of the normal component will be (P sin a) cos (qt f 90'') or 
- P sin a . sin qt, the negative sign showing that the vector is 
90 degrees in advance of the displacement vector. 

The work done during a small displacement hx is thus 


( - P sin a . sin qt) hx, 
and for a whole cycle, ~0 ->27r radians, 

Work done = ( - P sin a sin qt) dx 


^l: 


dx 


( - P sin a sin qtYj. . di, 
dt 


and as ^ — - Aq sin qt, 


Work done 


= (P sin a sin qt) A q sin qt dt 

tr 

(P sin « sin qt)A sin qt d(qt), 


Cqt^2n 

J «/=0 


as we wish to integrate with regard to qt. 

Work done — P sin a . ^ sin^ qt d(qt). 


Now 


jsin^ qt d(qt) =|- 


-cos2^/ qt 1 . ^ , 

—2 ~ i ’ 


which reduces to tt when the limits 0 2tt are imposed. 
Thus 

Work done per cycle — Psin a . A xtt, 


which is just sufficient to overcome damping and maintain the 
given amplitude. 

It might interest the student to see how the above integral can 
be obtained from vector considerations. In (Fig. 526), let the 
displacement vector oa’ move through the small angle 8(^/) to oa\. 
Then a'a\ = A . i(qt) and its projection gives the small displacement 
of the load 8x, i.e.. 


8x=^A S(qt) sin qt. 
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During this movement the force (i.e. vector ON = P sin a. sin qt) 
may be considered as sensibly constant so that the work done is 

ON x8;r = P sin a A sin* qt 8(qt). 

Energy absorbed by damping. The damping force is 

Fi -FiAq. sin qt; 

r2n 

/. Work absorbed during one cycle = 1 - sin qt . dx 

Jo 

C2it rqt=2n 

= -FiAq sin qt -y-. dt = + F^A^^ 1 sin* qt it 

Jo Jj <=0 

r»<=2ir 

= FiA^q 1 sin* qt d(qt) =FiA^q . it. 

j<it=o 

If we equate this to the energy supplied we obtain 

P sin a.=FiAq, 

a result which was obtained previously from our vectors. 

Periodic displacement of the support. Let the support of an 
elastic structure, such as a spring, carrying a single load W, be 
given a simple harmonic motion of frequency ql27r and ampli¬ 
tude a in a vertical plane as shown in Fig. 54. 



Fig. 64. 
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Let 3 ^ a cos the displacement of the support from its 
mean position at the same instant that 

:Jic: = the displacement of the load W from its mean posi¬ 
tion, X and y being of the same sign when on the 
same side of their respective rest positions. 

Then the alteration in length of the spring (:r- v), and the 
equation of motion is 


or 


W dH 
g 


-F(x-y), 


d^x 

+ n^x—— n^a cos qt. 


This equation is exactly similar to that above for a load 
subjected to a periodic disturbing force, Fa being substituted for 
P, or «*a for /, and so the solution will be 

x-A cos qt = -z -- . cos qt = -^ „ . y.(i) 

Thus the displacement of the load is an exact copy of that of 

the support magnified ~ times. 

Everything that has been said about simple harmonic forced 
vibrations applies to this motion, the only difference being that 
we are giving a periodic displacement to the support, instead of 
subjecting the load to a periodic disturbance with a fixed 
support. 

Considering our previous vector solution, the vector repre¬ 
senting the maximum value of the disturbing force P now 
represents Fa, and it generates the simple harmonic motion of 
the support to the same scale that the vector oa generates the 
displacement of the load, since the projection of this latter 
vector is FA cos qt, i.e. F . x, where A is the amplitude of the 

fi^a 

load and here is equal to —r—- . As before, consider the solu- 
^ tP-q^ 

tion (i) and its vector counterpart (Fig. 54): 

q<n, OT ob<oa, x and y are of the same sign, i.e. the load and 
the support move in the same direction, the two vectors being 
in phase. Note the difference between this case and the corre¬ 
sponding forced vibration—when the vector generating the 
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disturbing force is in phase with the displacement vector its 
projection, which gives the instantaneous value of the force, is 
not necessarily in the same direction as the motion of the load, 
but changes each J revolution. When q is small compared with 
n the magnification factor is almost unity, i.e. the motion of 
the load is almost the same as that of the support, the whole 
system moving as a solid mass. 

q = n, the solution fails as above, and we should now obtain 


X 


na . t 
2 


. sin qt ->cc 



The displacement of the load is now 90 degrees behind that of 
the support, i.e. the support is passing through its mean position 
as the load is at its maximum position. 

q>n, ob>oa, x andy are now of opposite sign, i.e. the load 
moves up as the support moves down and vice versa, the 
vectors being 180 degrees out of phase. 

If the frequency of the support is very high compared with 
the natural frequency then the vibration of the support will 
hardly be communicated to the load which will remain almost 
stationary in space. 

We might anticipate these results from a consideration of 
the inertia of the load, time being required for a change in 
position to be caused. Hence the slower the motion of the 
support the more nearly will the load follow it, but when the 
oscillations of the support become very rapid the load will not 
have time to make any appreciable alteration in its position. 

We may illustrate these phenomena very easily by means of 
two simple pendulums arranged as shown in Fig. 55. OX is a 
light rod pivoted at 0 and carrying a heavy weight X, the 
position of which can be altered at will. From an arm pro¬ 
jecting from this rod hangs a simple pendulum of constant 
length L. 

By setting the pendulum OX in vibration we shall give 
approximately a simple harmonic motion to the support of the 
second pendulum. If now the length OX is made greater than 
L, that is, the frequency of the support is less than the natural 
frequency, both bobs will be seen to move together in the same 
direction reaching their maximum positions together. 
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If OX =L, the amplitude of the attached pendulum tends to 
infinity, and it will be noticed that as the bob swings with 
increasing amplitude its support, i.e. pendulum OX, is passing 
its mean position as the bob arrives at its maximum displace¬ 
ment. 

If OX is made less than L, the frequency of the support is 
now greater than the natural and it will be found that the sup¬ 
porting pendulum will arrive at its maximum displacement on 



Fig. r>o. 


one side as the other attains its mciximnm on the opposite side. 

This system is, of course, similar to that of the double pen¬ 
dulum in which is heavy compared with (page 67). 

For the purpose of this experiment we have assumed that the 
pendulum OX was kept vibrating by a scries of taps so that the 
support of the attached pendulum had a S.H.M. of constant 
amplitude imparted to it. If, however, the system is started 
and left to its own devices and the lengths of the two 
pendulums are approximately the same, then the phenomenon, 
mentioned in the discussion of the double pendulum, of trans- 
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ference of energy from one to the other can again be strikingly 
illustrated. 

Let us examine mathematically the case of a simple pendu¬ 
lum whose support is given a S.H.M. (Fig. 56a). 




It will be remembered that the period of a simple pen¬ 
dulum of length L is 

Vi’ 

hence n^=glL. 

Let X = the displacement of the bob from its mean position ; 
y=a cos qt —the displacement of the support from its 
mean position at the same instant, x andy being of 
the same sign when on the same side of the mean, so 
that the actual displacement of the bob from the 
vertical = {x -y). 

Hence the restoring torque = -W(x -y) and the equation of 
motion will be 


W d^e 



FORCED VIBRATIONS 


169 


Now the linear acceleration of the bob in a direction tangential 

d^d 

to the arc of its swing is • L and, making the usual assump¬ 
tion that 6 is small, we shall not be far wrong in assuming that 
this acceleration acts along the horizontal, in other words 

dH_d^e 


or 


dH 


W j dH 

+ n^x = n^y — n^a cos qt. 


Thus the solution is 


x = ~ 

n 


n^a 


cos qt 




the result being exactly similar to that of the spring above, as 
we should expect. 

If we make q^ =glLi, i.e. the frequency of the support is the 
same as that of a simple pendulum of length L^, then the 
vibration becomes 


x--^^ 

glL-glL, 


■ y 


h 

L,-i 


3'. 


or 


X _ Li 


This result can be represented by the diagrams shown in 
Fig. 566 and c, which give the configurations for q both less and 
greater than n, i.e. greater and less than L. 

The pendulum moves, in fact, as if it was supported from the 
point C and was of length L^. 


Relative amplitude. The relative displacement of the load to 
its support (Fig. 64a) is x -y, since the vectors generating the 
motion of the load and of the support are always in phase or 
180 degrees out of phase (except when q=n). 
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The Relative Amplitude R is given by the difference of these 
two vectors which is ^ - a and the projection of this vector 
length gives x -y. 

Thus R=A-a-\~ ——a-® 

1 - 

The curve (Fig. 57) shows the variation of relative amplitude 



with the frequency ratio qjn, and the difference between this 
and magnification factor should be noted. 

When qjn = 0 {x-y)—(i 

qjn = 1 (x -y) = oo 

qjn very great {x -y) ->y. 

Periodic displacement of support, with damping varying as the 
velocity of the load, i.e. equivalent to a dashpot fixed between 
the load and the ground (Fig. 58a). Our equation of motion 
is now 


W dH 


dx 
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W dx T- E- , 

where, as before, y—a cos qt is the simple harmonic motion of 
the support. 

This is exactly similar to our previous equation for a forced 
damped vibration except that Fa is substituted for P, or n^a 
for /, as with the undamped motion. 

The same vector solution may be adopted from which it will 
be seen that the vector generating the displacement of load is at 
an angle a behind the vector generating the displacement of 



the support (which was previously the disturbing force vector, 
but now its length is Fa and its projection Fa cos qt, i.e. Fy) 
(Fig. 58ft). 

Thus the solution is 


x=A cos (qi-<x), 

and the amplitude A of the load is given by 
n^a 


n^-q^ 


cos a, 


n^a . 

2kq 


or 


n^a 


^/(w2-92)24- 4Ay * 




'9» 


where 


tan a = 
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all these expressions being obtained in exactly the same way as 
before. 

Since the vectors which generate the motion of the load and 
of the support are at the phase angle a, they do not reach their 
maximum together and the relative amplitude R is their vector 
difference. 

This vector is revolving with angular velocity q and its 
projection gives the relative displacement of load to support, 
i.e. x-y at any instant (Fig. 58c). 

Periodic displacement of the support with damping varying 
as the relative velocity between the load and the support. In 

this case the effect is equivalent to a dashpot which is fitted 
between the load and its support, e.g. the shock absorbers of a 
car, the frictional resistance depending on the relative velocity 
between the piston and its cylinder, i.e. dxjdt-dyldt (Fig. 59). 


-T “ ~ 



Fig. 69. 


Thus the equation of motion becomes 
W d^x „ Idx dv\ 


g dt^ 




so that 


y — a cos qt ; 
dyjdt = -aq sin qt, 


W d^x dx 

= -J {Fay + {F^aqy cos {qt + e). 
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by conversion of the right-hand side into the alternative cosine 
form, where 


tan e — 


Fim 

Fa 


2kq 


-K 


n 


The motion is therefore exactly the same as if a disturbing 
force of maximum value P— J(FaY •\-(F^aqY was acting, i.e. 

x = A cos [{qt + e) - a], 


and the amplitude 


A 

-q^ 


. cos a 


PgjW 

s/in^-q^Y-i- UY ' 


as for a forced vibration, where P has the meaning given above. 

We may represent both sides of the equation of motion by 
vectors, and in Fig. 60a, b, the vector P has been drawn at an 



Fig. 60. 
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angle (qt-\-e) to the projection line so that the ** disturbing 
force is P cos {qt'^e) and the forced motion is 

x—A cos {qt-\-e-(x) 

lagging behind by the phase angle a. 

Fig. 60a shows the vectors for the left-hand side of the 
equation and is exactly the same as for a forced damped vibra¬ 
tion, while (ft) shows the vectors for the terms on the right-hand 
side, i.e. the two components Fa and F^aq making up the vector 
P. 

The vector generating the motion of the load (of length A) is 
in the same direction as vector FA (l.h.s.) as usual, and that 
generating the motion of the support (of length a) is in the same 
direction as Fa (r.h.s.) (Fig. 60c), and the phase angle (f> between 
them is (a - c). 

The relative amplitude R is their vector difference. 

We can by a little juggling obtain expressions for A , and R in 
terms of the frequency ratio qjn, e.g. 

cos ^ = cos (a - e) =cos a cos c - sin a sin e 

= cos a cos e(l +tan a tan c), 


tan a = 


2kq 




K.X 

1-A2 


where, for convenience, A = qin; 


tan e = 


2kq 


n 


=a:.a. 


Since 


— -iT- = 1 +tan* a, we have (see also page 158), 
cos* a ^ r o / 


cos a== 


n* 


1-A* 


Similarly 


J{ni -?*)*+ 4A V V(1 - A*)* + A:*A* 

—= l+tan*e = l+ifW. 
cos*e 


or 


cos « = 




cos (ft = 


1-A* 


7{l-A*)*+iCW <yi+/i:*A* 


L — ri+3^.KAl, 
■/i:*A*L 1-A* .1’ 
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which reduces to 
cos = 




Again, since A = 


n/(i - a*)*+. Ji +K^X‘ 

PglW 


^.ajF^+F,Y 


J (n* - 4- 4k^q^ J(n^ - q^Y 4k^q- 

aj (n^Y + _ ajl • q^Jn^ 

'"N/(n2- ^‘")2-M^2 J{r^^i;YY~+K^ . q2fn^ 


= a . 


^yl+A2A:2 


n/(1-A2)2+A:2A2 
Now for the relative amplitude R, we have 
R'^=A^ + a^ -2aA cos 

and, substituting the values obtained above, this will reduce to 

(A2)2 


R^=^aK 


or 


R^a 


(1 -A2)2+A:2A2* 
A2 


When 


and 


n/(1-A2)2 4-K2A2 
A = 1 or q-n, 
a = 90® as usual, 
tan e^K = 2kln, 

R =^ = a cot e. 

A 


Since ^ = (a - and is now 90® - e, this means that R is perpendicular 
to vector a, as in Fig. 60^^, and therefore R'^ = A^ -a^. 

This result can be obtained in a variety of ways, e.g. : 

when a = 90®, P = FyA q, 

and /. (F^^AqY = (FaY + (F>^)^ 

which reduces to 


A^ = a^ . 


i+a:2 


= a2 


1 


COS 2 


or 


** * cos2 e sin2 e * 
a—A sin e. 


Periodic displacement of support—magnification factor or 
dynamic magnifier. We have seen that, with no damping, 

fi^ 

the amplitude A of the load is ——^ times the amplitude a of 
the support. ^ ^ 
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Thus the dynamic magnifier = 


amplitude of load _ A 
amplitude of support a 


— w* 

* 

This is exactly the same as for a periodic disturbing force, for 
which case it will be remembered that the 


dynamic magnifier = 


amplitude of load 
static displacement P/F 


maximum force in structure 
maximum disturbing force 


Referring to the two further cases including damping which 
have been discussed in the previous sections we see that: 

(1) With damping varying as the velocity of the load, 



n^a 


/. dynamic magnifier=— 


__ 


as we should expect. 

And 

(2) With damping varying as the relative velocity between 
load and support. 


A_ + 

d V 4:kY 


[page 175]. 


Variable maximum value of disturbing force. There are two 
important cases in which the maximum value P of the disturb¬ 
ing force varies as the square of the frequency instead of being 
constant: 

(1) Due to the centrifugal reaction of an unbalanced rotating 

w 

mass w at radius r. At any speed co, this reaction is - oih and 

the component of this force in any given direction in the plane 

w 

of rotation will be simple harmonic of the form — . cos iot. 
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(2) Due to the inertia reaction of a reciprocating mass w, the 
force set up in the line of stroke, assuming an infinitely long 


w 


connecting rod, is — cu^r . cos cut (see page 214). 


w 


Thus P=- a>V in either case, and when this disturbing force 
acts on a single mass of weight W, elastically mounted, 


-CD^ 


• cos wt, 


cj being equivalent to q in our previous discussion. 


Thus 


w 


r 1 


COS wL 


The variation of this displacement with frequency ratio is 
similar to that of Fig. 57, and the motion is equal to the 
relative displacement between the load and its support if the 


w 


latter was given a simple harmonic motion ^ r cos a>/. 


Constant disturbing force. In certain cases an elastically 
mounted mass may be subjected to a disturbing force which is 
constant both in magnitude and direction. 

It should not be difficult for the student to visualise that 
such a force will merely displace the body to a new rest position, 
about which free natural vibrations can occur ; but it may be of 
interest to deduce this mathematically. 

The equation of motion will be 



W dH ^ D 

— ^^-+Fx = P, 

g dP 

or 

dH - , 

+«>*=/. 

where 

w ■' 

We may write this as 




and since the differential of a constant (here fjn^) is zero, we 


M 
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may further adjust the above to the proper simple harmonic 
form, i.e. 


dt^ 




ft 

which represents the free natural vibrations of frequency -- 

Ztt 

f 

about a rest position at a distance ~ from the original from 

f P 

which X was measured, and^ = i.e. the static displacement 
due to the force P. 


Forced torsional oscillations. Although in the previous sec¬ 
tions we have dealt with systems in linear motion, similar 
equations will, of course, apply for a load of moment of inertia I 
(absolute units) which can perform angular oscillations, con¬ 
trolled by the torsion of the elastic support, and subjected to a 
periodic disturbing torque T cos qt. 

For instance, the equation of motion of such a system includ¬ 
ing damping, would be 

where = the damping torque per unit angular velocity ; 

Tq = the stiffness of elastic support; 

T = the maximum value of the simple harmonic dis¬ 
turbing torque. 

Exactly similar reasoning will apply to these systems as for 
linear systems both in regard to a disturbing torque or a periodic 
angular oscillation given to the support. 
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FORCED VIBRATIONS OF MULTIPLE SYSTEMS. 
SINGLE DISTURBING FORCE. 

{a) No damping. We have seen that if a simple harmonic 
disturbing force acts on a single load system, a vibration of 
frequency equal to that of the force is ///////////. 

set up. It is reasonable to assume, there- ^ 

fore, that the same is true for a multiple ^ 

system. ^ ' 

The method of solution affords no ^ 
difficulty—^we write down the equations o y^||||||H|||||| x, 
of motion of the loads as before and intro- I 

duce the disturbing force at the required 
point. 

As an example, consider the two-load 
system (Fig. 61) in which a disturbing 
force P cos qt acts onWi : ? 

Let ^ 1 , X 2 be the displacements of the 
loads at the same instant from their rest positions, so that the 
equations of motion will be 


g dP ' 

dPx^ 
g dP 


■ F^x^ - F 2 (^1 - X 2 ) -f- P cos qt. 


■ ^2(^2 ~ ^ i )* 


Now, without damping, all the loads will vibrate in phase (or 
180 degrees out) with the disturbing force, i.e. we may write 


—y\ cos qt. 


= - 1 cos qt - 


X 2 =^2 cos qt, 


? = - cos qt — - qH 2 , 
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It will be more convenient here to substitute the first expression 
for the acceleration, - cos qt, rather than the second, as we 
can then eliminate the cosine term and convert the load dis¬ 
placements into amplitudes yi, y^ which it is our object to 
determine. Thus: 


W 

( 1 ) ---qb>x^+Fry, + F,(y,-y,)-P. 

o 

w 

( 2 ) ^qy. = F,{y,~y,). 


From ( 2 ) jss q^ - ■P'2) = - -P'23'1 


Substituting in (1), 

-w. 


and 


3'i 




yt- 


F 2 
2 


^ q^-F,-F., 


* 






+ FJ> 


denominator as for yi 


It will be seen that both amplitudes will become infinite 
together for values of q obtained by equating the denominator 
to zero, i.e. when 


or 


El 

g 


[y - (^1 + ^*)] (y 9^ - ^ 2 ) - /^'2^ = 0. 

-f (9*)* - 9* [y‘ • -F 2 + ^ (F, + F,)] + F,F, 0. 


If we solve the same problem for the natural frequencies 
n/27r, exactly the same equation as above will be obtained 
except that n replaces q. This should be expected since it 
merely means that the amplitudes become infinity when q — n, 
i.e. upon resonance. 
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The student should solve the same problem but applj' the 
disturbing force at the second load. 

For a large number of loads a modification of the tabular 
method of solution is convenient and an example has been 
worked out on page 190 in the section concerned with torsional 
oscillations. 

Note that we solve for the amplitudes of the loads which are 
finite for all values of q except for resonant conditions ; and if 
the amplitude ratio for consecutive loads is negative a node 
appears in the elastic connexion. The position and number of 
nodes will vary with the value of q. 

The free vibrations, which can exist independently of the 
forced, would have to be superimposed on the forced motion 
to obtain the resultant motion, but damping will in time 
destroy them. 

Periodic displacement of support—multiple systems. If in¬ 
stead of a disturbing force, the support of the system shown in 
Fig. 61 is given a simple harmonic motion y = a cos qt, the 
equations of motion would be 

or - F 2 (Xi - X 2 ) -f F^a cos qi, 

and (2) - F * - x,). 

the equations being exactly as if a disturbing force of maximum 
value P — F^a was applied to the load. 

No particular difficulty should be experienced with similar 
problems, but when damping is introduced causing phase differ¬ 
ences between the loads and the disturbing force this method is 
not easily applicable. 

The mode of attack which we shall now adopt consists in 
representing each component of the equations ot motion as a 
vector by the use of complex quantities 

We have already solved the case of a single load graphically 
by means of vectors, but now it will be necessary to represent 
these vectors mathematically. 
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Vectors 

If V represents the vector OA (Fig. 62), then ~ V represents 
the vector AO, i.e. the effect of the factor - I is to reverse the 
^ direction of, or, what is equivalent, 
to rotate the vector through 180° or 
TT radians in the positive direction 
(anticlockwise). Similarly - 1 x - F 
or (- 1)2F means - V rotated 
through 77 radians or V rotated 
through 277 radians, and therefore (- 1)”F represents a rotation 
of V through nir radians, which holds whether n is positive, 
negative, integral or fractional. 

Thus (- 1)” always means a rotation through nir radians. 

If we make n^dlrr we see that the factor ( - rotates any 
vector through an angle 0, 

Of particular importance is the factor ( - 1)* or V - 1 generally 
denoted by the symbol i or j, which thus represents a rotation of 
77/2 or 90 °. 

Hence iV represents a rotation of a vector V through 90° in the 
positive direction. 

Consider Fig. 63: if Vq=^OB 
represents the vector V rotated 
through the angle B, then, draw¬ 
ing BC perpendicular to OA, OC 
denotes the vector V cos B, being 
in the same direction OA as the 
original vector, and CB denotes a vector of magnitude V sin B, 
but being turned through 90 degrees from the original direction 
OA, it will be represented as a vector by 

iV sin B. 

But vector OB = vector 0C +vector CB, 
i.e. F^ = cos 0 . F + i sin 0 . F 

= (cos B-{-i sin B) V, 
and We have already shown that 

F, = (-1)^/V F. 

Hence (- and {cos B-\-i sin B) are equal and both represent 
a rotation of a unit vector through an angle B. 




O 

Fig. 62. 
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Now it can also be shown by trigonometry that 


cos + i sm0 = e^^ .( 1 ) 

and /. writing - 6 for 6, 

cos d - i sin d=e-^^ .(2) 


Thus also represents the rotation of a unit vector through an 
angle 6, and similarly e~'^^ a rotation in the reverse direction.^ 

It should therefore be clear 
that an expression (a-\-ih)V 
represents a vector with a com¬ 
ponent aV along the original 
vector F, and a component hV 
at right angles, i.e. a vector 
of magnitude and 

making an angle of tangent ^ with V in the positive direction 
of rotation, i.e. in advance of V (Fig. 64). 



♦ [Whilst on the subject of vectors, it is interesting to note the vector 
meaning of the exponential values of the sine and cosine, e.g. 
adding expressions (1) and (2) we get: 

cos Q- - 2 - 

subtracting 


sin Q — 


eiB -e~^ 
2 / 


Now = rotation of a unit vector through an angle 9, i.e. OA to OB. Similarly, 
OC=e-ie. 

Then the vector sum of OB and OC divided by 2 is OF — OB cos ^ =cos 0. 
Similarly the i vector difference of OB and OC is OG—OB sin 0—sin. 6, 
but being at right angles to the original direction OA is thus completely 
specified by i sin 0.] 
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or, alternatively, measuring rotation from the vector P instead of 
from A , p 

A= 

a-hto 

Multiplying top and bottom by (a-ib), and remembering that 
[if = -1, we get the result in the required form 

a+ib (a-ib) 

which represents a vector of magnitude 


P_ 

a^ + b^^ 


s/a* + &*, i.e. 


P 

Ja^+b^’ 


having a component 
b . P .jj.. . 

("'e- 


a . P 
a* + P 


along P, and a right-angle component 


From the above discussion it will be realised that any simple 
harmonic function such as a disturbing force previously con¬ 
sidered as P cos qt, which is generated by a vector of magnitude 
P rotating with angular velocity q, may be represented vcctori- 
ally as p 


If this force acts on an clastic system a vibration of the same 
frequency will be produced, the generating vector of which 
may lag behind that of the disturbing force by an angle a, i.e., 
as previously considered, 

x=A cos [qt - a), 

where A is the amplitude of the motion. 

This can now be represented vectorially by 


= -Z . 

where Z=Ae-^°^ merely means that the vector A has been turned 
through an angle -a from the disturbing force vector, and 
eiQt shows that this vector is rotating with angular velocity q. 

Thus whether there is a phase difference or not, the displace¬ 
ment can always be represented vectorially as above, the 
constant Z, if not complex, being equal to the amplitude A (i.e. 
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there is no phase difference as occurs without damping) while, 
if complex, can always be put into the form 

Z = { ±a - ib)P=Ae-*’^, 

taking the disturbing force vector P as datum, so that the 
magnitude of the vector represented (i.e. J) is Va* + 6*. P, and 

the angle of lag (- a) has a tangent - -. The quantity a can 

be positive or negative so that the vector A can only be situated 
in the third or fourth quadrants measured in the positive or 
anticlockwise direction from the disturbing force vector P, i.e. 
the angle of Ic^ is between 0° and 180°. 



JPcosqt 

Fig. 66. 

In order to illustrate the method, let us take the case of two 
loads and let different amounts of damping act on each load as 
indicated in Fig. 66, the resistance being Fj' and per unit 
velocity respectively. A disturbing force P cos qt acts on W^. 
Our equations of motion will be : 

\ 1 j-. / 17 / \ Ti ^ 

( 1 ) ^ + 

, W 2 d^OCn m dXo r* f ^ 

( 2 ) + -jf + Pi{Xi-x;)+F^i = Q. 

Now the frequency of vibration of the system may be assumed 
to be that of the disturbing force qj^n, but due to the different 
dampings the motions of the loads will be of different phase. 
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Thus, representing the disturbing force as a vector by P . e"*', 
let the displacements be similarly denoted as 

^ where A 

Xg —yge*(^‘~^> = B 

Then, differentiating, 

dxi . . , , 


dt^ ” 




and similarly for x^. 

These expressions represent vectors at 90° and 180° to their 
respective displacement vectors as we should anticipate. 

Rewriting the original equations in their vector form, we 
therefore obtain upon substituting the above values : 


(i) - + iF^'qA 4- - i?) = P, 

W 

(ii) ~ q^B 4- iF^'qB + (P - ^) + - 0. 

S 

Let us assume simple numerical values for the various quan 
tities making the frictional coefficients different—say: 


Fi = Fg” 1 lb. per ft. (stiffness), 


W^ = W 2 ^g lb. wt, 

g = l radian per sec., 


Fj' — 1 lb. per ft. per sec., 
F 2 =2 lb. per ft. per sec. 


(The above values are obviously absurd practically, but we are here con¬ 
cerned only with the interpretation of the solution.) 

Then 

(i) -A+iA + (A-B)=P. 

(ii) -B+i .2B + {B-A)+B^0. 
or 

iA-B=P, 
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whence, solving for A and B, 

. _ P{l+2i) 

(t-3) • 

Now to obtain the magnitudes of the vectors represented by 
A and B, i.e. the amplitudes and y*. together with their 
respective phase angles with the disturbing force, we must get 
these expressions in the form of (a-ib)P, and this can always 
be done by a little ‘‘ juggling ”, as follows (remembering that 
- 1 ) : 




{i - 3) (i + 3) 10 

Thus the magnitude of the vector 




y.=^VT+49 = ^V50-, 


and the phase angle with the disturbing force vector P has a 
tangent of 7/1. 

Fig. 67 shows the result, and the directions of the compon¬ 
ents due to the negative sign are to be noted. Similarly, 





Fig. 67. 
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Thus the magnitude of the vector 

and the phase angle with vector P has a tangent of 1/3. 

Every problem can be solved in this manner, although the 
process may become very involved where there are a large 
number of loads with different dampings, etc. Here we have 
considered each load subjected to a separate damping as indi¬ 
cated by the dashpots in the diagram, but we might have a 
frictional coupling between two loads with or without an elastic 
coupling, or again a frictional coupling between a load and its 
elastic coupling, etc. Two such systems are represented dia- 
grammatically in Fig. 68a and 6, and the frictional resistance 
will here be proportional to the relative velocity between the 


"T" 



^ [ 


X, 

1 



I Pcos qt 




I 


Fig. 08. 


cylinder and the piston of the dashpots. Thus if Xy — the dis¬ 
placement of the piston and the displacement of the cylinder, 

dxi 

dt 

datum is taken on the piston or the cylinder side of the con¬ 
nexion, and as a vector this expression may be represented by 

±iF'q{A 

A further example of this method is given in the theory of 
the friction damper on page 248. 

Torced torsional oscillations of a shaft ssrstem. No damping. 
There should be no difficulty in transforming the equations 


dXj 

~dt 


^ according as the 


the frictional force will be ±F‘ 


'•( 
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developed for a linear system into the corresponding equations 
for torsional oscillation, and as the determination of the ampli¬ 
tudes in torsional oscillation are of supreme importance an 
example will be worked out, from which it will be seen that a 
tabular method similar to that on page 83 can conveniently 
be employed when the number of loads is large. 

Let us consider a system comprising the first three loads and 
their retaining shafts of Fig. 30 and let us assume that the 
disturbing torque is T cos n/602 . t and acts on the second load. 

[It will be remembered that V502/2ir was the one-node natural 
frequency of the four-load system of Fig. 30 for which the tabular 
solution was illustrated, but, as for our three-load system will 
not be this value, we have chosen it for q* because most of the cal¬ 
culations have already been made in the previous table.] 

Let the motion of the loads be of the form 0—a cos qt, so 
that the equations of motion after changing over to amplitudes 
will be 

O 

“^2?* “^01 (^2 “^l) ■^^02(^2 “"^3) ” 

o 

“ ^3?^ ~ ^02(^3 “ ^2)* 

o 

Note that, by the addition of these equations, the sum of the 
inertia torques is equal to - T. 

We could solve for the amplitudes as before, but let us instead 
work along the shaft from load (1) in exactly the same manner 
as for natural oscillations except that we include the disturbing 
torque T when we come to it. The student should work 
through the table on p. 191 as before and note the differences 
now introduced. 

Inertia torque due to load (1) =— q^a^ = 1-83 x 10*. aj. 


Twist in shaft (1) = - a*) ^ q*a^ =0-683«j; 


.•. a2=<*i-'583fli = 0-4l7ai; 



TABLE I 
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Inertia torque of load ( 2 ) 9 *«g = 0’915 x 10 * x 0-417ai 

S 

=0-382 X 10* . a^. 


Then the total torque transmitted to shaft qH + T 

S 

= [(1-83 + 0-382) X 10««i] + r = 2-212 x lO^ + T; 

1 


twist of shaft ( 2 ) = (a^ - <* 3 ) x transmitted torque 

■i na 

[2-212x10%+ 7] 


’ 02 

1 

"lOV* 


—0-702(ij + 

amplitude of load (3) —a^- («2 - a^), 


10*77 ’ 


i.e. 


^3 = - 0-285ai - —^; 

h 


inertia torque of load (3) =— 9*^3 = 0-915 x 10 *[« 3 ] 

= - 0-261 X 10«ai -0-29157, 


and, as this is the last load of the system, the total torque 

that is transmitted beyond this load is zero, i.e. q^a + T = 0, 

which is another way of saying that the sum of the inertia 
torques = - 7 as noted above. 

Thus 

i;-o*a = 1-951 X 10««,-0-29157= -7, 

g 

or 1-951 X 10«ai = - 0-70857, 


so that Ux — - 0-3638 x 10~*7 radians ; 


.-. aj=-0-1516 X 10-«7, 
« 3 = - 0-2144 xl0-«7. 


There are thus no nodes, and the displacements of the loads are 
here all 180 degrees out of phase with the disturbing torque. 
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The most important example in practice is that of a multi¬ 
cylinder I.C. engine in which the shaft system is subjected to 
simple harmonic component disturbing torques arising from 
each cylinder, and the resultant forced vibration would be 
obtained by the superposition of the motions calculated for a 
single disturbing torque applied at each cylinder in turn, but it 
should be pointed out that a given harmonic component of 
any one cylinder is not necessarily in phase with the same har¬ 
monic of any other cylinder, the phase depending on the order 
in which the cylinders come into action. This investigation is 
considered in detail in a later section. 

Table II gives the calculation for the same harmonic torque 
applied at load (1), and the corresponding amplitude 

a^- -0*1089 X 10-«r. 


N 
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CHAPTERS VI AND VII 


1. The mass of the reciprocating parts of a single cylinder engine 
is 60 lb. and the mass of the whole engine 1,000 lb. The engine rests 
on springs which are compressed 6 in. by its weight. Neglecting the 
obliquity of the connecting rod, determine the final amplitude of 
the vertical oscillations of the engine when running at 150 r.p.m. 
Stroke I ft. [Liv. U.] 

The simple harmonic inertia reaction of the reciprocating parts is 
the disturbing force, its maximum value being (see page 216) 


z£; 50 47r2 . 1502 1 

p=:-co2R = —. — X- (ft. units). 


g 


32 602 

f 

Amplitude of forced vibration 
f^Pg 

^ W 1,000 8 '* 

g _= 

W static deflexion 


32 x12 

" "6 ~ 


= 64; 


^ = frequency of disturbing force = ; 

Ztt oO 


/. ^2 = 25772 ; 

amplitude =-0*0338 ft. 

2. A mass of 32 lb., supported by an elastic structure, having a 
natural frequency of 10 per sec., is at rest in its mid position. A 
simple harmonic disturbing force of frequency 7*5 per sec. is applied, 
rising from zero to its maximum value of 100 lb. wt. 

Determine the displacement of the load after the first iJo sec. 

[Liv. U.] 
Ans. 0*0007 ft. 

The information shows that the disturbing force is P sin qt, 

whence x = «f sin sin nt \. 

w2-^2l ^ n J 

3. A load of 320 lb., supported by an elastic structure, is free to 
perform vertical linear vibrations, having a natural frequency of 
6/277 per sec. A simple harmonic vertical force of frequency 4/27r 
and maximum value 5 lb. is applied to the system, and at the instant 
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of measuring time the load is situated 2 in. above, and is moving 
towards, its rest position, its velocity being 0-8 in. per sec. The force, 
at the same instant, has a magnitude of 4 lb. and is acting down¬ 
wards and increasing. Determine the displacement after a lapse of 
1 sec. [Liv. U.] 

Ans. 1192 in. 

The information shows that force and displacement vectors are 
at angles e and a respectively with the projection line when t=(), i.e. 


x = a cos {nt + a) 4- ^2 cos (qt 4 - e) 


= A cos nt^B sin nt 4 - 




cose=-|; ^ = l80^-36°52'; 

a = N/A2 4- J52 = 2*54 in. ; tana = 


= 00631 ; 


a - -3^36^ 

This shows that vector a is on the other side of the projection line, 
the body just reaching its maximum displacement upward due to the 
natural motion. The superimposed forced motion causes resultant 
motion to be downward. 

4. If the body in problem (1) Examples II is subjected to a simple 
harmonic disturbing force of period sec., what is the time lag 
between the application of the maximum value of the disturbing 
force and the body reaching its maximum amplitude? Also, if the 
resisting medium is removed, what will be the percentage alteration 
in amplitude of the forced vibration? Am. 0-062 sec.; 5-04‘^o. 

5. A mass attached to a vertical spring vibrates in a medium whose 
resistance varies as the velocity. When the support is stationary 
the period of vibration is 1-5 sec., and the ratio of two consecutive 
maximum displacements on the same side of the mean is 5 : 1. 

The support is now given a simple harmonic motion in a vertical 
plane of amplitude 1 in. and period 2 secs. Determine the amplitude 
of the forced vibration of the weight. [Liv. U.] 

{a) Support fixed. 


Period = = 1*5; 

r 

— 1=5 = ^^ * 
^2 

/. 2/fe = 2146. 


17-55. 


^2 = ^ 2 -^ 2 . . 7^2 = 18 - 693 . 


Also 
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(b) Support moving. 


A W ^ 

A =—5 - 5 cos a = 


n^a 


Now 


tan a = 


2kq 


J(n* -qY +4*V 


= •7643 (?*=w*); 


cos a =0-7944; 

.A !•* j A 18-693 X 1x0-7944 , . 

• • Amplitude A = - m. 


6 . A propeller of moment of inertia 32 x 10* lb. in.* is free to 
vibrate on the end of a shaft 1 ft. in diameter and 57 ft. long, and 
may be considered as subjected to a simple harmonic disturbing 
torque of frequency 3 per sec. and of maximum value 0-5 x 10* lb. in. 

The water exerts a resistance varying with the velocity and this 
torque is 0*75 x 10* lb. in. per unit velocity of 1 radian per sec. 

Determine the amplitude of the resulting forced vibration. Take 
C = 6,000 tons per sq. in. 

If the damping medium were removed, by how much would the 
amplitude of the forced vibration be altered? [Liv. U.] 

A ns. Amplitude = 0*035 radians. 

Damped amplitude = Undamped x cos a 
(cos a =0*258). 


7. A mass of 8 lb. is supported by an elastic structure and causes 
a static extension of 3*84 in. This system is immersed in a medium 
which exerts a resistance of 3 lb. per unit velocity of 1 ft. sec., and 
is acted upon by a simple harmonic disturbing force of frequency 
0*844 per sec. and maximum value 4 lb. Determine the amplitude 
of the forced vibration. 

If the frequency of the disturbing force is altered so as to equal 
the natural frequency, show that the amplitude is reduced and 
explain why, on coincidence of the forced and natural frequencies, 
the amplitude is not a maximum. Show also that the previous value 
of the amplitude is the maximum. 


Fg g 32x12 

W static extension 3-84 


= 100, 


Fig 3x32 


2 i-—- 


8 


= 12 , 


4 ^ 

^ W 8 ^ ’ 


j = 2«-x 0-844 =6-3; 
/. j*=28-09; 
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2kq 


12 X 6-3 


•• 100-2809 

COS a =0*7499; 

16 


=0*882 ; 


amplitude = ~^~-T cos a = 
-q- 


alternatively, 


100-28*09 
= 0*1667 ft. ; 

/ 


X 0*7499 


When 


amplitude = sin a, or -— - . . .. . 

^ = «, a = 90‘^; /. sina = l; 

16 


/. amplitude = = 0* 1333 ft. 

12 X 10 

(See curves, page 160.) 

2k 

Provided — is less than J2 
n ^ 


where 


maximum amplitude = ~ , 
2«/x 

= 100 - 36 = 64 ; 


/. max. amplitude = 


16 

12x8 


=0*1667 ft. 


8 . A single load of weight 2 lb. when attached to an elastic struc¬ 
ture causes a static deflexion of J in. The system is immersed in a 
medium, the resistance of which varies as the velocity, and when a 
simple harmonic disturbing force is applied to the load it is observed 
that the maximum amplitude of the forced vibration occurs when the 
frequency of the disturbing force is half the natural frequency of 
the system undamped. Determine the resistance per unit velocity. 

[Liv. U.] 

Ans. 2*12 lb. per ft. per sec. 

9. A mass of 10 lb. when attached to a vertical spring extends it 
1 in. The system is now immersed in a medium whose resistance 
varies as the velocity, and the support of the spring is given a simple 
harmonic vertical oscillation of amplitude 2 in. and period equal to 
the natural period of the spring undamped, and the amplitude of the 
resulting vibration of the load is found to be 2 in. 

Show that, if the support is now fixed, the system can undergo a 
damped vibration, and determine the period of this vibration and the 
ratio of two consecutive maximum displacements on opposite sides 
of the mean. Show also that the maximum amplitude occurs when 
the frequency ratio is 1/^2 and determine its value. [Liv. U.] 

Ans. 0*37 secs.; 6:1; 2*3 in. 
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10. The static deflexion of a spring produced by a load of 160 lb. 
was 1*2 in. When a simple harmonic disturbing force, of maximum 
value 40 lb. and frequency equal to the natural frequency of the 
system undamped, was applied to the load when in a medium whose 
resistance varied as the velocity, the amplitude was found to be the 
same as that which would be produced under static application of 
the maximum disturbing force. 

Determine [a) this amplitude ; (6) the frictional resistance per 
unit velocity; (c) the maximum amplitude possible; and [d) the 
frequency ratio at which it would occur. [Liv. U.] 

(a) 0-3 in.; 

(b) 1\ = 89*25 lb. per ft. per sec.; 

(c) 0*347 in.; (d) I/n/1 

Ai. A machine for producing vibrations consists of an electric 
motor mounted on springs. To the motor shaft is attached a disk 
which is put out of balance by a mass of 1 lb. attached at a radius 
of 6 in. Vibration is possible in a vertical plane only and a dash pot 
is introduced to limit the amplitude, friction being proportional to 
the velocity. When the motor is run at 60 r.p.m., it is observed that 
the out-of-balance mass is passing through its highest or lowest 
position relative to the motor shaft, while the motor is passing 
through its mean position in one direction or the other, and the 
amplitude of the vibration is 1 in. If the total mass of the vibrating 
load is 32 lb., determine : 

(a) the natural frequency of the system undamped ; 

(b) the value of the damping coefficient; 

(c) the amplitude of the vibration with the same damping at 50 


r.p.m. 

(d) the amplitude at this speed if damping were removed. 

[Liv. U.] 

Ans. (a) 1 per sec.; 

(b) Fj = 37r/8 lb. per ft. per sec.; 

V. (c) 0*38 in.; (d) 0*428 in. 

Note that^b«Mrt4prmation given states that the disturbing force 
and displ^^ewnent vectors are at 90°. 


12. x single load supported by an elastic structure is subjected 

to a/simple harmonic force of frequency 10 / 27 r per sec., whilst in a 
medium whose resistance is 5 lb. per in. per sec. If the energy 
supplied to overcome damping is 50 ft. lb., what will be the resulting 
amplitude of the load? [Liv. U.] 

^ Ans. 1*95 in. 

13. A single cylinder vertical petrol engine of total weight 75 lb. 
is mounted upon a steel chassis frame and causes a static deflexion 
of 0*12 in. The reciprocating parts weigh 1*6 lb., have a stroke of 
3 in., and may be considered to move with simple harmonic motion 
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When running under resonant conditions it was found that the 
amplitude of vibration of the engine on its mounting was 0*1 in. 

Assuming that damping resistance varies as the velocity, deter¬ 
mine the amplitude of the forced motion when the engine runs at 
half this resonant speed. [Liv. U.] 

Ans. 0*0158 in. 


14. Fig. {a) represents a disk I, of moment of inertia 32 Ib.-ft.^ 
units, keyed to the end of a shaft of torsional stiffness 7'o= 1,600 lb. 
ft. per radian which is attached to 
the frictional damper A . 

If this damper is given a simple har¬ 
monic angular motion of frequency 
equal to the natural frequency of 
the loaded shaft, determine («) the 
damping coefficient required to limit 
the amplitude of the load to twice that of the damper, friction 
varying as the velocity ; and (b) the relative amplitude of load to 
support. [Liv. U.] 

/Ins. (a) 23 lb. ft. per radian per sec. 

(b) n/ 3 X amplitude of damper. 

Motion of support y = a cos qt. 



Fig. Ill {(i). 


rdw de 
g dt^^ ^ dt 


T,e^r,y + T^ 


dy 

dt 


= v/(W + (7>9)* . cos [qt 4- r) = P cos [qt -f e). 
When q = n, P = T^qA. 


15. A load of 100 lb. when attached to the free end of a vertical 
spring, which is fixed at the other end, causes a static deflexion of 
0*64 in. 

When the support is given a S.H.M. of circular frequency 20 
radians per sec., the amplitude of the load is found to be 6 in., 
damping being negligible ; but when damping varying as the velocity 
of the load is introduced, the amplitude is found to reduce to 3 in. 

Determine : 

(a) the amplitude of the support; 

(b) the damping coefficient; 

(c) the phase angle between the vectors which generate the motions 

of the load and the support when damping is in operation ; 

(d) the relative amplitude between the load and the support; 

(e) the phase angle between the relative amplitude vector and the 

vector generating the motion of the load ; 

(/) the value of the magnification factor with damping. 

Ans. [a) 2 in.; {b) 54*1 lb. per ft. per sec.; 

(c) 60° ; {d) 4*36 in. 

[e) sin-M)-397; (/) 1*5. 
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16 . A load of 64 lb. when attached to an elastic support causes a 
static extension of 1 in. When a S.H. disturbing force of maximum 
value 53 lb. and frequency equal to the natural frequency acts on 
the load, while in a medium whose resistance varies as the velocity, 
the amplitude is found to be 0*88 in. Determine ; 

(а) the frictional resistance per unit velocity ; 

( б ) the frequency of the disturbing force which would cause the 

amplitude without damping to be 1 in. ; 

(c) the amplitude which would occur with this frequency of the 

disturbing force if the damping medium was restored ; 

[d) the amplitude of the S.H.M. which, if given to the support, 

would produce the same vibration of the load as was given 

by this disturbing force. [Liv. U.] 

Ans. (a) Fj = 36*8 lb. per ft. per sec.; 

(h) 1*3 per sec.; 

(c) 0*902 in.; (d) 0*83 in. 

17 . Two loads are arranged to vibrate in a vertical plane, 

being connected by a spring of stiffness F^, while TVg is attached to 
the support by a spring of stiffness Fj. 

When the load was subjected to a simple harmonic disturbing 
force of frequency 6/27r vibrations per sec., it was found to remain 
stationary while the amplitude of was 1 in. 

The frequency of this disturbing force was then changed, when the 
amplitudes of and were found to be 1 in. and 2 in. respec¬ 
tively and a node was formed in the connecting spring, the motion 
of being in phase with the disturbing force. 

Determine [a) this frequency, ( 6 ) the maximum value of the dis¬ 
turbing force, and (c) the stiffnesses of the springs. [Liv. U.] 
[IVi = 32 1 b. 1^2 = 64 lb.] 

Ans. (a) 6 V 3 / 217 ; (6)P=31b. 

(c) Fi =36 lb. per ft.; F 2 = 3*36 lb. per ft. 

18 . The rotating and reciprocating parts of a four-stroke engine 
may be considered as equivalent to a single flywheel of moment of 
inertia 1,600 lb. ft.* The engine runs at 600 r.p.m. and drives a 
rotating system of moment of inertia 800 lb. ft.* by means of a shaft 
of torsional stiffness 20,0007r* lb. ft. per radian. The fundamental 
harmonic of the engine torque is 

T = 5077* cos (qt + e) lb. ft. 

Determine the amplitudes (degrees) of vibration of the driving 
and driven flywheels due to this &turbing torque. [Liv. U.] 

Ans. ai= -0*364 deg. 

^ 2 = -0*415 deg. 

Fundamental harmonic ^ cycle per revolution of engine ; 

q 

^=300 per mmute. 



EXAMPLES 


201 

19. Fig. (6) represents a light cage attached by a spring of 
stiffness to a roller which can travel over a sinusoidal tiack. 
Mounted inside the cage, on 
springs of total stiffness Fg, 
is a recording drum W 2 , which 
will record the relative move¬ 
ment between it and the 
cage by means of the pointer 
A. 

If the distance between 
consecutive crests of the 
track is 13-8 ft., and the 
height between crest and hollow is 2 in., determine : 

(a) the relative amplitude when speed along track is 15 miles per 

hour, and 

(b) the track speed which will make the amplitude of the cage 

zero, and the corresponding amplitude of the drum 1 ^ 2 * 

= 21^2 = 8 lb. Fi = 2 F 2 = 10 lb. per in. 

[Liv. U.] 

16 m.p.h. =22 ft. per sec. 

Period of support = -- = ^ = 10 or 100. 

q ZZ 

Motion of support y = a cos qt (a = 1 in.) 

W 

-- +PziVi -y2 ); 

w 

whence =0-462 in., y,=0-583 in.; ->',=0-121 in. 

If >'1=0, </*=5v =480 ; =0-287 sec., 

or speed = 32*8 m.p.h. 

Fia=-F2y2; y2=-2in. 

20. A trailer has two rubber-tyred 
wheels. Fig. (c). The total load 
on the two tyres is 2,560 
lb., while the portion on the spring 
system is 1,600 lb. The stiffness of the 
two tyres combined is 30,000 lb. per ft., 
and that of the spring system 9,000 lb. 
per ft. The trailer is drawn over a 
sinusoidal track, the height between 
hollow and crest being 2 in., and the distance between crests 31 *42 ft. 



Fig. Ill (c). 
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Determine (a) the resonant speeds of the trailer ; and (6) the ratio 
of the amplitudes of the body and axle when a wave is covered in 
7r/2 secs. [Liv. U.] 

Ans, (a) 58; 183-5 ft./sec.; (b) yjy2=0-91. 

21. A motor-car has a body weighing 2,400 lb., which compresses 
the spring system, consisting of four equal springs at equal distances 
from the C.G., through 4 in. Four shock absorbers are fitted be¬ 
tween the body and the chassis, and each exerts a resistance of 10 lb. 
per in. per sec. If the car is running over a sine-wave track of 1 in. 
amplitude and 44 ft. between crests, determine the amplitude of the 
body from its rest position for a speed of 30 m.p.h. [Liv. U.] 

Ans, 1-5 in. 


22. A mass of 60 lb., when attached to a light spring system, 
causes a static deflexion of 6 in. Vibration is possible in a vertical 
plane only and, to limit the amplitude, dashpots are fitted between 
the load and the spring support, the frictional resistance exerted 
being 1 lb. wt. per in. per sec. 

If the support is given a S.H.M. of amplitude 1 in. and frequency 
6/27r, determine (1) the amplitude of the load ; (2) the relative 
amplitude between load and support; (3) if frequency of disturbing 
force is made equal to the natural frequency, what would be the 
amplitude of the load? ; (4) if, in the above, the dashpot has been 
fixed between the load and the ground, what would have been the 
amplitude of the load, when q = 0,q = n7 


^2== — 


32x12 


W 


6 


. C- 6 *^ ,AIK 

.. =10 lb. per in. 


Fj = 1 lb. per in. per sec. 

^=6. P= ■J{Fa)^ + (F^^ = Vl36. 

a = l in. Also from vectors for L.H.S. 


(2) 


tan a = 


w ^ _ 

»*-g« ’ 


tan ; 

F 


P^ = {FA-^q-A)\{F,AqY 
. ^=1-57 in. 


a =53° 55' I (a-e)=23° ; 


^=30° 58' 


cos(a-e) =0-920; 


P® = ^* + a* - 2aA cos (a - e); 
P= 0-76 in.' 
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(3) q = n. P - l\Aq=^J(Paf + {P^ = + 64; 

A = 1*6 in. 

(4) Dashpot between load and ground. 

[а) ^-6. P-Fa = 10 lb. 

100 

^ 2 ^ l.g i.e. ^ =1-34 in. 

55* lo - 

(б) q=^n P = Fa=^F^Aq, 

i.e. 10=/lx8 or ^4= 1*25 in. 


23. A two-load system elastically mounted is subjected to a 
periodic disturbing force P cos qt. In the vector solution by com¬ 
plex quantities, the vector counterparts of the amplitudes yj, of 
the loads are found to be 


(2 4-30 

' (i'-l) ' 

014-20 

(/-i) ’ 

Determine the magnitudes and phase positions of these vectors 
relative to the disturbing force vector as datum. 


A =P. 




respectively. 


p _ 

Ans. =jyij = 2 . v^26. 

a=78-6°lag; jS = (180“-78-6”) lag. 


24. Two masses of weights W^, W 2 lb. are coupled by an elastic 
connexion of stiffness F^, and damping equivalent to a dashpot is 
also in existence between them (as in Fig. 68a), the resistance being 
F\' per ft. per sec. W 2 is coupled to the support by a spring of stiff¬ 
ness Fi, and is coupled to the ground support through a dashpot 
(of resistance F '2 velocity) which is in series with a spring 

of stiffness F^ (as in Fig. 686). 

If a disturbing force P cos qt acts on IF.^, determine the ampli¬ 
tudes y 2 , ya and the phase angles a, j8, y of the loads ITj, W 2 and 
the dashpot F 2 , given 

1^2 = 32 lb. 

TFi = 64 lb. F^ = 10 lb. per ft. per sec. 

^ = 10 radians per sec. F 2 =^20 lb. per ft. per sec. 

F\ = 100 lb. per ft. P = 100 lb. wt. 

Pg = 200 lb. per ft. 

p 3 = 400 lb. per ft. 
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Ans. If 

Xs ==y^e*^^*-y^ = Ce*^*, 


then 

and 

3/i = V37/10 ft. 



>125110 ft. 


r (i-2») 

^“10 

>^3 = 76/10 ft. 


25. Determine the magnitudes and vector phase positions of the 
amplitudes of the two-load system shown in Fig. 66, page 186, if the 
dashpot of frictional resistance per unit velocity is coupled 
between the two loads, the other dashpot remaining as shown, given 


IFi = 32 1b. 

1^2 = 64 lb. 

Fi=200 lb. per ft. 
F 2==100 lb. per ft. 


=20 lb. per ft. per sec. 
F^ = 10 lb. per ft. per sec. 
P = 100 lb. 


9 = 10 . 


Ans. = 


5 


ft.; >'2 = 


5 ■ 



CHAPTER VIII 


SOME PRACTICAL APPLICATIONS OF 
VIBRATIONS 


[a) Engine indicator (pencil type). This is a loaded spring 
system which is acted upon by periodic pressure fluctuations. 
In order that the piston movement should follow accurately 
these fluctuations the Magnification Factor must be unity, i.e. 
the engine speed (frequency of disturbing force) must be low 
compared with the natural frequency. This is one of the 
reasons why such an indicator is unsuitable for a high-speed 
engine. 

(6) Earthquake and other vibration recorders. Fig. 69 (a) 
shows an arrangement for recording vertical vibrations. If the 
natural frequency of the load 
W on its spring is low com¬ 
pared with the frequency of 
the vibrations transmitted 
to the support, the load is 
stationary in space and acts 
as a fixed datum for recording 
the movement of everything 
about it. 

A difficulty arises in practice in that to get a low natural 
frequency compared with the disturbance WjF the static 
deflexion, must be large, e.g.: 



Fig. 69. 


I 1 ! ^ 

frequency = 


and for a frequency of (say) 1 per sec., 


47r* 


= 0*8 ft.. 


whilst for I per sec., 8,^ = ^*8 ^ 1 ^ ft•! 

and the spring system necessary to be flexible enough and yet 
be strong enough to withstand the heavy load is, in general, 
too bulky to be practical. This aspect will be referred to again 

20S 
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when discussing flexible connexions for reducing the trans¬ 
mission of vibrations in the next chapter. We may overcome 
this difficulty in the case now under consideration, by mounting 
the system as shown in Fig. (c). Example 10, on page 108, so 
that the load W has angular motion about 0. 

The equivalent load at the spring to give the same moment of 
inertia about 0 is i.e. 

frequency 

With the same load W, for the same natural frequency, the 
spring need only be of its former length. 

Now, at any given frequency y/27r, the record produced will 
be that of the motion of the load relative to the support. 

With no damping the relative amplitude was shown to be 

~‘ ^ 

and the ratio 

relative amplitude _ 
amplitude of support 

is called the Response of the instrument, since it shows how 
truly the record represents the motion of the support, which is 
that to be measured. 

When q is small. Response^0 1 i.e. the load and recording 
Magnification Factor ^ 1 / drum move as a solid body. 

When q is large. Response = 11 i.e. the load is approxi- 
M.F. = 0 J mately stationary in space. 

With damping, we have seen that there is a phase difference 
between the vectors generating the motion of the load and the 
support, and the relative amplitude is their vector difference. 

However, when q is large compared with w, this phase angle 
approaches 180 degrees, and the response is approximately 
unity as for no damping, so that the instrument will give an 
accurate record. 

Upon the same principle depends an instrument—the Geiger 
Torsiograph—for measuring torsional oscillations (Fig. 696). 
This consists essentially of a light pulley A, driven by a non- 
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elastic belt from the point on the shaft at which the angnlar 
oscillations are to be measured. Within this pulley is a heavy 
flywheel B, free to turn on the same axis and coupled to 
spindle by a flexible flat spiral spring. 

The natural frequency of the flywheel B on its springs is 
made as small as possible compared with the o.scillations which 
will be transmitted to the support " so that the flywheel 
will tend to rotate with constant angular velocity (cf. stationary 
in space), the oscillations of A not appreciably affecting the 
motion. The relative movement between the pulley and the 
flywheel is recorded by a pen on a strip of paper unwound from 
a drum by clockwork. On this strip is also recorded a time 
scale, a dot occurring at each revolution of the engine. 

A series of records taken at different speeds from the shaft 
of a 6-cylinder diesel engine for a submarine are shown in 
Fig. 70a. A critical resonant speed had been calculated to 
occur at 500 r.p.m. and it will be seen that at 480 r.p.m. the 
vibrations were very pronounced, thus confirming the mathe¬ 
matical analysis. The slow wave upon which the shaft vibra¬ 
tions are superimposed is due to the pen-recording sj^stem which 
has a natural frequency of its own. 

Fig. 706 shows some nxords taken from a steam turbine 
drive for a large passenger vessel and the absence of vibration 
is very marked, and although to rather a small scale, the stu¬ 
dent will probably be able to see the four main impulses per 
revolution due to a four-blade propeller. 

As will be explained when dealing with engine vibration in a 
later chapter, each harmonic of the cylinder torque fluctuations 
can force a vibration which may be serious under resonant 
conditions. With a little practice the operator can tell by 
inspection of the record which harmonics are causing trouble, 
since he will soon become familiar with the general shapes of 
the resultant curves formed when two (or more) harmonics are 
superimposed. 

For instance, the record for 440 r.p.m. is very similar to 
figure 5 (page 25) since it shows a marked beat, the amplitude 
varying from zero to a maximum. This will be the resultant, 
therefore, of two motions of nearly the same frequencies and 
equal amplitudes. 
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If these frequencies are ^^, it will be remembered that the 

2Tt zn 

frequency of the resultant approximate simple harmonic motion 
is and the beat frequency ( 9 i-?*)/27r. 





- 1 - 


w- - 1 REV.*" 



"'^105 r.pim. 

'- 1 REV.-J 

1 



12 3 cpjn. 


Fig. 70. 

From the revolution calibration it will be seen that the beat 
period is in 1 revolution, i.e. a frequency of 440 per min., and 
there are 6 cycles of the resultant per revolution or 6 x 440 per 
min. 

Thus J (qi + q^ /2 it = 6 x 440, 

(9i-y*)/27r = 440; 

?i + ^* = I2 x440 x2it, 

= 1 X 440 X 2^, 
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from which = 6 J x 440 x 2tt, 

^2 = 51 X 440 X 277, 
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: 6 i X 440 cycles per min. 


= X 440 cycles per min. 


or the harmonics concerned have orders 6 |, 5| (cycles per revo¬ 
lution) respectively. 

Thus it would appear that the 11 th and 13th harmonics are 
predominant at this speed forcing vibrations of the same ampli¬ 
tude. More information, however, is really necessary and the 
matter is further discussed in the next chapter. 

Fatigue testing machine. Fig. l\a shows the essentials of a 
machine which enables a constant periodic disturbance, inde¬ 
pendent of the inertia of 
linkages, etc., to be applied 

to a specimen. o ^ 5 • 

A disk A carries an out- ^ 

of-balance mass w and is ^ 0 .) 
driven by a belt from an J ^ ^ 

electric motor B, ^ 

The disk is situated at 
the free end of a cantilever 
spring C of stiffness F, and 
vibrations can be trans- 
mitted to the specimen via *”1 

the links D, E, causing alter- W { Pcosql 

nating bending stresses. 

The system is equivalent p 

to Fig. 716, where W is the * ® 

equivalent load at the end 77777 ^ 7-/7 

of the cantilever which in- * 

eludes the inertia of the linkages D, E, and Eg is the stiffness 
of the specimen. 

The out-of-balance disk is run at a speed equal to the natural 


Pcosql 


Fig. 71. 


frequency of W on its cantilever spring of stiffness F, i.e. — 




O 
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We have 


W w 

— dHjdt^ = - (F + F.) AC + P cos qt, where P = -qh; 
S S 


w 


A 


dKxjdP + (F + Fj) x=P cos ql ; 

PgjW PgjW _ P 
(F + F,)|,-9* 


Thus as F, alters due to fatigue, the amplitude A varies to 
suit, the disturbing force remaining the same. 

The arrangement as sketched shows the specimen subjected 
to pure bending, but in the actual machine twisting can also 
be introduced by rotating the head H about a vertical axis, 
the grip G being free to turn on the link E about a vertical axis 
passing through the centre of the specimen. 

For a full description of the research for which the machine 
was designed the reader is referred to the paper “ The Strength 
of Materials under Combined Alternating Stress ” by H. J. 
Gough, D.Sc., F.R.S., M.I.Mech.E., and H. V. Pollard, 
A.M.I.Mech.E.* 


Balancing machines for rotors. On p. 233 it is shown that 
the balance of any rotating system can be effected by the addi¬ 
tion of two revolving masses in any two different parallel planes 
of revolution, or, in other words, the unbalance can be reduced 
to that of two forces in any two planes of revolution. 

In Fig. 12a, which is a plan view, .4 is a small rotor mounted 
on ball bearings in a frame B which is capable of vibration 
about the horizontal knife edges c,c, and controlled by the verti¬ 
cal springs D. The position of the knife edges along the frame 
can be altered as required. 

The most convenient planes in which to place the balancing 
masses will be at the ends of the rotor E, F, i.e. the unbalance 
is being reduced to two forces in these planes. 

The method of operation is then as follows : 

Place the knife edges c,c in the same plane as E (as shown); 
this will eliminate the effect of the unbalanced force in this 

* Proceedings of the Institution of Mechanical Engineers, Vol. 131, 1396. 
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plane, and any vibrations will be due to the unbalanced force 
in the other plane F. 

Run up the rotor above the resonant speed of the system on 
the springs D (by means of a friction drive from an electric 
motor), and allow the rotor to run down through this speed. 
Any unbalance in plane F will cause a violent vibration as it 
passes these conditions and the amplitude can be measured. 



© 

Fig. 72. 


usually by an optical indicator. A small mass is now attached 
to the rotor in plane F (sometimes in holes provided and some¬ 
times just a lump of putty stuck on), and runs are made with 
this mass in different circumferential positions until a position 
is found in which the amplitude is a minimum. By plotting 
the amplitude against the position, the position required can 
be found with the minimum of runs. 

A further series of runs is now made but changing the mag¬ 
nitude of the mass in this position until (again by plotting) the 
magnitude to give zero amplitude is obtained. 
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The whole operation is then repeated with the knife edges in 
plane F to determine the balancing mass required in plane E. 

Finally material is removed diametrically opposite these 
masses instead of making attachments. 

The time taken to determine the position of a mass can be 
considerably shortened by the use of the scriber shown in 
Fig. 72c. This is pressed against a portion of the shaft or rotor 
which has been blackened and moves along the shaft describing 
portions of a spiral as the displacement increases. The scriber, 
after displacement, does not return, so that the end of the curve 
so drawn will represent the position of the shaft when at its 
maximum amplitude, i.e. at resonance. But under these condi¬ 
tions we know that the disturbing force vector is 90 degrees 
ahead of the displacement so that the balancing mass will be 
situated 90 degrees behind the end of the line scribed. 

As the phase angle changes so rapidly on passing through 
resonant conditions, it is preferable to make two runs in oppo¬ 
site directions and bisect the angle between the two ends of the 
lines scribed, which will probably not be quite 180 degrees apart. 

It should be pointed out that we are here considering the 
resonant conditions of the rotor system on the springs D, the 
shaft being assumed to be rigid, and not the " whirling ” con¬ 
ditions discussed in Chapter XIII, which concerns the trans¬ 
verse vibrations of the rotor on the shaft, as elastic support. 
The stiffness of the springs D is so chosen that the resonant 
speed is low compared with the frequency of transverse vibra¬ 
tion of the rotor on the shaft and therefore there is no danger 
of approaching the whirling conditions. 

Packing machines. Many ingenious devices have been de¬ 
signed for deliberately introducing vibrations to assist the 
packing of sugar or other loose products, and an interesting 
paper on this subject—“ The Use of Vibration as a Means of 
Industrial Drive ” by C. A. M. Thornton, M.A., A.M.I.Mech.E. 
—is to be found in the Proceedings of the Institution of Mechani¬ 
cal Engineers.* 


* 1947, Vol. 157, War Emergency Issue, No. 25. 



CHAPTER IX 


FORCED VIBRATIONS OF A MULTI-CYLINDER 

ENGINE 

Having discussed the general effects of a periodic disturbance 
on an elastic system, we shall now proceed to review one of the 
most important cases of potential synchronous oscillation, 
namely, a multi-cylinder engine. 

A reciprocating engine can be considered as comprising two 
main elastic systems ; {a) the engine itself bolted to its founda¬ 
tions, which may themselves be elastic and capable of being 
set into severe vibration, e.g. the hull of a ship; and {h) the 
crankshaft and its attached masses. 

Both systems may suffer .serious vibrations due chiefly to the 
disturbing effect of the periodic torcpie fluctuations, which in 
an internal combustion engine are more pronounced than when 
steam is the working substance. Thus with the ever-increasing 
use of compression-ignition engines for marine and other pur¬ 
poses, the problem of the elimination of vibration is of supreme 
importance. 

Consider a single cylinder engine—the moving parts consist 
of (1) revolving masses and (2) reciprocating masses. 

The connecting rod has both revolving and reciprocating 
motion, and it is usual to replace the rod by an ‘‘ equivalent 
dynamical system ” of two masses in any calculations. These 
two masses would then cause e.xactly the same reactions as the 
rod itself, and the necesssary requirements are ; 

(1) the sum of the masses must equal the mass of the rod ; 

(2) the centre of gravity of the masses must coincide with the 

C.G. of the actual rod. 

These two conditions ensure the same linear accelerations of 
the e.G.’s at any instant, and to obtain the same angular 
acceleration about the C.G. we require that 

(3) the moment of inertia of the masses about an axis through 

their C.G. and perpendicular to the plane of motion 
must equal the moment of inertia of the rod about a 
similar axis. 
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Actually an approximation is resorted to, which satisfies the 
first two conditions but leaves the third unfulfilled, the two 
masses being assumed concentrated at the gudgeon pin and 
crankpin respectively, the first therefore having purely reci¬ 
procating motion and the second purely revolving motion, 
their magnitudes being equal to the reactions at the respective 
pins when the rod is supported horizontally as indicated in 
Fig. 73. These two masses can thus be included in the recipro¬ 
cating and revolving systems respectively. 



(1) Revolving masses. These will set up centrifugal reactions, 
which, resolved horizontally and vertically, will cause simple 
harmonic disturbing forces in these planes of engine speed 
frequency. 

(2) Reciprocating masses. These, due to their acceleration, 
will cause a corresponding reaction on the engine frame in the 
line of stroke. 

To determine the force required to accelerate the reciprocating 
parts in terms of the angle turned through by the crank from the 
inner dead centre, Fig. 74. 

Let jR=the crank radius, 

Z=the length of the connecting rod, 

;r=the displacement of the piston from the inner dead 
centre. 

With centre B and radius L, strike an arc AE. 

Draw AD perpendicular to the line of stroke. 




Then 
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= CD+DE 
-=-{OC-OD)+DE 
= R{l-co^e)+DE. 
Now from Fig. 74a we see that 

MD . DE = A .sin* 6, 


or 


i?* sin* d 

~Wd~ 


and provided the ratio LIR—-n is large (say ^ 4) we shall not 
be far wrong in assuming that MD —ME — 2L. 
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The first term of the above expression represents the simple 
harmonic acceleration of the reciprocating parts, which would 
occur with an infinite connecting rod, while the second shows the 
modification introduced by having a finite rod. 

If we had not made the approximation stated, an even cosine 
series would have been obtained as the correct expression: 

Roi‘ [cos 6 + A 2 cos cos 40 +...], 

where A 2 , A 2 ... are constants involving powers of - which, 

n 

however, become so small after the second term that for all 
practical purposes they may be neglected, except perhaps for 
certain high speed short connecting rod engines. 

The values for n = 4-5 are as follows ; 

Aii=0-225, ^4 = 0-0028, ^, = 0-00004. 

The force P, required to accelerate the reciprocating parts 
W 

is — X (above expression), and the corresponding reaction on 
S 

the engine frame consists therefore of harmonic components of 
frequency 1, 2, 4, 6 ... times engine speed, all acting in the line 
of stroke. 

If P = the fluid thrust in the cylinder, the force transmitted 
in the line of stroke is then P-Pf=P^ (Fig. 75). Now the 
gudgeon pin is in equilibrium under the action of three forces 
{a) Po, (b) the side thrust F, and (c) the thrust P, of connecting 
rod on the pin, or in other words the thrust transmitted along 
the rod is the resultant of Pq and F, i.e. 

P,=— 
cos a 

If Pe=the crank effort, i.e. the normal force acting at the 
crankpin, the turning moment =PexP, and from the figure 
it will be seen that 

Pe =Pr cos [90° - (« + 0)] =Pr sin (a + 0). 

But AD=L sin a = R sin d. 


Hence « is known in terms of the crank angle 0 
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Alternatively, we may obtain the turning moment graphi¬ 
cally : 

At N, the point where the connecting rod or the connecting 
rod produced cuts the perpendicular to the stroke line through 



0, let the thrust along the rod P, be split up into its two com¬ 
ponents Pq and F. The torque exerted is then seen to be 

Po X ON, since F has no turning effect about 0. 

This is the best method to adopt for constructing a turning- 
moment diagram for an engine. 
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Again, considering the components of at the gudgeon 
pin B, the torque on the crankshaft could be expressed as 

FxBO 

at any instant, since P, has no moment about 0. 

Now, besides the forced torsional oscillations of the crank¬ 
shaft, the torque fluctuations will produce a rocking vibration 
of the engine on its foundations. This latter effect we may 
consider in two ways, either from the fact that the torque 
supplied by the engine to rotate the shaft must be accompanied 
by an equal and opposite torque reaction tending to produce 
rotation of the engine round the shaft centre, e.g. if the crank 
were fixed and the engine free, the latter would rotate bodily 
about the crankshaft; or, alternatively, this torque reaction is 
produced by the side thrust on the engine frame of the horizon¬ 
tal component F of the thrust of the connecting rod on the 
piston or crosshead (shown dotted Fig. 75), which causes the 
oscillation of the frame about 0. 

Harmonic orders. The torque curve for any cylinder may be 
split up into harmonic components, the frequencies of which can 
be represented in terms of the engine speed, and the number of 
cycles performed per revolution of the engine is termed the order 
number. For instance : 

4c-Stroke Engine. The fundamental torque fluctuation occurs 
in two revolutions of the engine, hence there will be \ cycle per 
revolution, i.e. we have a torque fluctuation of order 

The 3rd harmonic (say) having a frequency three times the 
fundamental would be denoted as of order bj. 

Thus, the component harmonics for a 4-stroke engine can be 
of every integral order and half order as well. 

2-Stroke Engine. The fundamental torque fluctuation occurs 
in one revolution, hence the harmonic components will com¬ 
plete 1, 2, 3 ... cycles per revolution and will therefore be dis¬ 
tinguished by order numbers 1, 2, 3 ... . 

Let us examine the effect of these torque variations on the 
crankshaft system. 

Forced torsional oscillations of the shaft systems of multi- 
cylinder engines. Critical speeds. As early as 1900 Dr. Bauer 
showed that dangerous synchronous oscillations could occur in 
marine steam engine crankshafts, and from that time to the 
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present many cases of shafting failure have been traced to this 
cause. 

We have seen that the shafting, being an elastic system, 
possesses a series of modes of natural vibration distinguished 
by the number of nodes. Hence, if the engine is run at such a 
speed that the frequency of any harmonic component of the 
torque curve of any one cylinder coincides with that of one of 
these natural modes, resonance will occur and dangerous am¬ 
plitudes may be forced. 

Such engine speeds are called critical speeds and are usually 
denoted by two quantities: (a) the number of nodes of the 
natural vibration with the frequency of which the forced coin¬ 
cides, and (b) the order number of the harmonic causing reso¬ 
nance, e.g. : 

In a 4-stroke engine we might have (say) a critical speed 
of 2 nodes and order i.e. the 7th harmonic of the torque 
curve, causing vibrations per revolution, is coinciding with 
the 2-noded natural mode. 

Thus a succession of criticals will exist for each mode of 
natural vibration of the shaft, occurring at engine speeds 

_ Natural Frequency 
Order Number 


e.g. suppose the 1-node natural frequency is 400 cycles per 
minute, critical engine speeds will occur as follows for a 4-stroke 


engine : 


Harmonic 

Order No. 

Critical 
Engine Speed 

1 

h 

800 r.p.m. 

2 

1 

400 

3 

4 

267 

4 

2 

200 

6 

2J 

160 

6 

3 

135 

7 

n 

114-5 

8 

4 

100 

9 


89 

10 

5 

80 

11 

5J 

72-5 

12 

6 

66-7 


etc. 
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If the above system was that of a marine installation which 
would operate over a range of speed, with (say) 100 r.p.m. as 
mean, it can be seen how difficult it would be to avoid a 
critical. 

Torque phase diagrams. Although we have stated that criti- 
cals can exist corresponding to any harmonic of any one cylin¬ 
der, it will be evident that the resultant effect produced on the 
shafting as a whole by all the cylinders will be large or small 
depending on how nearly the corresponding harmonics from 
each cylinder act together or come to neutralising each other, 
i.e. depending on the phase relationship of the respective har¬ 
monics of each cylinder. 

The harmonic torques can, as usual, be represented by rotat¬ 
ing vectors and will come into operation in the same sequence 
as the firing order, one revolution of the vector giving one 
complete fluctuation of the harmonic concerned, so that the 
speed of the vector will be equal to the engine speed multiplied 
by the order number. 

Consider a 4-cylinder, 4-strokc compression-ignition engine: 
Fig. 76 shows the crank arrangement, firing order and torque 
curve for one cylinder. The first two harmonic components of 
the torque curve are also shown, i.e. for orders | and 1, the 
generating vectors therefore revolving at ^ engine speed and 
engine speed respectively. 

Assuming that the fuel injection arrangements are the same 
for each cylinder, the torque curves and their harmonics can be 
considered to be the same for each cylinder. 

The vectors generating the various harmonics are all at 
different phase angles at any given instant, but we are concerned 
only with the phase relationship of the vectors of the same 
harmonic in each cylinder, and each of these vectors will always 
be in the same position at the same point in the cycle. For 
instance, the position of the \ order vector for cylinder (1) is 
shown in Fig. 76 when the crank is at the inner Dead Centre 
just starting on the firing stroke, and the i order vectors for 
the other cylinders will be in a similar position when their 
respective cranks are just starting on the firing stroke. In 
arriving at their phase relationship we can simplify matters by 
turning the vectors all through the same angle such that they 
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will coincide with the crank at (say) the I.D.C. on the firing 
stroke. Thus: 



Fig. 76. 

Order If crank (1) is at the I.D.C. on the firing stroke, 
Torque vector (1) is assumed to coincide with it (Fig. 11 a) 
In \ revolution of the shaft, crank (3) arrives at the I.D.C. 
about to start the firing stroke : 

Crank (1) has turned through 180°, 

Torque vector (1) has turned through 90°, i.e. 


222 


THEORY OF VIBRATIONS 
Torque vector (3) is 90° behind vector ( 1 ) (Fig. 77ft). 

In another J revolution of the shaft, cylinder ( 4 ) fires: i.e. 
Torque vector (4) is 90° behind vector (3) (Fig. 77c), 
and similarly. 

Torque vector ( 2 ) is 90° behind vector (4). 

The complete phase diagram is therefore as in Fig. lid, and 
has also been shown in Fig. 76. 


CRANK OROCn j 



® ® O @ 

Fig. 77. 

Order 1 . The Torque vectors revolve at crank speed, i.e. the 
vectors lag behind vector ( 1 ) by twice the angle for order \ 
(Fig. 78). 

Similarly for 

Order IJ. The vectors lag behind vector ( 1 ) by three times 
their angle for order and for 

Order 2 . The vectors lag behind ( 1 ) by four times the angle 
for order 

For higher orders the vector diagrams now repeat, and it will 
be found, for the case considered, that the torque vectors for 
orders 2, 4, Q... all act in phase. 

Similarly, for any engine with equal firing intervals, the 
vectors act in phase for all orders which are equal to, or a mul¬ 
tiple of, the number of firing impulses per revolution of the engine. 
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Such orders arc called Major orders, and the corresponding 
critical engine speeds are similarly termed Major Criticals, e.g. 
suppose that the 1-node natural frequency was 1,200 vibrations 
per minute, then 

the 4th harmonic (order 2) coincides at engine speed of 
600 r.p.m.. 


CRANK ARRANGEMENT 

n9 of firing impulses P£R R£V. 
FiRiiva OROEf? 1^3,^,2. 


Towciue Phase Diagrams 



Fig. 78. 


and the 8th harmonic (order 4) coincides at engine speed of 
300 r.p.m., etc. 

The other orders are called Minor orders, but cannot neces¬ 
sarily be disregarded, indeed, as we shall see, they may be more 
serious than the major orders. Although, at first sight, the 
torque vectors would appear to neutralise, the resultant effect 
produced on the shaft depends not only on the phase relation¬ 
ship of the torques, but also on the point of application of the 
various torques along the shaft, since the further away the point 
of application is from a node the more effect will the torque 
produce on the system. 

Resultant effect due to a given harmonic torque acting at each 
cylinder of an engine. Amplitude vector diagrams. We have 
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already seen how the amplitude of vibration at any point of a 
shaft system can be determined when a simple harmonic torque, 
of frequency other than the natural, is applied. The curve of 
angular displacement is not, of course, the normal elastic curve. 
If this same harmonic is applied in turn at each cylinder of a 
multi-cylinder engine, the corresjwnding amplitudes can simi¬ 
larly be calculated (see tables I and II, page 191), and the 
resultant effect at any cylinder will be the vector sum of the 
amplitudes taken in the phase relationship of the torques since, 
without damping, the displacement vectors are all in phase (or 
180 degrees out) with their torque vectors. 

Under resonant conditions we know that the amplitude of a 
forced vibration, without damping, will become infinite, but in 
practice some damping is usually present which will keep the 
amplitude finite, and the resultant effect from all the cylinders 
will depend on the resultant energy input. 

To investigate the matter, let us make some simplifications 
and assume that a single harmonic torque acts on the system at 
one of the cylinders, whilst damping, varying as the velocity, 
is concentrated at another load point. We will also assume that 
damping does not alter the form of the vibration, i.e. all the 
loads will still reach their maximum amplitudes together and 
follow the normal elastic curve for the natural vibration. 

Let the torque act on the wth load, the motion of this load 
being 

e„,=a„,cos.qt, 

so that the torque, being 90 degrees ahead in resonance, will be 

- sin qt. 

Let the damping act at the «th load, the motion of which 
being 

e„=a„ cos qt, 

so that the resisting torque will be 

-T^ = Ta„q.smqt, 

where T' = the frictional resisting torque per radian per sec. 

Now the work done by the disturbing torque in one cycle 
must be equal to the energy absorbed at the damping point. 
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We have already seen on page 163 that only the component 
of a harmonic torque at right angles to the displacement vector 
does work in a complete cycle. Here, in resonance, the torque 
vector itself is 90 degrees in advance so that the work done is 

f2»r Cqt^2,n 

J ^ sin qt) —^.dt = T^a„, j ^ sin^ qt d {qt) 

wP' 

Similarly the damping torque T'a^q sin qt is generated by a 
vector T'Unq at right angles to the displacement vector so that 
by substituting this value in place of above the energy 
absorbed is 

{Tqan)an7r = T'qa^^7r. 

[If fn=n, we get — T'aq corresponding to P — F^Aq before.] 

Thus, equating the above two expressions. 


F q Un 

The ratio aja^ is known from the normal elastic curve —, 

so that Un is known ; or, expressing things in terms of the 
amplitude at cylinder (1) : 

where the A-ratios are obtained from the N.E.C. 


As an example, let the four-cylinder engine, for which the 
torque phase diagrams have been drawn, be coupled to a fly¬ 
wheel (5) and propeller (6). We will assume that the portion 
of the N.E.C. for the engine masses for the mode of natural 
vibration concerned is as shown in Fig. 79a. 

Consider (say) the \ order harmonic torque from cylinder (1), 
of maximum value to be forcing at that cylinder a vibration 
cos qt, the generating vector for which will, in resonance, 
be 90 degrees behind the torque vector. These vectors are 
shown in Fig. 796, and if YY' is the projection line, the load at 
the instant shown is at its maximum displacement (the first 
suffix shows the load concerned, and the second the torque posi¬ 
tion—^here at cylinder (1)). 


p 
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The loads at the other cylinder points will also be at their 
maximum displacements, the amplitudes corresponding to the 
N.E.C., namely a,i, (Fig. 79c), where 



Now consider the next torque in phase sequence, i.e. - sin qt 
from cylinder (3) forcing a vibration alone. This vibration will 
reach a maximum 90 degrees after the vibration set up by Tj 
(Fig. 79<f), the amplitude being at cylinder (3), while the 
amplitudes at the other cylinders are proportional to the same 
N.E.C. 
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If these two vibrations due to and are combined the 
resultant will also be similar to the N.E.C., the amplitude at 
cylinder ( 1 ) being (Fig. 79e). 

In another 90 degrees of vector rotation the forced vibration, 
due to - 7^4 sin qt acting alone, reaches its maximum ^44 at 
cylinder (4) ; and similarly in another 90 degrees the forced 
vibration due to - Tg sin qt reaches its maximum (Figs. 79/, g). 

If the damping is entirely due to the propeller action in the 
water, i.e. is concentrated at load ( 6 ), the amplitude forced at 
cylinder ( 1 ) will therefore be as follows : 


Torque at load ( 1 ) 

m = l 

Damping at load ( 6 ) 


Torque at load ( 2 ) 

fn = 2 

Damping at load ( 6 ) 

n~6 


^11 - 


Similarly = ^ 


and a..- 


fq 

H 

fq 

h 

Tq 

T, 

fq 



The resultant amplitude of load ( 1 ) will be the vector sum 
of the respective amplitudes due to the individual torques, i.e. 
ai' = 2 '(an+^i 2 + ^i 3 + ^i 4 )> where the phase difference of these 
vectors is exactly the same as that of the torques which pro¬ 
duce them (but lagging by 90 degrees). 



where is the ratio of the amplitude at the cylinder at which 
Ae 

the harmonic torque acts and the amplitude at the damping 
point. 

We have, however, assumed that is the same for each 
cylinder == T, so that 

~ Tq Ae ’ Aj ' 

where E\^ is the vector sum of the ordinates of the N.E.C. 

While the determination of the actual amplitudes may be 
difficult due to the uncertainty of the amount of the damping 
and where it is applied, yet the above investigation will enable 
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us to estimate whether a critical is likely to be dangerous or 
not, i.e. whether the resultant amount of energy added in a 
cycle is great or small, since the resultant amplitude will be pro¬ 
portional to the vector sum of the ordinates of the N,E,C, taken in 
the same phases as their corresponding torques. 

In the example given it has been assumed that a node occurs 
between cylinders (3) and (4), so that, when taking the vector 

sum, the amplitude vector ^14 
for cylinder torque (4) will be 
drawn in the reverse direction to 
torque vector —see Figs. 79/ 
and 80. 

In drawing these vectors there 
is no need, of course, to consider 
the 90 degrees of lag with the 
respective torque vectors—they 
may be drawn parallel to the 
respective torque vectors and in 'the same or opposite sense 
according to the side of the node on which they are situated. 

The position of a node is one of the main factors in determin¬ 
ing the importance of a critical. 

For instance, suppose that the node is a long way from the 
engine, in which case the ordinates of the N.E.C. at the 
cylinder points A^,Ag... will be approximately equal, so that, 
taking their vector sum in the phases of the torques, the minor 
orders will neutralise and only the majors will have effect 
(Fig. 81a). 

But suppose a node was situated mid-way between cylinders 
(2) and (3) such that A^ = - A 4 and Ag = - Ag, then it will be seen 
(Fig. 816) that the majors will have zero effect and the minors 
may be important. 

Total motion of the shaft system. It should be pointed out 
that in the previous investigations we have considered the effect 
of the same harmonic at each cylinder, but all the harmonics 
of the torque curve are in operation together, each forcing its 
own vibration, resonant or non-resonant, as above described, 
so that the true total effect at any instant will be equal to the 
sum of the simple harmonic motions generated by vectors 
revolving at 1 , 2 , 3... times the fundamental. 
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Although we have been considering exact coincidence of the 
forced harmonic torque frequency and the natural frequency 
of the shaft system, it will be remembered from our previous 
remarks that dangerous amplitudes are possible over a fairly 
wide range on either side of the exact critical speed and due 
allowance must be made for this possibility in the design. 

It will be evident that with a multi-cylinder Diesel or other 
variable speed internal combustion engine it may be extremely 


^‘1 

^ -- 

3 

4 

ORDER 


I (2 3_^4 

MAJOR 


f. 







>1 II 

i^2 ORDER MAJOR 

Fig. 81. 


difficult to avoid vibration due to the large range of criticals 
that will exist. 

In general, a periodic disturbing force producing synchronous 
oscillation in an elastic structure makes its presence known by 
the unwelcome vibrations transmitted to the senses, but in the 
case of a shaft undergoing torsional oscillation no such outward 
sign of anything untoward may be noticeable, it being possible 
for large amplitudes and dangerous stresses to be produced 
without any indication of their existence, since if the loads 
consist of uniform disks, etc., their centres of gravity will be 
on the axis of rotation. With an engine crankshaft a certain 
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amount of external vibration may be evident due to the reci¬ 
procating masses. 

In some cases, only on fracture occurring has it been dis¬ 
covered that a system must have been in torsional oscillation, 
whilst in others a critical has been detected by the portion of 
the shaft at which the node was formed warming up due to 
elastic hysteresis. 



EXAMPLES IV 


1. The natural frequency of one of the modes of torsional oscil¬ 
lation of the shaft system of a 4-cylinder, 4-stroke I.C. engine is 
1,000 cycles per minute, and the relative amplitudes at the cylinders 
taken in order are 1, 0-75, 0-5, and -0*5. The maximum values (T) 
of the harmonic torques relative to the fundamental are given in 
the table and may be assumed to be the same for each cylinder. 


Harmonic 

T 

Fundamental 

1 

Second 

1*2 

Third 

0*8 

Fourth 

0*6 


Determine (a) the critical engine speeds up to the first major; 
(5) the relative importance of each critical in regard to the forcing 
of dangerous amplitudes. [Liv. U.] 

2. Explain the meaning of major and minor critical speeds of an 
engine installation. 

The following data refer to a six-cylinder, four-stroke I.C. engine, 
the cylinders being numbered in order : 

Cranks arranged in pairs at 120° : 1,6; 2, 5 ; 3, 4. 

Firing order : 1, 5, 3, 6, 2, 4. 

Investigate the relative importance of the 2-node criticals of orders 
1, IJ, and 3, for which the maximum values of the corresponding 
harmonic torques are in the ratio of 1 : 0*8 : 0*5, and the ordinates 
of the normal elastic curve at the respective cylinders are (starting 
with cylinder 1) 1*0 ; 0*75 ; 0*5 ; 0*2 ; -0*3, -0*6. [Liv. U.] 
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CHAPTER X 

ELIMINATION AND ABSORPTION OF VIBRATION 


While the free natural vibrations of an elastic system will 
always in time be damped out, it is interesting to note that 
certain arrangements of a given system will continue to vibrate 
for a longer time than others. 

It must be realised that, since no external forces are acting 
when a system is in free vibration, the position of the centre of 
gravity of the complete system must remain unchanged. Thus, if 
we take the simple case of a load supported by a spring, as the 
load moves downward the foundation framework must move 


upward, i.e. vibrations are produced in the foundations, the 
magnitude of which will, of course, depend on their mass. It 
is really only the case of two masses in free vibration at the ends 
of an elastic rod or other coupling. When in vibration a node 
is formed between them, and if one mass is made infinitely 
large, the node to all intents coincides with this mass, which 
therefore may be regarded as a rigid '' support. 

Consider then a load W at the end of an elastic beam which 
is firmly fixed at the other end to the ground (Fig. 82a). Any 

I — - movement of W in one direction must 

w wl Iw be accompanied by a movement of the 

I I foundation in the opposite direction dur¬ 
ing a free vibration. The movement of 
the foundation will obviously be quickly 
damped out by friction hence the motion 
® ® oiW will also quickly cease. 

But suppose we arrange two exactly 
similar systems side by side as shown (6) 
and set the masses moving in opposite directions, then no 
motion of the foundations will take place, and, as there 
will be no frictional damping from this cause, the masses 
will continue to vibrate for a longer time than each would 
singly. 
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If the masses were started in the same direction the motion 
would soon cease and become as above, since any motion which 
sets up a movement of the foundations will rapidly be damped 
out. This is the principle of the tuning fork. 

Twin marine Diesel engines placed side by side constitute 
an exactly similar system and often have their heads clamped 
together by crossbars to prevent this tuning fork vibration, 
which may easily be set up by torque reaction, especially if the 
foundations are relatively flexible as might be the case on board 
a ship. 

There are certain main methods by which we can set about 
the problem of eliminating or reducing vibration in a structure : 

(1) Removing the disturbing force. 

(2) Reducing the effect of the disturbing force which is trans¬ 

mitted to the foundations. 

(3) Introducing an equal and opposite disturbance. 

(4) Avoiding resonant conditions. 

(5) Increasing the damping. 

Let us examine these in turn. 

(1) Removal of the disturbing force. If the disturbing force 
is caused by unbalanced rotating masses, this can and always 
should be eliminated by the addition of two extra masses in 
separate parallel planes of rotation. For instance, suppose we 
have a shaft subjected to a series of centrifugal forces set up by 
masses whose centres of gravity do not coincide with the axis of 
rotation. 

In Fig. 83 two such forces P and Q are shown. We can 
obviously replace these forces by the parallel forces Pi, Pg 
and Qi, Q 2 in any two planes of revolution A and B as shown, 
where 

Pi-fP^-P, 

and 

and similarly for and 

Pi and can now be combined into a single resultant force 
Pi, which can be neutralised by placing a mass IFi in plane A 
so as to set up an equal and opposite centrifugal force. Simi- 
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larly a mass in plane B will balance the resultant of P 2 
and Qg. A complete discussion on Balancing is outside the 
scope of this work, and the reader is referred to The Balancing 
of Engines by Professor W. E. Dalby, or text-books on the 
Theory of Machines. 



The disturbing effect due to the inertia reaction of the reci¬ 
procating parts of a multi-cylinder engine can be eliminated or 
reduced by suitably arranging the crank angles and the mag¬ 
nitudes of the reciprocating masses. Such balancing is done in 
large 4-crank triple or quadruple expansion marine engines. 
With Diesel or petrol engines it is usual to have the cranks at 
equal intervals with equal reciprocating masses. We have seen 
that the inertia reaction in the line of stroke for any cylinder is 
given by an even cosine series : 

W 

Pf = — a>*i?(cos d + Ag cos 20 +/14 cos 40 +...) 

S 

where 0 is the angle turned through by the crank from the 
inner dead centre. Hence these harmonics may be represented 
by vectors rotating at 1, 2,4... times engine speed. The respec¬ 
tive vectors for any cylinder will all coincide when the crank 
is at the inner dead centre (0=0), and will have turned through 
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glass symmetry ” in regard to this central plane, i.e. one half 
of the shaft is a reflexion of the other (Fig. 85). 



(2) Reducing the effect of a disturbing force. We have noted 
that if a periodic disturbing force acts on an elastic system, its 
effect will be transmitted via the foundations to every part of 
the building or surrounding structures, any portion of which 
may be set into unwelcome vibration if its natural frequency 
coincides with that of the disturbance. 

It has been shown that the amplitude of a single load under- 

1 

going a forced vibration is —r-r or ;-times the displace- 

I- qijn^ 

ment that would be produced if the disturbing force was applied 
staticaUy. 

Now upon the amplitude depends the extension or compres¬ 
sion of the elastic connexion and hence the force which will be 
transmitted to the foundations. If we design this elastic sup¬ 
port so that the natural frequency of the load is small compared 
with the forced frequency, then, as we have already seen, the 
forced amplitude can be reduced almost to zero, the load 
remaining approximately stationary in space, and the more 
nearly we can approach these conditions the less will be the 
force received by the foundations. 

The magnification factor becomes - 1 when 
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hence the frequency ratio must be greater than in order to 
cause a reduction in amplitude over that produced when the 
disturbing force is statically applied. For instance, if the 
frequency ratio was 5 then the magnification factor would be 

JL _ _ Jl_ 

1- 25 ” “ ^ * 

and the force on the foundations would only be ^ of the actual 
disturbing force acting. 

This is all very well in theory, but it will be remembered 
(page 205) that a difficulty arises in practice from the fact that 
an elastic system must have a very large static deflexion under 
the given load to give a small natural frequency. This means 
that we should require a great amount of space to house an 
elastic system that would be strong enough to support the load 
and yet have the required flexibility. 

An interesting example is cited by Dr. T. W. F. Brown in his 
paper '' Vibration Problems from the Marine Engineering point 
of view as follows : 

4-cylinder, 2-stroke I.C. engine, 2,500 H.P. at 110 r.p.m. 

Weight 190 tons. 

The fundamental torque fluctuation occurs at 110 r.p.m., and 
the second order at 220 r.p.m. 

Second order forces would be large on such an engine, and 
are therefore suitable for reduction. 

Assuming that the supports are to be designed for a natural 
220 

frequency of - - r.p.m., the reduction in transmissibility 

<5 

— L — =, (_) . 1 . 

1 - (3)2 ' ’ 8 

Natural frequency = 

8., = 6-5 in. 

Thus the springs would have to deflect 6-5 in. under a load 
of 190 tons. 

Taking 10 springs on each side of the engine base, the load 
on each spring will be 9'6 tons. 

Suitable springs would be of a square section of 3*25 in. side, 

* North East Coast Institution of Engineers and Shipbuilders. 1939. 


1 /3 2 X 12 

27rV Sft 
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18 in. mean coil diameter, and 14’5 coils, but their great bulk 
would be an insuperable difficulty in this case. 

A stiffer and therefore less bulky system could, of course, 
be employed to eliminate a harmonic of the actued disturbance 
which may be causing resonant conditions in some part of the 
building, etc. 

Steel springs are used whenever possible, but rubber or cork 
pads between an engine bed and the foundation have been 
employed quite effectively as a stiffer absorber for a harmonic, 
the only defect being that such substances are liable to deteri¬ 
oration. 

Whatever method of mounting is employed, there must be 
no connexion with the foundations other than by the elastic 
system. 

Many petrol and Diesel road vehicle engines are now mounted 
on flexible connexions for this reason—either rubber pads or 
flat flexible steel plates, whilst the tendency of the engine to 
vibrate with torque reaction fluctuations is often discouraged 
by frictional damping rings, which are heavy metal rings 
encircling and frictionally coupled to the engine block, but 
entirely free from the chassis. 

Transmissibility. 


The ratio 


Force transmitted to the foundations 


Disturbing force P 
is called the Transmissibility. 

(a) No damping : 

W dH ^ ^ 

- ^ + Fx — P cos at. 

g dP 

We have seen that the 

, , Actual amplitude 

magn,/Uatum factor = static displacement P/f 


_ Actual amplitude x F _ Actual force in springs 
~ P ~ Maximum disturbing force 

1 

rp-q^ 1 - q^jn^ 

In this case the force transmitted to the foundations is entirely 
due to the springs and the transmissibility is the same as the 
magnification factor. 
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To reduce the force transmitted, the frequency ratio qjn 
must be greater than n/2, or, alternatively, if q is less than n/2 . n 
the springs would make matters worse since the magnification 
factor is greater than unity. 

(i) With damping : 


W dH „ 

7 + 

In this case the transmissibility is not the same as the magni¬ 
fication factor if damping is equivalent to a dashpot, since 
besides the spring force (on which the magnification factor 
depends) there is now the force transmitted to the ground via 
the dashpot. 

Referring to the vector diagram (Fig. 52), we have 
Maximum spring force^oa — F/l, 

Maximum force to overcome damping = 

These vectors are at 90 degrees to one another, and their re¬ 
sultant is now the maximum force to which the foundations are 
subjected, i.e. 

Maximum force transmitted - 

/ _/ 


But A=- 




--AjF^ + {l\q)\ 
1 


where iC* = 




4 


n‘ 


~ ~ Magnification factor 


P 

F 


X Magnification factor. 


Thus the Transmissibility 

_ Actual force _As/F^-\- [F^q) ^ 

= p - p 


_ Magnification factor y y. 


= Magnification factor x 


= Magnification factor x 




Transmissibility 
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Fig. 86 shows the variation of transmissibility with frequency 
ratio qjn for different values of i.e. for a given spring 
system with different dampings, and the difference between 
these curves and those for the magnification factor should be 
carefully noted, particularly in the region qjn >>12, It will be 
seen that in this region increase of damping causes a slight 
increase in the transmissibility. 



Example, 

A single load supported by an elastic structure is subjected to a 
simple harmonic disturbing force, whilst damping, varying as the 
velocity of the load, is effected by means of a dashpot. For such a 
system it is found that the magnification factor is a maximum when 

the frequency of the disturbing force is ^ times the natural fre- 


quency. Determine the transmissibility under these conditions. 

[Liv. U.] 
Ans. 1-764. 


(3) The undamped vibration absorber. If we cannot neutralise 
the disturbing force at the source by balancing, it is sometimes 
possible to cause the amplitude of the vibrating system to 
become zero by introducing a small auxiliary vibrating system. 
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To understand the principle of this interesting device, the 
reader is asked to refer to the problem on page 180 illustrating 
the application of a simple harmonic force on a two-mass 
system. 

The amplitude of the load Wi upon which the disturbing 
force acts was found to be 









This will become jzero when 


i.c. when 


'~JV 


/w 

\ 

9 

27r 


1 

~'27t\ ^ 


which is the natural frequency of the load W 2 on the spring F 2 
alone. 

Thus, if we have a machine on an elastic foundation Fj 
which is emitting a disturbing force P cos qt, the effect of this 
in forcing unwelcome vibrations may be neutralised by attach¬ 
ing an auxiliary vibratory system W 2 on a spring F 2 , of frequency 
equal to that of the disturbance, thus hinging the machine to 
rest. 


fW \ 

Substituting - 0 in equation (1) or ( — ^2 _ -0 in the 

expression for 3/2 we see that 


Fgy 2 ^ - P or F 2 X 2 ^ -P cos qt, 

which means, as we might expect, that the force exerted in the 
spring Fg at any instant is equal and opposite to the disturbing 
force.* 

Difficulties may arise in practice due to the impossibility in 
certain cases of obtaining satisfactory dimensions for the 
attached load and its elastic coupling. It will also be evident 
that this method can only be used for the elimination of the 
effect of a constant frequency disturbing force, and by making 
a two-mass system out of the original one-mass system there 

* See Appendix A. 

Q 
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is now introduced another speed of the machine at which the 
combined system will go into resonant vibration. 

The harmonic torques of a reciprocating engine have fre¬ 
quencies proportional to the engine speed, hence such an 
absorber arranged for torsional oscillations could only be used 
to destroy the effect of a given harmonic at one definite engine 
speed, 

A modification of this absorber, which successfully overcomes 
these defects, has been fitted to aircraft and other high speed 
engines and is called the Pendulum Absorber, 

. In the absorber considered above, 

ff the restoring force of the auxiliary 
^ system was obtained by means of 
the elastic coupling Fg (or Tq2 in 
torsional equivalent), but in this 
/k / new device the auxiliary vibrating 
system is essentially a simple 
pendulum which is subjected to so 
/ ^ large a centrifugal field that the 

/ ^ \ gravitational field can be neglected, 

I Q I Fig. 87 shows a simple pendulum 

Y J PQ attached at the point P to a 

. y disk which is revolving with uni- 

-form angular velocity a> about the 

centre 0. 

The pendulum is shown deflected through an angle p from 
its mid position (the radial line through OP). 

Let PQ=l, OP — R, and the instantaneous value of OQ-r, 
so that the pendulum is subjected to the centrifugal accelera¬ 
tion to^r. 

The component of this acceleration perpendicular to PQ 
=ct>V sin OQP. 


sin (180° ~ 4) sin OQP ' 


/. component = a>®/? sin ^ / 


(the negative sign appearing, as usual, because the acceleration 
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is in the opposite direction to the displacement), and provided 
p is small this becomes 


oj^R , <f> = —I 


dt^ 


or 



R 

I 




The motion of the pendulum is thus simple harmonic of 


frequency 


n 

2,7T 


oj Ir . 

”27r\/ I 


vibrations per sec. 


= revolutions per sec. x 



The frequency of a simple pendulum under gravity is 

so that, in subjecting the system to a centrifugal field only, we 
have replaced g by the centrifugal acceleration the fre¬ 
quency now being proportional to engine speed oj. 

The absorber can thus be designed to eliminate the effect of 
any given harmonic to which the disk is subjected at all engine 
speeds. 

It will be remembered that the order number of a harmonic 


- f- 

27tV I 


_ frequency 
revs, of engine' 

/. order number = 



Suppose an objectionable harmonic was of order 4, 


then 



The place usually chosen for attaching the pendulum is a 
crank web balance mass, and as space is obviously limited, the 
value of R can only be a few inches, say 4 in. 

Thus, for operation against the above harmonic, 

l=f€= \ in. 

This is so small that practical difficulties of design at once 
become apparent. 
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Another difficulty arises from the need for the pendulum to 
have as large a mass as possible, although this in no way affects 
the frequency. 

Since the whole of the energy of the vibration has to be 
absorbed by the pendulum, a large mass is necessary in order 
to limit the amplitude, since our theory depends on <f> being 
small. 

Two ingenious devices to overcome these difficulties have 
been successfully employed, and both give the equivalent of a 
pendulum of very short length. The first consists of a cylinder 
free to roll in a hole drilled in the balance mass, but the require¬ 
ment for a large mass cannot be fully met ; and in the second, 
the balance mass itself is suspended on two rollers. 

For a complete description,.and also for the theory of the 
absorber when damping is introduced, the reader is referred to 
more advanced works. 

Another interesting type of absorber is gyroscopic in action 
and is described by Professor R. N. Arnold, D.Sc., in his paper 
" The Tuned and Damped Gyrostatic Vibration Absorber 

Elimination of the critical speeds of torsional oscillation of 
the crankshaft of multi-cylinder engines. As there are so many 
widely varying types of multi-cylinder engine installations, 
the methods to be adopted can only be determined by an exam¬ 
ination of each case on its own merits. It will obviously be 
easier to ensure that the running speed of a constant speed 
engine for a land installation should not approach a critical 
than for a marine engine which has to operate over a range of 
speed. 

The usual arrangement of Diesel installation comprises engine 
and flywheel direct coupled to a rotor, or, in the case of a marine 
engine, a propeller. Considering the latter, the shaft system 
therefore consists of engine masses, flywheel and propeller, 
and being direct drive, the engine will be of a slow speed type. 
If, as is usual, the propeller mass is small compared with that 
of the flywheel and engine masses, and the connecting shaft is 
long, then the node for the fundamental 1-noded mode of vibra¬ 
tion will be situated near the engine and well removed from the 

* The Institution of Mechanical Engineers Proceedings 1947, War Emergency 
Issue No. 25. 
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propeller, which will therefore suffer the greatest amplitude 
during vibration. The shaft, however, being long, will have 
sufficient elasticity to withstand any amplitude likely to be 
reached by the propeller, which as long as it is immersed will 
be most efficiently damped. 

This system probably gives the least trouble from vibration, 
the 1-noded major being the only critical likely to cause any 
trouble. As the connecting shaft is made shorter and therefore 
stiffer for the same diameter, the presence of criticals within 
the operating range becomes more a source of anxiety, since 
the amplitude at which overstraining or fracture of the shaft 
will occur will be correspondingly less. 

Continuing this idea, it will be apparent that if we replace 
the propeller by a rotor or other similar load, and thus have 
now no assistance from damping in keeping the amplitude 
down, the trouble will be intensified. All majors and minors 
of both the 1-noded and 2-noded modes may be important. 

The most usual method to adopt for eliminating a critical is 
to alter the natural frequency of the shaft system so as to make 
the corresponding critical under observation well above or 
below the running speed. 

This can be done by altering the magnitude of the attached 
masses or the stiffness of the shafting. 

If the critical is brought below the running speed, it must 
be remembered that we have to pass through these resonant 
conditions as we bring the engine up to speed, with the conse¬ 
quent possibility of excessive amplitudes being forced, although 
the duration of these critical conditions will be short. 

A change in the firing order will often reduce the magnitude 
of a minor critical, but at the same time may increase another 
that was negligible. The student should draw the vector 
diagrams for different firing orders and a given N.E.C. 

Finally, there remains the addition of damping devices for 
altering the amplitude of a critical and also the speed at which 
resonance occurs. Dampers have been employed successfully 
for many years on petrol engines and a few of rather special 
design have been fitted to Diesels, but in general it is more 
usual to remove a critical from the operating range than to 
introduce damping. 
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The theory of such a damper is interesting and is developed 
for a simple case in a following section. 

The problem of elimination of criticals becomes specially 
important with geared drives. We have seen that the natural 
frequencies of torsional oscillation of such systems can be 
determined provided that the teeth are always bedded firmly 
together by the transmitted torque, which must therefore never 
be allowed to become negative, otherwise the teeth will separate 
and then come together with violent impact on the torque 
reversing its sign again. 

This chattering or hammering in the gear-box was of com¬ 
mon occurrence on motor cars in their early days, but was not 
of sufficient magnitude to warrant investigation of any special 
nature, but on the introduction of the steam turbine for marine 
propulsion and the consequent necessity for a reliable reduction 
gear of massive design the trouble became acute. Not only 
did this hammering of the gears become so alarming that it was 
necessary to run the plant well below its designed speed, but in 
innumerable instances actual fracture of the teeth took place. 

That the systems must have been in a state of forced tor¬ 
sional oscillation was considered to be the main cause of the 
trouble, although inaccuracies in the cutting of the teeth also 
intensified the matter. 

Since any critical produces increased torque fluctuations in 
the shaft, in order to ensure that the torque at the gear face shall 
suffer no reversal in sign all criticals must be avoided. 

The geared drive has recently been introduced for marine 
Diesels, and the vibrational problems become acute owing to 
the very irregular engine torque that is in any case transmitted. 

In a steam turbine the torque transmitted is uniform, but 
disturbances tending to cause vibration are always present, as 
for instance the propeller blades revolving in a varying wake, etc. 

The first attempt at a mathematical solution of the problem 
of elimination of this hammering action was made by Dr. J. H. 
Smith in his paper “ Nodal Arrangements of Geared Drives ” * 
in which he suggests that the shaft systems coupled to the gear¬ 
box should each be tuned to the same frequency, the gear-box 
thus acting as the node. 

♦ Trans, Inst, Naval Architects 1922, also Engineering, 1922. 
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An interesting account of the trouble experienced with a 
Diesel geared drive is given in the American Motor Ship 
(October 1927) in an article on the 10,000-ton motor-ship 
Herman Falk. 

This ship was fitted with Falk geared engines, two 8-cylinder, 
18 in, bore x 22-5 in, stroke, 4-stroke engines running at 
275 r.p,m,, being originally connected as shown in Fig, 88 {a) 
to the propeller shaft. 


I 
I 

Fig. 88. 



The gear wheel had 153 teeth, the pinions 50 teeth, thus the 
propeller speed was 90 r.p.m. With this arrangement trouble 
was experienced with criticals and the installation was altered 
to that shown in (b), thus increasing the elasticity of the shaft 
and lowering the 1-noded criticals away from the running speed. 

With this new arrangement, the frequency of the 2-nodcd 
natural mode was calculated at 1,416 per minute. 

The 8th order major would therefore occur at 1,416/8 x 50/153 
= 58 r.p.m. of propeller, and was actually found to take place 
at 57 r.p.m. 

The 5^ order would appear at 83 r.p.m., and since this was 
very near the running speed of 90 r.p.m. it was found necessary 
to change the firing order to reduce the amplitude. 

For the 3-noded mode the frequency was 2,780 per minute, 
and the 8th order was therefore 114 r.p.m. actually being found 
to occur at 100 r.p.m. This again was too near 90 r.p.m. and 





248 THEORY OF VIBRATIONS 

the critical was raised to 114 r.p.m. by increasing the stiffness 
of the coupling by 30 per cent. 

(4) The theory of the friction damper. In the previous sections 
the use of a damper to reduce torsional oscillations has been 
mentioned, its use being most common in petrol engine prac¬ 
tice. The device usually consists of a flywheel coupled to the 
shaft only through friction disks, or other frictional coupling. 
This flywheel tends to run at constant speed but will slip if the 
amplitude of vibration becomes excessive. A frictional retar¬ 
dation is thus introduced and at the same time, since the effec¬ 
tive inertia of the system has been reduced, a change in the 
natural frequency occurs which destroys the resonant conditions. 

Valuable ideas may be gained from a study of the behaviour 
of such a damper, and the differential equations for the simplest 
case as represented in Fig. 89 will now be developed, on the 



INFINITE Inertia assumed wiaio. 


I: 

I 




Equivalent System 

P'lG. 89. 

assumption that viscous friction, varying as the velocity, exists. 

We shall consider then a single load that can undergo 
angular vibration at the end of a shaft which is fixed at the 
other end. A simple harmonic disturbing torque acts on the 
load and a damper is frictionally coupled thereto. 





ELIMINATION AND ABSORPTION 


249 


This would represent a crankshaft system in which there was 
a heavy flywheel at one end whose moment of inertia compared 
with that of the crankshaft masses is so large that it may be 
assumed infinite, i.e. as far as the vibrations are concerned the 
node is at the flywheel. 

The crankshaft itself is assumed to be rigid, i.e. of no elas¬ 
ticity, and all the crank masses are assumed to be concentrated 
at one point while the damper is coupled on by means of a 
rigid coupling.* 

Let If. = the moment of inertia of the load (crank masses); 

= the moment of inertia of the damper flywheel; 

T cos 9 / = the periodic torque acting on the load ; 

To=stiffness of equivalent shaft. 

Since all vibrations will be superimposed on the steady 
rotation of the system under the action of a constant torque 
equal to the mean value of the actual torque, the displacement 
of the load at any instant will be measured from the position 
which the load would occupy under this mean torque ; or 
alternatively, neglecting the actual rotation of the system the 
displacements will be measured, as usual, from the rest position 
of the load. 

Hence, let 

d = the angular displacement of the load Ic at any instant 
from its mean position ; 

(f) ~ the angular displacement of the damper flywheel at the 
same instant measured from the same datum. 


Then the slip of the load relative to the damper flywheel is 
0 -tf} and the relative angular velocity of slip will be 


d0 d<f> 
dt di 


or 




Wc shall assume that the friction varies as this relative angular 
velcoity, i.e. if T, is the friction torque per unit angular velocity 
of slip, the frictional resisting torque at any instant will be 

TA6-4)- 

* A very complete investigation of this subject has been made by Major 
B. C. Carter in “ Reports and Memoranda ” of the Aeronautical Research 
Committee No. 1053 (E22), in which the effect of a finite flywheel and elasticity 
of the crankshaft and damper coupling are also fully discussed. 
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The Lanchester damper is of this type, since the friction plates 
are enclosed in a casing containing oil, so as to prevent the 
possibility of the plates seizing which might occur in time with 
dry contact. 

The “ laws of friction " for lubricated surfaces may therefore 
be assumed to apply—friction being proportional to the 
velocity. 

The equations of motion can now be written down : 

(1) Load 


S 1 

T cos qt 

1 

- - 

1 

Tod 

1 

Torque 

1 

External 

1 

Friction 

Restoring 

accelerating = 

disturbing 

- torque - 

elastic 

load 

torque 


torque 

is + 

s 1 

1 

+ = 

T COS qt, 

1 

Torque 

1 

Torque to 

Torque to 

1 

External 

accelerating + 

overcome 

+ overcome = 

torque 

load 

friction 

elastic 

constraints 

applied 


Transferring now to the damper flywheel, the relative slip of 
damper to load is ^-6, and the equation of motion is : 

(2) Damper 

^ I I 

Torque Frictional 

accelerating torque 

flywheel 

or - T,0-<f>)=O. 

o 

Solution, however, is simpler if we convert these equations 
into their vector form (see page 187); thus, representing the 
disturbing torque as let 

0=Ae*'‘\ 

so that, substituting above, we get 

(a) -lq^A+iT^q(A-B)+T^=T, 



ELIMINATION AND ABSORPTION 


251 


or 


(b) 

S 


(i) - q^A + i2kq (A-B)+ n^A =f, 

(ii) -qB+i . {B-A)=0. 

^ d 


where, as before, / 

Let also 


Tg 


n 


2 _ 


Tog 


rr^- 


2k = 


Trg 


n 

2k 

n 


--K 


= K (as before). 


Then 


— --- — —M (sav) 

I^~Rq~RX~ ' 


Thus dividing equation (i) by n*, and equation (ii) by q, and 
making these further substitutions we get 

( 1 ) -X^A+iKX{A-B) + A=^^, 

(2) -B + iM{B-A)=Q. 

Now from (2) 

B=A . 


iM (tM+1) M(M-i) 
(?M-l)^(fM + l)“ ■ 1+M* 


and substituting this for B in (1) we get 


[ 


A -X’^ + iKX- 


iKXM(M-l) 

1 +Af* 




or 


or 


.r. X, \ KXM^ f 

A[} i+MV 

A [{(1 - A*) (1 +M*) - KAM) + iXA] (1 +M% 

A[a + ib]=^.{l+M»); 
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/ {1+M») {a-ib) 

' ‘ {a + tb) ' (a - ib) 

a*+ 6 * ^ 


Thus, the magnitude of the vector represented by A, i.e. the 
amplitude of the load 7^, is 

= / . <*±£2 
‘ ■Ja^ + b^’ 

this vector lagging behind the disturbing torque vector by an 
angle whose tangent is “ ~. where 

«=z[(i-A*)(l+Ms)-ii:AM], 

b^-K\. 

■■■ ®■ (J-TF) • - •'<« + “)]• 

Thus the magnitude of the vector represented by B, i.e. the 
amplitude of the damper flywheel 1^, is 

f M _ 

• («!! + j"2) • - «»)* + (« + iM)* 


/ _M 
■ (a*+ Pj 


. V ( a * + 62)(1 4 M *) 


_/ 

’ >/^+ 6 * 

and lags behind the disturbing torque vector by an angle of 

tangent + 

® ‘ (aM-b)' 
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Now Va* + 6 * 

= n/(I -A*)*(l +M^Y + {KXMY-2KXM(\-X^){iTM^)+KX^ 

= V( 1 - A*)*( 1 + M*)* + iCA* (1 + M*) - 2KXM (I - A*) (1 4 M*) 
-n/i+m*. n/(i-a*)*{i+m=') + (A'A)*-2a:am(i - A'^ 
-Vl+M*. ■«/( 1 - A*)* + M* + M^X* - 2AW=‘ + - 2KXM 

+ 2K\MX\ 

and, substituting for M, we get 
I\A 


■Ja^ + b^. 


MU 


lil-X^y + K^ 

ss 

[]ie2A2+^* ' li 

)~ia-)] 

xJ(i-xr+K^ 




Thus finally, 

0 

«2 


MS 


and 




f 


M - 

' ■* /M 






Now our chief concern is to discover how the magnification 
factor is affected by the different variables present. This 
factor, it will be remembered, is given by the ratio 
Actual amplitude of load _ 0, _®i^o 
Amplitude under static torque T fjl\ T 

^ Maximum shaft torque _ di 
~~ Maximum disturbing torque fjn^ * 




254 

and thus 


THEORY OF VIBRATIONS 



ELIMINATION AND ABSORPTION 255 

As in our previous discussions, for any given system K and 
R will be constants, so that the magnification factor depends only 
on the frequency ratio X=qln. 

If therefore,/or any given value of /?, we plot the M.F. against 
the frequency ratio A, we shall obtain a curve for each value of 
K chosen, as shown in Fig. 90, where the curves have been 
plotted for the value R = l. 

It will be noticed that when K = 0, the M.F. becomes —, 
n* 

i*e. — -r as before. 

n^-q^ 

As damping increases, the maximum value of the M.F. occurs 
before coincidence of the forced and natural frequencies, dimin¬ 
ishing at first and then increasing again. 

Also it will be noticed that each curve passes through a 
common point which is the minimum value of the maxima of 
the various curves. 

Thus, if the running speed is such that the frequency ratio is 
above that corresponding to this common point, fitting a 
damper of this type will reduce the amplitude, since the curves 
for damping lie below the curve for X = 0 ; but, if the frequency 
ratio is below the common point value, a damper will increase 
the amplitude and may cause serious oscillations, e.g. : 


qjn 

K 

M.F, 

1-2 

0 

2*3 approx. 

1-2 

2 

0-6 „ 

0-7 

0 

2-0 „ 

0-7 

2 

60 


To find the point of minimum maximum : 

(а) Differentiate with respect to A, K being constant. 

( б ) Differentiate with respect to K, A being constant. 

These two expressions must simultaneously equal zero, i.e. 

the first equation then always gives maximum M.F. for any 
value of K, or in other words it is the equation of the dotted 
curve (Fig. 90), whilst the second expression being simultane¬ 
ously zero with the above gives the minimum value of this 
curve. 
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Fig. 91 shows the same curves in solid projection. Thus, 

(a) ddildX=0. 

Here differentiating with regard to A*, we get: 

(i) a«+a,^[a:*(A+A + 1 )_iJ 

where is the value of the frequency ratio at which the maxi¬ 
mum value of the M.F. occurs for any chosen value of K. 

{b) dejdK^O, 

Performing this differentiation, we shall obtain 


a result which does not contain K, which means that with this 
value of A the M.F. is the same for any value of K, as is shown 
by the curves. 

Substituting this value A^^ in the expression for the M.F. we 
get the minimum maximum value : 

M.F. = (l+|), 

and substituting this same value A^ in equation (i) above we 
get the corresponding value of K, which makes A,„ the minimum 
maximum. 

This results in 


(R-^l)(R + 2)' 

From these results in any given case, we can determine the 
engine speed at which the amplitude becomes a mimimum 
however the damper is adjusted, i.e. whatever the value of K, 
For the value R = l for which the graphs have been drawn 



and the minimum maximum M.F. = 3 as will be observed. 



(ii) 


\n 

(Minimum) 


V R 


2 

T2 
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Note that if R = cc, i.e. the damper flywheel has infinite 
inertia, and suffers therefore no movement but exerts only a 
damping effect, the expression for the M.F. reduces to that on 
page 159 for a forced damped vibration as we should expect. 
The curves resulting are similar to those of Fig. 53a, the com¬ 
mon point occurring when A=0. 



CHAPTER XI 


THE EFFECT OF DYNAMIC LOADS ON AN 
ELASTIC SYSTEM. WAVES 


On page 49 we noted that the stress produced in an elastic 
rod due to the application of a live load ** was twice that 
which would be produced if the same load was applied statically. 
Commander C. W. Chapman * has made a most interesting 
examination of the effects of suddenly applied loads on an 
engine system. 

Suppose, as a simple example, we take the case of an elastic 
support carrying a single load W which is subjected to a dis¬ 
turbing force varying directly with time, i.e. P = Rt. This 
could be imagined as the piston and connecting rod assembly 
of an engine subjected to the explosion impulse. 

The equation of motion will be 


or 


W dH 
g dt^ 


- Fx + Rt, 


, R-g , r . 

+ .t=f .t. 


dl^ 


W 


Now, under static application of the force Rt, at a time t the 

displacement of the load would be ^ or -- which is a solution 

F 

of the above equation ; but to this we may add the motion 
resulting when the right-hand side of the equation is zero, i.e. 
A cos nt + B sin nt, being the free vibrations existing inde¬ 
pendently of the forced. 

The whole solution is therefore 


x = ^ + A cos nt + B sin nt. 


* “ Dynamic Loading and some indications of its effect on Internal Com¬ 
bustion Engines" by Commander C. W. Chapman, R.N.V.R., M.Eng., 
M.I.Mech.E. Proceedings Inst, Mech, Engineers, Vol. 153, 1946. 
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2r)9 


To evaluate this we must know the displacement and velocity 
of the free motion at the instant that the impulse is applied. 

Let us assume, as in previous work, that when the force is 
applied the load is at rest, with no initial displacement, i.e. 
when f = 0 : 




dl " 


0 — ^ + Bn-, 


A =0-; 
B=- - 


R 

Fn 


P 


R I . , 

^ - sm nt, 
F n 


or the force exerted in the structure 


~Fx = Rt — sin n/. 
n 


Thus, as we might expect, the displaceuK^nt x is equal to the 
static (due to the applied force) upon which is superimposed 
the displacement due to a free vibration. This latter vibration 
starts in opposition to the displacement due to the applied 
force as is shown by the negative sign. 


If T = the natural period of vibration so that , we may 

write rp . ^ V 

Fx.^Rt-R.t, 


so that the modification of the static force due to the free 
vibration depends on (1) R, the rate of loading and (2) T, the 
period of the free vibration, and, as time is therefore the 

277 

important factor. Chapman prefers to substitute -r for the 
circular frequency n. 

Fig. 92 show,s the .static displacement curve • t and the 

natural vibration separately and superimposed. 

Suppose at a time the applied force ceased to increase and 
became constant (or was “ stabilised ”) at this value pro¬ 
ducing, therefore, a static displacement pt^-ab (Fig. 92), the 
total displacement at this instant will be 

R, R y . . ■ j ,:\ 

f, - - sm nti, i.e. cb .(i) 

F ^ F n 
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The load will now vibrate with its natural frequency about this 
constant static deflexion position and the amplitude of the 
motion will depend on the displacement of the load from this 



Fig. 92. 


position and its velocity at the instant of stabilisation of the 
force. 

At any time t >1^ or at a time {t - /j) measured from stabil¬ 
isation, the motion about the static position will therefore be 
of the form 

x = C cos n{t-ti)+D sin n(t-ii), .(ii) 

or =a cos [n(<-/j)-f-c]. 

At a time i^, or when (/ -/j) =0, 
the initial displacement from the static position from equation (i) 
R 1 

= - ^ - sin n<i (i.e. ac, Fig. 92) 

= C from equation (ii) ; 
and similarly from equations (i) and (ii), 

Initial velocity'—= ^ ^1 - ^ « cos nt\ =nD, 
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The free vibration about the static position p is given by 

substituting for C and D in equation (ii), and the amplitude of 
the motion is 


= 1 • ? ^2(1 - cos »(,) sin- ’^) 

1 R . nti 
:=2 . -. = sin ~. 
n F 2 

It is useful to compare this amplitude with the static de- 
flexion p produced by the force, i.e. 

Amplitude of free vibration _ a _2 . nti 

Static deflexion due to force ~ R ~ nt^ 2 ’ 

27r 

or, substituting for n = -pr. 


L 

rrti 


sin 


irti 

T’ 


Thus the amplitude reached depends on the time ti up to 
stabilisation of the force and the periodic time T of the free 
vibrations, tJT being the deciding factor for a given elastic 
system. 

If ti is very small, i.e. a suddenly applied force, we may write 


irti 

T 


(radians) for sin ^, hence the above ratio is approximately 


unity, i.e. the total displacement (and therefore stress) is twice 
that due to static application of the force, a result already 
noted. 

The greater ti, the less does the above ratio become and thus 
the less the total displacement. 

On page 148 we examined the case for a similar system at 
rest initially and then subjected to a simple harmonic force 
P cos qt. Since this force was given as a cosine function, when 
we started to measure time (i.e. /=0) the maximum value P 
was acting. If, however, at the start the force had been zero 
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and had risen to its maximum value it would have been rep¬ 
resented by P sin qty and the resulting motion would have been 

X — ~ fsin at - - sin wA 

-q-\ ^ n ) 

being again the superposition of a free motion on the forced. 

In his paper Chapman considers the effect of stabilising such 
a force at a given time and again shows the importance of time 
on the resulting motion. 

Waves. In all our work up to this point we have assumed 
that the effect of a disturbing force is transmitted through the 
elastic connexions instantaneously, but if these connexions are 
of considerable length the time element will again be impor¬ 
tant, since time will be required for the effect of an applied force 
to travel along the system in the form of a wave. 

Sound, light, radiant heat, etc., are all transmitted by wave 
motion and the subject is fully dealt with in text-books of 
physics, but it will be of interest here to recall the elementary 
principles in order to indicate the importance of wave trans¬ 
mission in various engineering problems. 

In the previous chapters we have considered the periodic 
motion of various elastic systems in which, assuming no 
damping, the component particles moved in phase or 180 
degrees out of phase. Let us now examine the motion pro¬ 
duced when the component particles of a medium arc per¬ 
forming simple harmonic motions of the same period and 
amplitude, but the phases of which arc different, yet at the 
same time are related to one another in a definite way. 

Consider a number of particles arranged at equal distances 
along a straight line AB, and imagine them to be vibrating in 
a direction perpendicular to AB with the same period T, but 
each successive particle is (say) 45 degrees out of phase with the 
preceding one. Fig. 93a shows the relative positions when 
point (1) is at its maximum displacement, together with the 
respective vectors at 45°, which generate on the lines perpen¬ 
dicular to AB, the simple harmonic motions of the particles. 
Fig. 936 shows the positions after the vectors have rotated 
♦ See Examples III, Question 2. 
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through 45°, i.e. after a time interval T/8 and (c) for a similar 
successive interval.* 

From examination of these diagrams it will be clear that the 
particles at any instant arc situated on a harmonic curve 


® 

© 



which appears to travel along the line AB as time proceeds. 
This curve is called a wave, and the distance moved in a com¬ 
plete period of the S.H.M. of the particles is called the wave¬ 
length, or alternatively it is the distance between two conse¬ 
cutive particles that are in the same phase. 

Note that although the form of the wave is similar to that 
of the harmonic curve shown in F'ig. 2, this latter is the space- 
time curve for a single particle, whilst in our present case the 
wave form gives the actual instantaneous positions of a series 
of particles. 

It must further be emphasised that the translatory motion 
of the wave is not accompanied by the translation of the 
particles themselves, which merely perform their individual 
motions at right angles (in this case) to the path of the wave. 
A very familiar illustration of this is the wave motion produced 
along a rope by shaking one end in a vertical plane. 

The wave motion just examined is caused by a transverse 
vibration of the particles and a visual wave results in many 
cases. Waves may, however, be transmitted through a medium 
by the longitudinal vibrations of the particles, i.e. by the 
♦ The vectors in Figs. 93 and 94 are shown rotating clockwise. 
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particles executing their S.H.M’s. in the direction in which the 
waves move. In this case, the particles no longer remain a 
fixed distance apart, but are alternately crowded together and 
drawn apart, but again there is no translation of the particles. 

Consider a long tube filled with air, water, or other elastic 
medium of continuous particles, and fitted with an elastic 
diaphragm at one end, which can be set into vibration in a 
plane perpendicular to the axis of the tube. 

As the diaphragm moves inward the particles of the medium 
in contact with it are displaced along the tube, and, coming 
into contact with adjacent stationary particles, produce a 
zone of compression at the diaphragm. The first particles, 
due to their acquired velocity, must also impart motion to the 
neighbouring particles, which will in turn similarly affect suc¬ 
ceeding particles so that a zone of compression travels forward 
along the tube. 

On the return of the diaphragm outwards, the particles of 
the medium in contact with it will reverse their motion, causing 
a reduction in pressure as the individual particles move away 
from one another in the direction of motion of the diaphragm. 
This carries on throughout the whole length of the tube and 
thus a zone of low pressure is transmitted. Immediately 
afterwards on the forward movement of the diaphragm, another 
zone of high pressure is sent forward, and these alternating 
zones of high and low pressure will continue as long as the 
diaphragm performs its vibration. 

All the particles in turn are thus impressed with the same 
S.H.M. as the diaphragm, but as it takes time to transmit the 
motion, there will be a phase difference between each succeed¬ 
ing particle in exactly the same manner as for'a wave caused 
by a transverse vibration, and if we were to plot the increase 
and reduction in pressure above and below the mean pressure 
for successive points along the tube at any instant, a simple 
harmonic curve would result. This wave will travel forward 
along the tube and its crests correspond to high-pressure zones 
and its troughs to low. 

The distance between two consecutive particles in phase is 
the wave-length as before. Fig. 94 shows a series of particles 
each vibrating with S.H.M. of the same amplitude and period 
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in the line AB, but differing in phase by 45°. The positions 
shown are for time intervals of J period, and the three particles 
nearest together are indicated to make clear the travel of the 
compression zone. 




Fig. 94. 


Reflexion of waves. When a zone of compression, travelling 
through a medium, say an elastic rod, encounters a rigid ob¬ 
struction an exactly similar wave will be reflected back from 
the obstructing surface. We can visualise the effect as follows; 
as the compression zone moves forward each layer of particles 
in turn imparts a forward motion to the next stationary layer. 
Any layer could be converted into a rigid obstruction by moving 
it backwards by exactly the same amount as the forward 
motion imparted to it by the arrival of the compression wave. 
This backward motion starts off the reflected wave, and the 
particles in the vicinity, which are already under compressive 
stress due to the forward wave, will now be subjected to twice 
this stress due to the added effect of the return wave. 

The same reasoning will apply when a zone of tensile stress 
is transmitted, except that now the actual movement of the 
particles will be in the opposite direction to the travel of the 
wave. 

Suppose a zone of compression arrives at the free end of the 
elastic rod. Since the last layer of particles can suffer no stress 
it will therefore move through a greater distance than if sub¬ 
jected to the compressive stress. This extra movement puts 
the end layers into tension and a tensile wave is reflected back. 
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The tension and compression must neutralise the stress at the 
free end, so that the movement of the final layer under tension 
must equal that due to compression, or the movement of this 
layer will be twice that due to the one stress alone. 

If two or more waves are passing a section at the same time 
their resultant effect will be the algebraic sum of their separate 
effects. 

An alternative way of viewing the reflexion of a wave is as 
follows (Fig. 95) : 

If two exactly similar zones of compression (or tension) are 
transmitted along the rod from opposite directions, the layer 
of particles at which the wave fronts meet will be kept station¬ 
ary and will remain so whilst the waves pass over one another, 


since it will be equidistan 
jected to the same stress 

-rrrrTTTnrTlTf^^ 

it from 
from 1 

I both fronts and therefore sub- 
)oth waves. Fig. 95 shows two 

^ lljlTirniT^^ 

-. ■mJiiTlififill 

11 11 ■ 

Fig. 

95. 


such zones, in which the ordinates represent the stress (or 
strain) transmitted which is reducing as the waves proceed. 
They are shown approaching and passing one another with equal 
velocities c. Considering either side of this stationary layer 
we see that a rigid obstruction is equivalent to the reflexion 
of the forward wave, the final layer being subjected to twice 
the stress due to the forward wave at any instant. 

If, however, one of the waves is tensile and the other compres¬ 
sive, this central layer will be subjected to zero stress during 
their passage, and its movement will be twice that due to a 
single wave, since the movement of the particles in each of the 
opposing waves will be in the same direction. This is equi¬ 
valent to the conditions at the free end of a rod, the reflected 
wave being of opposite sign to the forward wave. 

Consider again the tube in which an alternating wave of 
high and low pressure zones is being transmitted (Fig. 96). 
Let the length of the tube be an exact number of wave-lengths 
and great compared with the amplitude of the particles in 
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vibration ; and let the end opposite the diaphragm be closed 
by a rigid plug, so that when the wave reaches this point it will 
be reflected back. Since the length has been made an exact 


\ 
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Fig. 96. 


number of wave-lengths, the first zone of high pressure of the 
reflected wave will arrive at the diaphragm as it is about to 
send another along, so that now a zone of twice the original 
pressure will be sent forward. 

This in turn will be reflected back to the diaphragm and so 
waves of ever-increasing pressure, with corresponding greater 
amplitudes of oscillation of the transmitting particles, will be 
sent out until finally the pipe bursts. 

Suppose now that instead of a diaphragm at A we substitute 
a small piston capable of being driven with S.H.M. by (say) a 
crank and long connecting rod, and we also place a similar 
mechanism at the other end B, which is a complete number of 
wave-lengths from A. Then it will be clear that the energy 
transmitted by the wave produced by the oscillation of the 
piston A is capable of driving B at the same speed as A pro¬ 
vided B is set in phase with A, since, if the pipe were continued 
past B, the latter would produce in it a continuation of the 
original wave. If B was placed at any other point in the pipe¬ 
line, its phase of motion would differ from that of A, being 
such as to produce a continuation of the original wave beyond 
B. Hence, wherever B is placed, provided it can rotate at the 
same speed as .4, it is capable of utilising the whole of the 
energy transmitted from A . 

If, however, B is not able to take the whole of the energy 
transmitted by A, then the portion not absorbed will form a 
reflected wave which will, on arrival at A, increase the energy 
transmitted until, as with a closed pipe, bursting occurs. Thus 
some means of storing the surplus energy and utilising it at 
any desired time is necessary. 
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From this very brief outline it will be realised that it is quite 
possible to transmit power by wave motion, i.e. without actual 
transference of the particles of the medium itself. This method 
of transmission was first introduced by G. Constantinesco. 

The effects of wave reflexion in increasing the pressure in a 
pipe-line is of great importance in many spheres of engineer¬ 
ing—for instance, in a Diesel engine using a “ solid injection 
fuel system operated by a jerk pump, the oil pressures and the 

timing of injection are consider¬ 
ably influenced by waves set 
up in the pipe-line between the 
pump and the nozzle. 

The velocity c of wave pro¬ 
pagation in a pipe or a uniform 
elastic rod can be obtained quite 
simply. In Fig. 97, let 

A =the cross-sectional area of the rod ; 

P = the suddenly applied force at one end setting up a 

p 

uniform stress /=^ on an elementary layer at the 
end of the rod. 

Unless P varies the stress will be uniform and will be trans¬ 
mitted to each layer in turn, so that in a time 8^ a length of 
rod=c.8^ will have been affected, where c = the velocity of 
transmission of the wave. 

Due to this compressive stress the length c . 8/ will have 
shortened by the amount hx, where 

stress=£ x strain, 
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Fig. 97. 


or 


i.e. 


^ hx 

f 

8jr = ^ X c . 8/. 

E 


Then the velocity v of the particles in this elementary zone of 
compression (of length c . 8^) is dxjdt, hx being the distance 
moved in the time U, so that 
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Again, the length c . 8^ of the rod has acquired momentum 
in the time 8/, the velocity of its particles having been changed 
from zero to v, so that the change of momentum is 

A{c ,8t)p .V 


. wt. per unit volume 

where p =- - - 

g 

Thus the rate of change of momentum will be 

Acpv 


which must be equal to the force applied, 
i.e. P—fA =Acpv — Acp . c 


and is entirely independent of the stress transmitted. This is, in 
other words, the velocity of sound in the medium concerned. 

In certain research work it may be required to subject a 
specimen to a heavy stress for varying, but very small, intervals 
of time. This may be done by allowing a weight to fall upon a 
stop at the lower end of a long vertical wire, thus transmitting 
a wave of tensile stress along the wire to the specimen at the 
top. The period during which the weight is in contact with the 
stop can be varied, thus varying the length of the tensile stress 
zone transmitted. 


Wave transmitted along an elastic wire by a falling weight. 
Let w = the mass of the falling weight, 

m^^the mass of the stop (if not negligible), 
h — the height from which the mass is dropped, 

then the velocity of the weight just before impact — sJ^gh, and 
by equating momentum before and after, the velocity V of the 

, 

weight and stop just after impact v2gA. Now in a 

very short time 8/ after impact, during which the velocity V 
has not appreciably altered, the displacement of the stop - V . 8/, 
and the distance travelled by the wave is c . 8/. 
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Thus the mean strain in the stressed zone = —= —, a 

result noted above in a slightly different way. ^ ^ 

The wave travels up the wire to the specimen or fixed end 

and is there reflected back, producing momentarily at this 

2V 2V 

point a strain — or a corresponding stress =£* x— as before 

described. ^ ^ 



The wave or zone of tension continues 
to be transmitted as long as motion of 
the weight after impact occurs. This 
motion however, is being retarded so 
that the strain and corresponding stress, 
which are proportional to the velocity 
of the weight at the instant of trans¬ 
mission, are continually diminishing as 
one moves back from the wave front. 
This is shown by the curve of strain in 
Fig. 98a which represents the amplitude 
or strain at each section of the wire as 
the wave moves forward. 

The initial strain, i.e. the strain pro¬ 


duced at the wave front, is, as above, -. 

c 

Let T; = the velocity of the weight and stop at any instant 
after impact, so that the strain which will be transmitted at 

V 

this instant is - , and therefore the retarding force exerted by 
c 


V 

the wire on the weight isE . - x A, where A is the area of cross- 
section of the wire. 

The equation of motion of the weight is therefore 


m dH 
g dt^ 


or 

and integrating, 


m dv 
'g di' 
dv 

V 

logfV^ 


,EA, 

cm 

EAg , , 

-^ -h constant. 

Qm 
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When /“O, v~V ; 

the constant = log^ K, 

so that log^ - - - . t 

V cm 

- f 

m ' * 
m 

where Apg =/jL~m3LSS per unit length of the wire, 
or v — V,em, 

t being measured from the start of impact. 

The strain at any point of the wire is zero until the wave 

V 

reaches it when it becomes ~, and then steadily reduces to 
V V —t 

~ =z -- , e y continuing until the reflected wave front reaches 
c c 

V 

this point when the strain will be increased by —, the sum of 

c 

the two being the maximum strain to which this section will 
be subjected (Fig. 986). 



CHAPTER XII 

TRANSVERSE VIBRATION OF BEAMS 

A LOADED beam is an elastic structure and may therefore be 
set into free natural vibration. 

By “ transverse ” vibration is meant a vibration in any 
given plane of bending, the system therefore having the same 
number of degrees of freedom as the loads carried, since the 
position of each load can be stated in terms of a single coor¬ 
dinate. In many cases, such as a shaft, the system is free to 
vibrate in any plane and is not constrained to a particular one, 
so that its motion will be the resultant of the respective motions 
of each vibration. 

For instance, considering any one particular point in the 
beam, if this undergoes a S.H.M. Xi=y cos (co^ + e) in one plane 
and a similar motion =y sin {cat + <?) in a plane at right angles, 
then we have seen from page 30 that the resultant motion is 
in a circle of radius y and with angular velocity a>. Thus as 
every point in the beam has similar motions, the whole beam 
will undergo a circular vibration with angular velocity at or 
frequency a>/ 27 r. This conception is of extreme importance, and 
will be dealt with again in the next chapter. 

In the following investigations we shall assume that all parts 
of the shaft move with S.H.M. along parallel straight lines. 
This will be approximately true provided that, as is usual, the 
amplitude of the motion is small compared with the span. 
Also we shall assume that the plane of any disk, etc., remains 
the same throughout the vibration. Actually, except for the 
special case of a single loSid at the centre of a uniform shaft 
which is supported at its ends, the plane will vary, the load 
being subjected to an angular oscillation about an axis perpen¬ 
dicular to the plane of the transverse vibration. 

However, if the radius of gyration of the load is small com¬ 
pared with the span of the shaft, the effect of the " rotatory 
inertia ” may be neglected. Its effect in any case is always to 
exert an opposing bending moment which will tend to stiffen 
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the shaft against the vibration, so that the true frequency will 
be slightly higher than that found without taking it into 

account. _ 

Consider first a beam or shaft of ^ 

negligible mass carrying a single Y'"' ^ ^ T 

concentrated load W (Fig. 99). 

The equation of motion for the 

natural transverse vibration of this system in any given plane, 
say the vertical, will be as before : 


W ^ 

g di^ 


-Fy, 


where y is the deflexion of the load at any instant from its rest 
position, and F is the stiffness of the beam at this point, i.e. the 
force to produce unit deflexion there. 

The rest position with a horizontal shaft would, due to gravity, 
be the static deflexion position. 

We have previously noted, when considering a load on a rod, 
etc., that gravity does not affect the vibration but only alters 
the rest position of the load when the rod is vertical from that 
taken up when the rod is horizontal. 

Actually in the case of a beam gravity will affect matters 
slightly, since if the beam were vertical the vibration would 
be about the straight vertical rest position, but if horizontal, 
the rest position is the static deflexion curve, hence the con¬ 
figuration of the system is altered. 

We shall, however, neglect gravity, or eliminate it by con¬ 
sidering a vertical beam. 

The above equation of motion represents, of course, S.H.M., 
the frequency being 

J_ /S-JL /Z 

27T ^ W 27t\Y,’ 

w 

where y.= — =the static deflexion of the load. 

F 


If there are two loads on a beam it will be clear that two 
modes of vibration are possible : (1) both loads moving to¬ 
gether, or (2) the loads moving in opposite directions (Fig. 100). 

Similarly with three loads, three modes of vibration are 
possible ; and continuing, it will be seen that with an infinite 
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number of loads, i.e. a distributed load, an infinite number of 
modes of vibration can occur. In each case the fundamental 
or slowest mode is that which has the least number of nodes, 
i.e. with a cantilever or a beam on two supports, when there is 
no node along the beam (except at the supports which form 
nodes, of course), the beam bending into a single bow, this being 
the shape of least constraint. 



Fig. 100. 


Lord Rayleigh, in his book The Theory of Sound,hdiS made com¬ 
plete mathematical investigations into the subject, deducing 
general equations for the frequencies for any type of loading 
and support. 

Let us consider a beam carrying a uniformly distributed load. 

Transverse vibrations of a beam carrying a uniformly distri¬ 
buted load (Fig. 101). 

Let z£/=the weight per unit 
length; 

L—the length of the 
beam ; 

jy = the deflexion at a 
distance x from one support at any time t. 

Then, assuming that each element of the beam vibrates with 
simple harmonic motion of frequency we have 

.(') 

Now in books on the “ Strength of Materials ” it is shown that 



Fig. 101. 



275 


TRANSVERSE VIBRATION OF BEAMS 


the loading per unit length of beam causing a deflexion y of the 
element concerned is given by 

(see page 281) 

where / = the second moment of area of cross-section of the 
beam about the neutral axis. 

When the deflexion is the static this loading, of course, is w, 
but, when the beam is vibrating, the force required to accelerate 
each element of unit length is 

w d^y 
gdt’^’ 

and therefore the inertia reaction of each element on the beam is 


w 

g dt^ ‘ 

In other words this is the loading per unit length to which the 
beam is subjected at any given instant. 


Thus 

and therefore from (1) 


10 d^y d^y 
gdi^~^^dx^^ 

gEI d^y 


py--~:r 


IV 


dx^^ 


or 


d^y , , ^ wp^ 

- m^y = 0, where wr ~ - ^ • 
dx^ ghi 


This equation is true for any value of y, and is a standard 
differential equation, the solution of which is 

y=zA 1 ^"** + + C cos mx + D sin mx, 


or, alternatively, 

= (^1 + cosh mx + (i4i - B^ sinh mx -f C cos mx + D sin mx, 
i.e. y = A cosh mx + B sinh mx + C cos mx -h D sin mx. 


cosh mx = - 




2 cosh mx = 


^mx _ ^—mx 

sinh mx =-^-; 

2 sinh mx = ; 


Sum cosh mx + sinh mx = e'"®, .(1) 

Difference cosh mx - sinh mx = .(2) 
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Hence the above. 

Also djdx cosh mx=^m sinh mx, djdx sinh tnx^m cosh mx, 
and equation (1) x (2) gives cosh* mx - sinh* mx = l. 

Finally, when ^ = 0 cosh mx = 1, sinh mx=^0. 

With these relationships we may proceed.^ 

Now the end conditions determine the values of the four 
constants, and since the equation holds for any value of y, let 
us choose a value that we know, namely y=ys, the sialic 
deflexion of the element. 

Consider, say, a beam supporled freely al Us ends. 

For this case we know that 

y, = 0, when x — 0 and x~L, 

d^y 

and since the bending moment M=EI (see page 281), 

dyjdx^ = 0, when x = 0 and x=L. 

These four conditions are sufficient to eliminate three of the 
constants and leave an equation in m, from which the frequen¬ 
cies of vibration are obtained: 

P jEIg 

27r 27tV w ’ 


We have, differentiating twice, 

d^y 

cosh mx+Bm^ sinh mx - Cm^ cos mx - Dm^ sin mx. 
Thus, using the information above. 


^=0 


x=L 


y,-0^A+C 

dy. 


dx^ 


^0=A-C 


(a) 

ib) 


y, = 0=A cosh mL+B sinh mL+C cos, mL + D sin mL ...(c) 
=0=.d co^ mL + B sink mL-C cos mL-D sin mL ...(d) 
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Hence, from [a) + [b) and [a) - (6), 

A-{) and 

(c) B sinh mL + D sin mL ^ 0, 

(d) B sinh mL - D sin mL - o ; 

(c)+ (d) : B smhmL=0, 

(c) -(d) : D sin mL = 0. 

Now since mL:^0, B~0, and since otherwise 

A=B = C = D = 0 and y = 0, the beam then being at rest, we 
have 

sin mL=0 ; 

mL—TT, 277, 377 ... . 

Thus there is an infinite number of values of mL which bear 
the ratio 1:2:3:..., and as the frequency is given by 



there is an infinite number of modes of vibration, whose fre¬ 
quencies are in the ratio of P : 2^: 3^... . 

Taking the lowest value of we obtain the 



Fig. 102. 
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Now the equation of the vibration curve is 


y — D sin mx, 


and, on substituting the above values of m, tt/L, 27r/L , we 

see that the beam takes up the sine curves shown (Fig. 102) at 
the different frequencies, consisting of one, two, three, etc., 
similar bows, thus producing 0, 1, 2, 3... nodes between the 
supports. 

As already stated, the values of the constants A, B, C, D in 
the solution are determined by the end conditions of the beam, 
so that for the case of a cantilever carrying a uniformly distri¬ 
buted load, we have, measuring x from the support : 


When x = 0, ys = 0 and the slope 


dx 


= 0. 


d^y 

When x~L, the bending moment El is zero, and also the 

wTO 


shear force, which is given by El 


dx^ 


Using this information we can eliminate the constants, and 
the resulting equation in m will be found to be 

cosh mL . cos mL = - 1. 


By plotting cos mL and-^- 7 for various values of mL 

^ ^ ° coshwL 

the intersections of the two curves give the various solutions, 
which are infinite in number, and the corresponding forms of 
the beam during vibration will be such that 0, 1, 2 ... etc. nodes 
are produced along its length. 

We have examined the one case above in detail in order to 
emphasise the fact that there is an infinite number of natural 
modes of transverse vibration of a beam carrying a distributed 
load, and to call attention to the shape taken up at the differ¬ 
ent frequencies. Precise mathematical determination of the 
frequencies becomes extremely difficult for the various com¬ 
plicated systems that occur in practice, and the following 
approximate method, also due to Lord Rayleigh, enables us 
to determine, with an error of less than 1 per cent., the 
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fundamental frequency for a cantilever or a beam on two 
supports, however loaded. 

The fundamental, being the slowest mode, is usually of most 
importance to engineers, since it may well come within the 
operating range of any machine. 

Rayleigh’s approximate method for determining the fimda- 
mental frequency of transverse vibration of a single span beam 
carrying a distributed load. In this method we consider the 
energy of the vibrating beam. It will be remembered that 
the energy is wholly kinetic as the system passes through 
its mean position, and wholly strain energy at the end of a 
swing. 

Both these terms depend on the displacement of the beam 
at the point considered, and for their evaluation it will therefore 
be necessary to know the shape taken up by the beam during 
vibration. Since the kinetic energy term depends also on the 
velocity of the by equating the maximum K.E. 

to the maximum strain energy, the frequency can be deter¬ 
mined. 

Lord Rayleigh has shown that different assumptions made 
in regard to the shape, not unreasonably differing from the 
true curve, hardly affect the calculated frequencies. 

A reasonable and very simple assumption is to consider that 
the displacements of all points in the beam at any instant arc 
the same proportion of their static displacements ; or, since the 
amplitude does not affect the frequency in any way, let us 
assume that when the beam is at the end of an oscillation the 
deflexion curve coincides with the static deflexion curve pro¬ 
duced by the same loading when the beam is horizontal. The 
strain energy is then very simply found since the force causing 
this deflexion is the loading. 

That this assumption is reasonable may be seen from the 
fact that it requires a considerable change in the load-distribu¬ 
tion to produce any appreciable change in the static deflexion 
curve, hence the vibration load-distribution caused by the 
acceleration of each element would have to be very different 
from the static to cause much alteration in the shape 

By making such an assumption not strictly correct we are 
really forcing the beam to take up this given configuration and 
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are therefore introducing an additional constraint, thereby 
increasing the stiffness of the structure. The values of the 
frequencies so determined will thus be slightly higher than the 
true values. 


Now let (Fig. 103) 



an element distant x from one 


w =the weight per unit length 
of the beam, 

L — the length of the beam, 

y,=the static deflexion and 
amplitude of vibration of 


A 

2it 


=the frequency of the S.H.M. of each element. 


Thus the deflexion at any instant of an clement will be 

y =y, cos pt. 

and -py, sin pt. 


The kinetic energy of any element of width 8x is therefore 


1 w8x /dyY 

2 g [dtj ' 


and the maximum value is 


1 ti^Sx 

2 T" 


(Pys)^* so that the 


Max. K.E. of whole beam=^ . dx. 

2gJo 


The strain energy on our assumption is very easily obtain¬ 
able, since it will be equal to that stored by the beam when 
deflected statically under the given loading, and is equal to 
half the work done by the loads in falling to their static deflexion 
positions, i.e. 

Max. strain energy of element = .y,; 

Jd 


Max. strain energy of whole beam = 


2J0 


wys dx. 
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Thus, equating, we obtain : 




dx 




dx 

\ 

or, if the load is uniformly distributed, 






dx 


i: 


Vs^dx 


a result which lends itself to ready solution. 

In Table 1 the equations for the static deflexion curves for 
some typical systems are given. 

In books on the Strength of Materials it is shown that if 

w = the load per unit length, 

F = the shear force, 


M = the bending moment, 

/ = the second moment of area of cross-section about the 
neutral axis, 
i — the slope in radians, 
y, = the static deflexion, 
then at any section distant x from the origin, 


dF 

dx 

= w 

or 

F= 1 

j* dx -f constant; 

dM 

dx 

= F 

or 

M = 

% 

1 F rfjc -f constant; 

di 

dx 

M 

~Ei 

or 

II 

• 

M dx-^ constant 

ih 

dx 

— i 

or 


+constant. 

r d^y^ di M 

Thus working backwards ^ 


EI^’ = F and 

dx^ dx* J 
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If the equation of the loading is known, we can at once 
determine by integration the equation of the static deflexion 
curve. If there are concentrated loads acting as well, which 
will cause discontinuities in the mathematical equation for the 
load, we can only integrate between these loads, or over the 
portions where the loading is continuous. The constants above 
are determined by the end conditions of the beam. 

As an example let us take the case of a beam carrying a 
uniformly distributed load and resting on two supports at its 
ends, which do not constrain it in any manner, e.g. Case (I), 
Table I. 

Then F =| + Cj 

=wx + Ci. 

Now when x=Lj2 the shear force is zero, 


wL ^ 



and 


F=wx - 


wL 


••• 


wx ~ dx -f Cg 


2 

wx^ wLx 

“2 V 


+ Co. 


Now when x — 0, the bending moment =0 ; 


hence 


1 [Iwx'^ wLx\ , ^ 

_ w /x^ Lx^\ 

When x=^ the slope is zero, 

z 

, w /L» L»\ ^ 

sothat 


i.e. 


Co — -f 


wL^ 

2iEl^ 


Ca-O. 



Table I. Beams carrying uniformly distributed Loads w per Unit Run. 
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__ w /x^ Lx^\ wL^x ^ 

~ 217 IT2 ~ T / ^ 24£7 ^ ^ 


Finally, when ar= 0 , y, = 0 ; C 4 = 0 , 


W 

and y, = (*< - 2Lx^ + LH). 

Accordingly, 

gj (x*-2Lx^ + L^x)dx 

A2 J 0 _ 

^ w F 

2 ^ (x» + 4Ux»+LH^ - 4Lx> - 4L*x* + 2L^x^) dx 

2Lod^ 

45 —T-^-2-1 

w 

24F7 

4 1 1 4 n' 

24£/^" 2 5 ^ 3 ] 

^ 31 wL*’ 

or the frequency= 1*572 • 

Now at the beginning of this chapter we proved that the 
fundamental frequency for this particular system was 

^ » where m will be y, 

217's w L 

i.e. true value of frequency sj^L^ 

so that the error of the approximate solution is only 0’06 per 
cent. 

The true and approximate values for this fundamental fre¬ 
quency for the systems shown are compared in the last three 
columns of Table I. 


'x^ 4LH'^ LH^ 4Lx^ 4L^x^ 2LH^'y' 

Q + —j— + - g g + ~e ‘ Jo 
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If the beam is of negligible mass, but carries a series of 
concentrated loads, a similar expression will be obtained. Instead 
of summing up the energies of each element of the beam, we 
merely sum up the energies of all the loads : 

Let Wi, Wg, W 3 ... = the concentrated loads; 

y,i,y, 2 , y, 3 ... =the static deflexions of the points of the 
beam at which the loads are applied— 
all loads, of course, being in position. 

Then, 

total maximum K.E. + IFjy,* +...], 

and the total maximum strain energy 

=h[Wiyn + W3y,3 + ...]. 

Hence, equating, 

^ 2:wy,^' 

This is the usual method adopted in practice for obtaining 
the fundamental frequency of transverse vibration of a com¬ 
plicated system. The loading is split up into a series of con¬ 
centrated loads, which include the weight of the beam sections 
or other distributed loads, and the static deflexion curve for 
this system is found by a process of graphical integration. 
Various methods for obtaining this curve will be found in books 
on the Strength of Materials, and the following is one of the 
simplest. The method to be adopted is similar to that given 
above for obtaining the static deflexion curve by successive 
integration, but now the integration will be performed graphi¬ 
cally. In the mathematical process we can only integrate over 
portions of the beam on which the load is continuous, but by 
plotting the curves all discontinuities are automatically in¬ 
cluded. 

Referring to the equations on page 281, if we integrate, say, 
the Bending Moment equation, 

M—^Fdx f constant 

between limits, i.e. between any two points (1), (2) on the beam, 
we have: 
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Change of B.M. between these two points=| F dx, and this 

is equivalent to the area of the shear force diagram between these 
two points. 

Similarly the change of slope (radians) between these two 

points is given by the area of the B.M. diagram x ^ or, if the 

hi 

cross-section and therefore I varies, a curve of Mjl should be 
constructed, the change of slope then being given by 

Jr X area of Mjl curve. 

In the same manner, for the deflexion curve we have : 

Deflexion of point (2) from the tangent at (\) =the area of 
the slope curve between these two points. 

Let us make ourselves familiar with the method by consider¬ 
ing a beam carrying, say, three concentrated loads as shown in 
Fig. 104«, the beam being of variable section. 

The diagram {b) shows the deflexion curve which we are 
endeavouring to oljtain, and is given here so that we can exam¬ 
ine certain details as we proceed. Note that a and j8 are the 
angles of slope (radians) at each end of the beam, so that 
(a+)3), as shown, is the change of slope from A to B. We will 
call hat, the deflexion of B from the tangent at A. 

Diagram (c) shows the shear force, assuming the loads to 
have the values represented to scale. The B.M. diagram is 
obtained from this by measuring the areas of the different 
sections and plotting them as ordinates as in {d). For instance, 
change of B.M. from A to C = <^area on S.F. diagram, 
and similarly Mca = \ area. The maximum B.M. obviously 
occurs where the S.F. changes sign. 

The next curve (e) is obtained by dividing the ordinates of 
the B.M. diagram by El, the resulting form of the curve depend¬ 
ing on how the beam section varies, and by integrating this 
curve we obtain the slope curve (/). 

The ordinates of this curve represent the change of slope 
from the origin A to the point considered, e.g. the ordinate at 
B = {a+^) = whole area of the M/El curve. 

In order to obtain the actual slope from the horizon, we must 
subtract from each ordinate the slope at A, i.e. a. 
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Fig. 104. 
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This has been done in (g). At the moment, however, a is 
unknown, but from this diagram it is easy to see that a is the 
mean height of the curve. The slope of the lowest point in the 
beam, i.e. the point having maximum deflexion is zero, 
since the tangent is horizontal, thus the change of slope from 
this point to A=<x., and from this point to B=j8. Hence the 
point X in (g) gives this point of maximum deflexion, since, 
measuring ordinates from this new base line A 'B'i the ordinate 
at A' =(x and at B'=^. 

Again, the two cross-hatched areas must be equal, since, 
taking the origin at X, they represent the deflexions of A and 
B respectively from the tangent at X, i.e. in each case. 
Thus a = the mean height of the slope curve (/). The static 
deflexion curve (h) is now obtained by measuring areas from 
this new datum line A'B', e.g. area from A' to X —y^- 

Instead of transferring our datum and so obtaining actual 
slopes, we could integrate the curve (/) as it is drawn, and would 
then obtain curve (k). The ordinates of this curve represent 
deflexions from the tangent at A, and not from the horizontal, 
e.g. ordinate at B =8a6- Now the span of the beam is AB, but 
if we swing the diagram down and make AB^ the span, then we 
have a similar diagram to (6), in other words, the static deflexion 

9 


9 


© 

Fig. 105. 

curve as before. This, of course, depends on a being small so 
that is very nearly equal to ABi, but the whole deflexion 
theory is developed on the assumption of small angles and 
deflexions. 

There is just one point which might puzzle a student if he 
wished to determine the fundamental frequency for (say) the 
system shown in Fig. 106 (a). The static deflexion curve would 
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probably be something like that shown in (b), but it must be 
remembered that the reason for obtaining this curve is our 
assumption that the beam in its fundamental vibration takes 
this shape, and by no stretch of the imagination could it do so 
in this case. If, however, the loadings on the overhanging 
portions of the shaft are considered as negative, then the shape 
assumed will be much less constrained and approach more 
closely the true vibrational form (Fig. 1046). Accordingly, 
all loads on an overhanging portion of a beam should be 
treated as upward or negative. 


W, 


Dunkerley’s empirical formula for the fundamental frequency 
of transverse vibration of a loaded beam. This method, devised 
by Dunkerley in 1893,* consists in splitting up the actual 
system of loading into a number of simpler systems, the 
frequencies of which can easily be determined. He showed by 
experimental verification that the sum of the squares of the 
reciprocals of these partial fre¬ 
quencies was equal to the square 
of the reciprocal of the funda¬ 
mental frequency of the whole 
system. 

For instance, consider the 
beam, shown in Fig. 106, to 
carry each load alone in turn. 
n 

p = the frequency of the 




T- “ 


^ Iw, ® 



T 


Let 


277 


® 

Fig. 100. 




beam carrying its own weight only (Fig. 106 {a)), 

^ = the frequency of the beam, mass neglected, carrying 
^ the single concentrated load (Fig. 106 (b)), 
and similarly. 


Hi Hi 

277 ' 277 

Then, if 

h: 

2tt 


= the frequencies with the loads 
ing alone. 


when act- 


:the fundamental frequency of the whole system. 


P? 


1 

— 4. ■ 


1 


Wo" 

♦ Phil, Trans, A, 


n^ n^ 

1894, vol. clxxxv. 


+ . 


.(A) 
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or, if we neglect the mass of the beam, 


and since 


J_-J J _L 
/_!_ 

27r 27 t \ Y,y’ 


(B) 


where y,i is the static deflexion of Wi when acting alone, etc., 
we have 


I 

A* 


= l[Y,, + Y,, + Y„ + ...]=^lirY,. 

o o 


Note the difference between here and y, in the previous 
Rayleigh Formula, which is the static deflexion of a given load 
with all loads in action together. 

Also from (A) we see that the stiffer the shaft and therefore 
the higher its natural frequency nj^n, the less effect it will 
have on the resultant frequency. 

This formula, in general, gives results in fair agreement with 
the previous method, and can often be employed with advan¬ 
tage. 

Professor H. H. Jeffcott, in 1919, in a paper to the Royal 
Society * has shown the true meaning of this formula, and we 
will examine this in the next section. 


General method for obtaining the frequency equation for all 
modes of transverse vibration of a beam carrying concentrated 
loads. The previous formulae enable us to determine with a 
fair degree of accuracy the fundamental frequency of transverse 
vibration of a loaded beam on not more than two supports, 
but for the higher frequencies it will be necessary to fall back 
on the general method for obtaining the frequency equation by 
writing down the equation of motion for each of the loads. 

Consider a single load in vibration. The equation for its 
simple harmonic motion is 


g dt^ 


or, more concisely. 






where 

yi=the displacement of the load at any instant, 


♦ Derivation of Dunkerley's Empirical Rule, Proc. Royal Society, vol. xcv, 
July 1919. 
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Fu = the stiffness of the beam at the load point, i.e. the force 
which, when applied at the point of attachment of 
the load, will produce unit deflexion of the beam at 
this same point. (The use of the two suffices will be 
apparent in a moment.) 

For our present purpose it will be more convenient to write 
the equation in the following form 

Expressing the equation in this manner means that since the 
force accelerating the load at any instant is the force 

exerted on the beam by the load (inertia reaction) is therefore 
-MiYi, which will produce the deflexion 
If there are other loads at points ( 2 ), (3). , each of these 

will cause a deflexion during vibration at the point ( 1 ) due to 
the respective forces -M^Y^, ... which they will 

exert on the beam. 

Let Fii = the force which will cause unit deflexion at point ( 1 ) 
when applied at this same point ( 1 )—as already 
stated, 

Ei 2 , Ei 3 = the forces which will cause unit deflexion at the 
point ( 1 ) when applied respectively at the points 
(2), (3) ... alone, 

then the above inertia reactions of the loads W g, TEg... will 
produce deflexions at the point ( 1 ) of 

-M,Y,.y!-, -M 3 Y 3 . _t-,etc., 

^^12 ^ 13 

and the total deflexion Yj at point ( 1 ) will be 

Yi = - M, Yi * - M,Y,. t. _ M 3 Y,. I _ .. .. 

-^12 ^13 

Now since F is the force for unit deflexion, p is the deflexion 

produced by unit force, so that for , ^,... we may 

substitute y^, yu---* which are the deflexions produced at 
point ( 1 ) by a unit force acting alone at points ( 1 ), ( 2 ) ... 
respectively. The student may already be familiar with these 
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deflexion coefficients, or “ influence numbers ” as they are 
called in “ structures ” theory. The first suffix indicates the 
point at which the deflexion is being measured, and the second 
the point at which the unit force is applied. 

Thus, 

Yj = — AfjY 1. yii — M 2 Y2 • yii ~ ^3^3yi3 ••• • 
Similarly, considering point ( 2 ) if, ^22. ^'23 ••• arc the de¬ 
flexions produced at this point by a unit force acting respec¬ 
tively at points 1, 2, 3 ... we have : 

Yg = — M-iYi . y2i — M 2 Y 2 • ygg — M 3 Y 3 . 3/33 ... , 

and since the motion is to be simple harmonic of frequency, 

say, ~ we have, as usual, 

Ztt 

Y 2 = -p^Yi, etc. 

Thus, 

Yi = MiyiiP^Yi + M2yi2p^Y2 +... , 
y 2 =Miy 2 ip^Yi + M 2 y 22 p^Y 2 + ..., etc. 

There are, therefore, x equations for x loads involving x 
independent variables, i.e. the ratios Yj/Y^, Y^jY^ ... etc., 
and p. Eliminating the Y’s, we leave an equation in (/>*)*, the 
roots of which give the frequencies of the various modes. 

Now these equations hold for any type of beam—of uniform or 
variable section, on any number of supports and with any end 
conditions —the values of the constants yix. yn ••• being deter¬ 
mined from these factors by the usual methods to be found in 
books on “ The Strength of Materials ”. 

For the moment we will assume a beam of uniform section 
arranged on two supports at its ends or as a cantilever, as in 
our previous discussions. 

The values ofyn,yi 2 ... in either of these cases can be quickly 
calculated since, being on a single uniform span, they can be 
expressed by one formula. 

Moreover, Maxwell has shown that if a beam is supported 
horizontally in any manner, any load attached to a point A 
will produce the saitie deflexion at any other point B as would 
be obtained at A if the same load were placed at B. In other 
words yai =y»«, etc. 
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This “reciprocal theorem” is illustrated in Fig. 107 lor a 
beam on three supports and is obviously of great assistance in 
the calculation of the constants. 



Let us, as an example, derive the frequency equation for a 
beam carrying three concentrated loads. 

General Solution. Three Loads (Fig. 108). 



lUG. 108. 


The above equations are therefore 

( 1 ) + ^M^',,P^Y^ = 0 , 

( 2 ) M^^,p^Y, + - 1 ) + M^2.P^Y, .. 0 , 

(3) hfiyaiP^Yi +M2y32p^Y2 ~ 1) i 3~d, 

or, dividing through by p^, 

(y) H-Marian's -0, 

(2) + ^Af2V22 ^2 +-^3jy23^3 

(3) M^y^yYi “^^23^32^2 ^^£tV’33 ”"^2^ ^3 

The elimination of the Y's is extremely laborious with a large 
number of loads, but the solution will be considerably acceler- 
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ated if the reader possesses a knowledge of “ determinants ”, 
and in more advanced works such methods are discussed in 
detail. 

Eliminating Yi, Yg, Y 3 , we have then, expressed as a deter¬ 
minant, 

^lJV31 ^2y22 (^3-^33“^^ 

which represents in full 

[P^yMiM 2 M all'll 0^223 '33 “3^23^) +3'i 2(3'233'31 ~3'l2y33) 

+3^13 (3^123'32 “3'223'3i)} 

~ [P^Y[^i^2(yiiy22 ~yi2^) ^ 2 ^ 2(y22yz2 ~y2^) 

+ Ml Af 3(^X1 1^3 3 --3^13^)] 

+(Afi3'ii + M23'22 + M^yzz) -1=0. 

Now, referring to the algebraical digression on page 85 we 
see that if p^y p^y p^ represent the roots, then 

1 , J[_ , __ _ ^n-l _ ^l3^11 + M2jy22 +M3jy33 

Px^ p2^ Pz^~ (In ~ 1 

and asm'll is the deflexion produced at point (1) by a unit load 
at this point, is the static deflexion Y,i of the load 

Y 

when acting on the beam alone, and therefore - • 

S 

But the natural frequency of the beam when carrying 
only is 

/j 

277 27t\ Y,,* 

hence Mi^n--^-, 

Wi 

and similarly ^ 2^22 = — 2 » 

^2 

n 

where •— is the natural frequency of vibration of the beam 
Ztt 

when carrying W, only, and so on. 
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A similar result will be found to hold for any number of loads, 
so that in general 

111 111 

Now ^ gives the fundamental frequency, which is the slowest 

mode, and the values of /> 3 , representing the higher 
harmonics, will, in general, be large in comparison with p^y so 

that the values of ^ ... will be negligible, in which case 
p2 ypk 

1 Jl _L J_ 

Pi^ ■ »!*'''■■■ ■ 

But this is Dunkerley’s Formula for the fundamental frequency 
of the same series of concentrated loads. 

Thus its degree of approximation depends on the values of 
the second and higher frequencies relatively to the first. 

[The reader should compare this proof with that for the 
fundamental mode for a series of loads in torsional oscillation 
(page 84)]. 

Let us compare the fundamental frequencies obtained by 
the three methods described, for the case of a beam of uniform 
section carrying concentrated 

loads and freely supported at __ q _^ 

its ends as shown in Fig. 1096. tr-rs;--1-==^ 

The deflexion y* at any point -•-L-- 

distant x from one support of ! ~ x -*] yya | [-■— b —.. 
a uniform beam freely support- f ——^ 

ed at its ends and carrying a y/ ® @ 

single load W (Fig. 109a) is '* 
given by 

Wbx __ 


SO that if IF=:1 and its position is point (2) whilst point (1) 
is at the distance x, we have 

/ a . ^ 7 /•\ 


6EI.L 


(a^ + 2ab -x^). 
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This formula can be slightly simplified: 
bx 

yi2 =£ [(®* + + 6®’ 






For the evaluation of the influence numbers yi 2 > ••• it is 
perhaps preferable to use equation (i) where x—a, the formula 

Mm ■ 

All the deflexion coefficients can now be obtained from the 
above by substituting the respective values of the distances : 



Thus, 



Fig. 109 (6). 


25 . 169 „„ , 1 

y^^~3EI. ■£/’ 

5. 8(18*-25-64) _ 
GEI. 18 “ 

5.3(18*-25-9) _ 


= 87-0 . 


6F/.18 ~^^'^Er 


y2i —yi2— 67’0. ^, 

100.64 1 

^®®“37T8Tf7~ ^-£7’ 

10.3(18*-100-9) 

^®® =- 6 E 77 T 8 - 

>'3i-:yi3=4o-3.^, 

3'32=>'23 = 59‘8 . — , 

226.9 1 

^®®“ 3 . 18.EI~^^‘^’ El’ 
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Then, 

(1) Rayleigh Method. 

* i_s[^iyst + ^2y.2+ •••] 

[W,y.,^ + W,y.,^+ ...]• 

where ... are the static deflexions of the loads when the beam 
has all loads on. 

Thus, 

= W,yn + W,y,, + W,y,, - ^ . 

1473-6 

- W,y,, + W,y,, + W,y,, ^ - ~. 

y.2 = JV,y,, + IF,y32 + H%y33 - • 

Whence, on substituting above we get 
,_ gE/x 18,987 . 

21-364x10*' 

^1= 0-02987^7; 

hi- i_ 

gEI il24 ■ 

(2) Dtmkerley’s Formula. 

1 1 I 

«2* ^ W3* ’ 

where ni/27r... = the frequencies of the beam carrying the single 
loads only. 

~^2 = l ^^^yn + ^2y22 + W"3>'33] 

Pi s 

= [(6 X 78-4) + (4 X 118-3) -f (8 x 37-5)] 

gtl 

_ 1243-6 
~gET'' 

/>i= o-o2847g17, 

Pi^ _ 1 

gEI 1243-6 ■ 


or 
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(3) General Solution. Three Loads. 

The frequency equation has already been deduced on page 294, 
and on substituting the known values we shall obtain : 

2,140,000 [^]‘- 131,770 [^]’+ 1,244^^- 1 =0. 

The solutions must be obtained by trial and plotting, but 
in this' instance we do know from the previous methods 
approximately what value to expect for the fundamental so 
that the work is somewhat simplified, and wc shall find that 
for the fundamental 


11 

gEI' 


1135 


=0-00088; 


/) = 0-0296N/g£/. 

Having obtained this one root, the others can be calculated 
from the quadratic equation resulting by dividing the frequency 
equation by (x - 0-00088), i.e. the original cubic is equivalent to 
(*-0-00088)[(2140 X 10»);t;2 - (1299 x 10*)a; + 1138] =0. 
Upon solving the quadratic, we get 

=0-0106 or 0-05. 


If we substitute the corresponding values of in the original 
equations we shall obtain the values of and for a given 
value of Yj. 

For instance, taking the highest frequency, 
p’^/gEI=x = 0-05, 

and assuming Yi = unity, the first two equations (page 293) 
become 

17-4Yis + 16-12Y3= -22-52, 

22-66y2 + 23-92y3= -26-1, 

and therefore 

yj= -2-34, 
y3= +1-13. 

Since Yg is of opposite sign to Y^ and y 3 , the vibration 
curve consists of three bows producing two nodes between the 
loads. Similarly, for the fundamental all three signs will be 
the same showing that the configuration is a single bow, 
whilst for the intermediate frequency the signs will be such as to 
produce two bows. 
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Transverse vibrations of a tightly stretched wire carrying a 
series of concentrated loads, Fig. 110 (a). Whilst not so impor¬ 
tant to engineers, this 
problem nevertheless is 
of interest due to the 
ease with which the in¬ 
fluence numbers can be 
obtained. 

The tension T in the 
wire is assumed so great that it may be considered constant 
when the wire suffers small deflexions during vibration. 

Consider a unit load placed at point (1), producing therefore 
a deflexion yii at this point (Fig. 110 (6)). Since this deflexion 
is assumed small compared with the span and the two sections 
of the wire remain straight when deflected, we can say that the 

Vii 

vertical component of the tension T in the length a is ^ T, 

whilst that due to the length b is T. 

The sum of these two components must balance the unit 
force which is being applied, i.e. 

1 ab 
or 

and it will be seen that 

yii - 3 ' 2 i • I . 

:yi3-v3i=>'n-^. otc., 

so that the equation of motion for the first mass will be 
y.^P^yn \m,Y, + M, . I . Y, + M3 . ^ . 73+ •••] . 

and the equations for the remainder of the masses can be built 
up in a similar manner. 






300 THEORY OF VIBRATIONS 

Transverse vibration of beams on more than two supports. 

So far we have considered methods for determining the fre¬ 
quencies of tranverse vibration of cantilevers and beams on 
two supports, but this book would be incomplete without some 
discussion on continuous beams. Various methods have been 
devised and can easily be applied to simple cases, but the 
solution becomes very involved when the number of loads and 
supports is large. 

Consider a simple system such as shown in Fig. Ill—two 



Fig. 111. 

concentrated loads on a beam of negligible mass, and let us for 
our purpose imagine it to be a shaft supported in three bearings. 

Two natural modes of transverse vibration can occur, but 
everything depends on the type of support or bearing B. 

If the bearing is short, and may therefore be assumed to 
produce no bending moment on the shaft, not constraining it 
in any way other than producing a node at that point, then the 
shaft could take up either of the shapes shown {a), (b) during 
vibration. 

The fundamental mode is given by {a), since it is the most 
natural shape for the beam to assume, there being a smooth 
sweep of the deflexion curve from one section to the other, each 
section, as it were, assisting the deflexion of the other. 

The second mode (6) is obviously constrained and would 
represent a higher frequency. 

If, however, the bearing B is long, i.e. completely constrains 
the shaft to be horizontal at this section, then we could imagine 
the shaft cut at this bearing without affecting matters, since 
neither section, as regards its deflexion, can affect the other. 
Hence the frequencies would be those of each load on its own 
section of shafting as indicated in Fig. \\\c,d. 
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In many steam turbine designs long bearings arc introduced 
to afford some constraint, but even with such a bearing there 
must be a certain amount of clearance, and it would be difficult 
to say exactly what degree of constraint was introduced. The 
amount will depend on the deflexion, and as only a slight 
deflexion will cause fouling of the blading with the casing, 
considerable damage might be done before any constraint 
could be exercised by the bearing. Hence in the calculation 
of the natural frequencies of transverse vibration of such a 
system it would probably be safer to assume short bearings 
throughout, thus giving the lowest values. 

We shall assume short bearings at all intermediate bearings, 
and will consider two methods of attack, the first by direct 
calculation, the second by a semi-graphical process. 

(1) In discussing the general method for obtaining the fre¬ 
quency equation for a load(‘d beam, we saw that it was appli¬ 
cable to any beam arrangement, the influence numbers being 
calculated to suit. For instance, for two loads on two spans as 
indicated in Fig. 111 we have as before 

Yi ~ f MiyiiP^Y 1 -f ^J2yi2p^^ 2» 

Yg = + ^ A/2 V22/>^^^2. 

the values of Vn, jyi 2 ••• being calculated by the ordinary 
methods for continuous beams. Alternatively, if the inter¬ 
mediate bearing is short, i.e. exerts no bending moment on the 
beam but only prevents deflexion at that point, then the 
reaction of the support can be considered as a negative load, 
acting, therefore, in the same direction as the inertia reactions 
of the actual loads, and the beam may be imagined as supported 
at its ends only and under the action of these forces. This, of 
course, holds for any number of intermediate supports, and the 
influence numbers will now be obtained from the simple formulae 
applicable to a single span beam. For instance, at any point x 
along a beam 

(1) if there is a load lY^., this will cause a deflexion at any 
other point z 

iv/jfi ryzx* 


as we have seen, and 
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(2) if there is a support exerting an upward reaction 
this will cause a negative deflexion at z 

~ ^xyzxi 

and at the same time, the total deflexion at x, i.e. Y* will equal 
zero, assuming the supports are at the same level. 



Fig. 112. 


Consider, say, a beam on three supports and carrying a 
single load (Fig. 112). We can imagine this as a beam supported 
at its ends and carrying two loads, -R^ at the point (1) and 
-MjYj at (2), while the resultant deflexion Yj at (1) is zero. 
Hence 

0 = Yx = — Riyii — Yg, 

Y 2 = — Riy2l ~ ■‘^2^22^2- 

Assuming, as before, S.H.M., Y 2 — we have 


~ ^\y 11^ ^ iynP^^ 2 . W) 

Yj == — i?iy 2 i + •^2^22/’* ^2 

or 0=-Riy2i + (M2y22/»*-1) Y* . (b) 


There is no need to determine the value of R, since it will be 
seen that Ri replaces Yj, and there will always be enough 
equations to eliminate both the R’s and Y's. 

Eliminating Ri and Y^ from (a) and (b) 

-yii 

~ytl (^ 2 ^ 22 ^* ~ 1) 

i.e. M2p^(yuy22 - Y12*) -Yn =0. 

Similarly, for any number of short bearings, we may write 
down the equations and by eliminating the 2?’s and Y’s obtain 
the frequency equation for all the possible modes. 
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Let us take as a further example the system illustrated in 
Fig. 113. This is the .same arrangement as Fig. 109, but load (2) 
has been replaced by a support. 


|6 8 
5' i 5' ® 5' \ 

I ® I ® T 

Fig. 113. 

In general terms then we have 

Yi ~ MiyiiP^^ I — ^23^12 ‘^yi^P^Y 3, 

0 — M^y 21 P^Y I — i?2.^'22 3» 

Y 3 — Yj — /^2jV32 ^^yilsP^^ 3 * 

Hence 

0 — [^t\y\lP^ — 1) ~ J^2y\2 + 3.Vl3^^^3» 

0 —Miy2iP^Y^ — 2^23^22 ^2y'23p^^ 3» 

0 M^y^iP^YY — ^ 23^32 ^y^zP^ ~ 1 ) ^ 3 * 

Eliminating Y^, R and Y 3 , we have 



(MiVup^-l) 

-yi2 

^ ^yiip^ 

^0 


^lV 2 i/>* 

-V 22 

2 }'23p^ 



^UynP^ 

- V 32 

(^^3y33p^ ~ 1 ) 


i.e. in full. 




[/>2]^A/iM3[Vh V 32 V 23 

"■.^'ll.^-22j^'33 

+.^'12+21+33 - ViaVasyai 




+ Vl3.V22>'31 -Visy 21 ^* 2 ] 


+ P^WAyny22 - V12") ~.V 23 *)] 


-^22 — ^’ 

Whence, on substituting the known values, we shall obtain 


535,000 


F-^fT - 17.200 r/^J + 118-3 =0 ; 


IgEIJ 


IgEU 


^= = 0-0221 or 0-00996. 

gEI 
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Method (2) Semi-Graphical. 

In this method we assume some initial shape for the deflexion 
curve taken up by the beam during vibration which will satisfy 

P 

the end conditions, and also a value for the frequency ~. 

Ztt 

Let Yi, ••• be the deflexions of the loads Wi, ... so 
assumed, so that the inertia reactions will be 

... as usual. 

These reactions are now considered as forces statically 
applied to the beam, and the static deflexion curve for this new 
system is obtained graphically or otherwise. 

If our assumption about the initial shape is correct, the 
deflexions Y^\ Y^ ... which result will be proportional to the 
deflexions Yj, Yg initially assumed, and the true frequency 

will be given by ^ , where 
JLtt 

or ^Utc.. 

since, if we use this new valued' for the frequency in calculating 
our inertia loads, all the forces, and therefore the deflexions, 

y 

will be increased in the ratio y} the deflexion curve, 

obtained graphically will coincide with the one initially as¬ 
sumed. 

Suppose, however, that on working out any given example 
for the fundamental mode, it is not considered that the ratios 
YJYi, Y 2 IY 2 ', etc., are near enough the same, i.e. we have 
not been fortunate in our initial assumption of the shape of 
the curve, then Professor A. Stodola * has shown that if we 
start again using now the deflexions Yf, Y,'... as the assumed 
shape for calculating the inertia loads, we shall arrive at a result 
more closely approximating to the correct, and further succes¬ 
sive approximations converge to the correct value. In general 
it will be found that at the most one further approximation 
only will be required. 

Let us take, as a simple example, the system considered in 
the previous method. 

* Steam Turbines (Constable & Co.) 
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The actual loading diagram is reproduced in Fig. 114 (a). We 
will determine the value of the fundamental frequency, the 
beam during vibration then assuming some such shape as in (b) 
as we have previously pointed out. For this case then the 
inertia loads due to Wi and must be considered as acting 
in opposite directions, and here that due to W has been termed 
negative. 

H-ie v^..g 

S' i S‘ S' I 3' 

■' (D 0 





Fig. 114. 



The deflexion curve assumed in {b) has been made up from 
the arcs of two circles, and from this by measurement in the 
original : 

yi-:0*91 ft., 

Yg zrO'59 ft. 

Let us assume /> = unity, then the inertia loads are 

(1) -®x0-91 (3) 

g g 

5-46 4-72 

i.e. - - . 

g g 

Thus Fig. 114(c) gives the new loading system for which the 
static deflexions Yj', Y 3 ' are required. 


u 
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This problem may now be solved by any of the various 
methods for determining the deflexion of loaded beams that may 
be known to the reader. 

A simple method in this case is to consider the beam sup¬ 
ported at its ends and under the action of the forces (1), (3) 
and the reaction separately. The deflexions Y^, Yg, Yj are 
then determined being as before the sum of the deflexions due 
to each single load, while the necessary value of is obtained 
from the fact that Y, = 0. 

In other words, being given the value of p, we are solving for 
^ 1 . etc., in the equations on page 303. 

As before. 


(1) = " 
yi^ = 8TIEI 
yi^=40‘3IEI ^ 

(2) yn = S7lEI ■ 
ygg = 118-3/£:7 . 
yt3 = 59-8IEI 

(3) y3i=40-3IEI ] 


.'. for actual 
deflexions due 
to load (1) 
multiply by ryid/g 

Multiply by 
-R, 

when found 


Multiply by 
-4-72/^ 


(1) 428/£/g 

(2) 47r>IEIg 

(3) 220IEIg 

(1) -142IEIg 

(2) -WilEIg 

(3) -97.5IEIg 

(1) -190/£/g 

(2) -2H2IEIg 

(3) -177/£7g 


y3g = 59-8/£'/ 
y33 — 37'5jEI 
Then to find R^ we know that Yg = (), i.e. 


I 


475 118-3 282 

Elg El 

• . -^2 — * 

g 

The values for the deflexions due to R 2 can now be obtained 
and are given in italics above. 




''■'=£5^20-97.5-177]=-^. 


1 


54-6 


and 
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Hence, if our original curve is correct, 

True value p'^ - y\ - ; 

0-91 

For point ( 1 ) = 1 x Elg 0-00949 £/g, 

0-59 

and point ( 2 ) />'* == 1 x _ Elg - (»-0l083 Elg ; 

Mean value — 0-0101 £7^. 

By previous calculation we obtained 

/>i* = 0-00990 Elg. 

Suppose that these values are not considered near enough and 
that a second approximation should be performed as described 
above. 

We assume, then, that the deflexions ^’ 3 ' just obtained 
arc our initial values for determining the inertia loads 

Yi' = 90/£/g, 

7,'=- -r,4-5/£/g. 

Also a value for />* has to be assumed. 

It will be convenient to take 

/)2 -- 
^ 100 ^ 
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S"8. 


y' 

P Y^" 
Elg 96 

Too ■ 95^ 


= 0-01002 Elg, 


or, from load (2), 


mg 

100 


54-5 

55 ^ 


: 0-00984 Elg ; 


Mean p”^ =0-00993 Elg. 

With beams of varying cross-section and having a large 
number of loads and supports, a graphical method for obtaining 
the static deflexion curve, as previously described, will be of 
great aid. The reactions at the supports would first be obtained, 
and then the shear force or bending moment diagram can be 
constructed. 



CHAPTER XIII 

THE WHIRLING OF SHAFTS 

In this chapter we propose to discuss various theories put 
forward to explain the behaviour of a shaft at high speeds of 
rotation. 

If the revolutions of an unloaded shaft are gradually in¬ 
creased, it will be found that a certain speed will be reached at 
which violent instability will occur, the shaft deflecting into a 
single bow and whirling round like a skipping-rope. If this 
speed is maintained the deflexion will bccom'’ so large that the 
shaft will be fractured, b\it if this speed is quickly run through 
the shaft will become straight again and run true until at 
another higher speed the same j)henomena will occur, the 
deflexion now, however, being in a double bow—and so on. 
Such speeds arc called critical speeds of whirling. 

Professor Rankine was the first to attempt an explanation 
of the behaviour of an unloaded shaft, and Professor Osborne 
Reynolds carried investigations a stage further by considering 
a shaft carrying concentrated loads ; but it was not until 1884 
that general interest in the phenomena was aroused by the 
publication of two papers by Dunkerley, the first being com¬ 
municated to the Phil. Trans, and the second, a few months 
later, to the Liverpool Engineering Society. 

Owing to non-homogeneity of the material, practical diffi¬ 
culties, etc., it is impossible to make the centre of gravity of 
any section of shaft or of the attached masses coincide exactly 
with the axis of rotation, hence centrifugal forces will be set up 
tending to deflect the shaft away from its rest position. These 
centrifugal forces are balanced only by the elastic righting 
forces of the shaft, and Dunkerley equated the two and deduced 
from the equation the speeds at which the shafting would 
suffer an infinite deflexion. 

For our purpose we will consider the simplest case of all, 
namely a single heavy wheel or disk on a light spindle, the 
inertia of which can therefore be neglected. 
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A well-known example of this is the rotor of the de Laval 
turbine, the introduction of which was the real cause of a 
general interest being taken in this subject. As before, we will 
neglect gravity, considering the axis through the bearings as 
the rest position of the shaft. Thus in Fig. 115 : 



Fig. 115. 


Let 8 = the eccentricity of the C.G. from the wheel centre 0, 

A =the deflexion of 0 from the rest position D due to the 
centrifugal force set up at any given speed m. 

Then the centre of gravity G revolves round the point 
D in a circle of radius (/I +8), and the centrifugal reaction 
exerted is 

W 

— u>^A + 8 ). 

g 


This must be balanced by the elastic righting force of the 
shaft = FA, where, as usual, 

F = the force to produce unit deflexion at the point 0, 
i.e. the stiffness of the shaft at this point. 

Hence 

W 

~ a>2(A+8)^FA ; 
g 


W 

g 


to*. 8 


W 

F- to* 
g 


( 1 ) 


From this equation we see that A will become infinite when 



or 


Fg 

W' 
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Thus, if Wc denotes the critical whirling speed al: w^hich 
fracture will occur due to excessive deflexion, 


OJ 




Fg 

W 


radians per sec., 


iV. 


or if A^j = the whirling speed in revs, per sec., 

27rV W * 

But this is the same expression as was obtained for the natural 
frequency of transverse vibration of the system. 

For other cases also, Dunkerley deduced that the whirling 
speeds (revs, per sec.) were equal to the natural frequencies of 
transverse vibration, there being the same number of whirling 
speeds as natural frequencies for a given system, the shaft 
taking up a similar shapf' for each whirling speed as it would if 
in transverse vibration. 

Let us return to equation (1). This may be written 


A^- 


2-1 


8 . 


.( 2 ) 


We deduce from (2) that : 

When the running speed co is less than the critical value Wc, 
A and S have the same sign, t.e, the centre of gravity G is situated 
from D on the further side of 0. Fig. 1 la shows this condition 
for slow speed. 

As the speed co increases, the deflexion A increases, becoming 
infinite when w ~ojc, as we have noted, but if we increase the 
speed above this value .1 and 8 are now of opposite sign, which 
means that the centre of gravity G is now situated between D and 0, 
as shown in Fig. 1 Ifi. As w continues to increa.se A now dimin¬ 



ishes, until finally at a very high speed when Wc is negligible 
compared with oj, A approaches the value - 8, i.e. G coincides 
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with D and the wheel rotates about its centre of gravity with 
perfect stability. Upon this principle the successful running of 
the de Laval rotor depends, the operating speed being about 
seven times the whirling speed, and in running up the machine 
to speed through the whirling speed, the critical conditions will 
exist for so short a time that dangerous deflexions will not 
occur. 

The reader will probably have detected a complete similarity 
between equation (2) and our deductions therefrom and the 
solution of the equation of motion for a single load W under¬ 
going a simple harmonic forced vibration. 

Thus after the publication of Uunkerley’s results, other 
investigators—notably Dr. Chree ♦—endeavoured to explain 
the phenomenon of whirling as due to forced vibrations, and 
the sequence of papers published on the subject make most 
interesting reading. 

That these phenomena do occur can easily be demonstrated 
by illuminating stroboscopically a model rotor which is set out 
of balance by attaching a small mass to the disk, so that for 
all practical purposes the centre of gravity will lie on a radial 
line passing through this mass. 

A good many years ago the author, at the suggestion of Pro¬ 
fessor W. J. Kearton, built such a model, and, whilst it demon¬ 
strated wonderfully well the truth of the deductions made 
above, another totally unexpected result was made apparent, 
namely that at the whirling speed a radial line passing through 
the attached mass was at right angles to the plane of bending of the 
shaft, i.e. A and 8 were at right angles. 

As the shaft was run up in speed the attached mass appeared 
to travel from the plane of bending, as shown in Fig. 115, to 
this position, and then, on passing the critical speed, to travel 
on round through another 90 degrees into the plane of bending 
once more, but within the bow as in Fig. 116. 

In the above theory it has obviously been tacitly assumed 
that A and 8 are in the same straight line, the centrifugal force 
which has been causing the deflexion being in the same plane 
as the bent shaft, but at the whirling speed when this deflexion 
is greatest this apparently is not so. 

♦ Phil, Mag„ 1904, vol. 7. 
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Now we have already noted a similarity between oui deduc¬ 
tions and those previously obtained for a forced vibration, and 
here again another similarity occurs, since it will be remembered 
that when resonant conditions exist for a forced vibration, the 
disturbing force vector is 90 degrees in advance of the displace¬ 
ment vector. 

It was left to Professor H. H. Jeffcott to supply the clue to 
this similarity in his paper “ The Lateral Vibration of Loaded 
Shafts in the Neighbourhood of a Whirling Speed [Phil. Mag., 
1919), and a few years later F'rith and Buckingham discussed 
the whirling of a dc Laval rotor in their paper “ The Whirling 
of Shafts [ Journal of Electrical Engineers, 1924), and this new 
theory gives a satisfactory explanation of the observed pheno¬ 
mena. 

We have always assumed that the shaft when deflected 
revolves bodily about the axis of its Ix arings. Jeffcott, how¬ 
ever, maintained that each elemt*nt of a shaft revolves not 
bodily about this axis hut about 
its oimi axis. Adopting this view, 
the phenomenon can be explained 
as due to forced vibrations. 

Attention has already lx*en 
called to the fact that if a body, 
say an element of a shaft, is given 
two simple harmonic motions at 
right angles, 

cos it}t, 

A sin iot, ViG. 117. 

of the same amplitude and phas(\ then it will jierform a circular 
motion of radius A with angular viflocity w (Fig. 117). 

Thus, if wc impose two such transverse vibrations on a 
shaft, it will perform this circular vibration with angular 
velocity co, but it will be clear from an examination of Fig. 118 
that the shaft does not rotate in a fixed bent position (although 
to the eye it would appear to do so) since the vertical and 
horizontal axes through the points .1 and B respectively will 
remain parallel to the original axes, there being a Jluctuation in 
strain round the section. 
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But if we cause each element of the shaft to rotate about its 
own centre as well, at the same speed «> as that of the circular 
vibration, the shaft no longer suffers a fluctuation in strain but 
takes up a definite bent position (Fig. 1186). 



Shows in end view the circular vibration of any element of the shaft, the 
positions depicted being those at the ends of the horizontal and vertical com¬ 
ponent tranverse vibrations. 


Consider again a de Laval rotor, whirling may be explained 
in this manner : as a rotation of the disk about its own centre with 

W 

angular velocity cu, producing a centrifugal force - - cu^S, the com- 

ponents of which resolved on two planes at right angles will 
cause two simple harmonic forced vibrations as above, thus 
causing a rotation about the rest position at radius A with 
angular velocity o), e.g. : 

Taking vectors for a forced vibration as before, since 8 - the 
eccentricity of the centre of gravity (7, this will represent in 
direction the maximum value of the disturbing force 

W 

S 


for any given value of w (Fig. 119). This force may be split up 
into two S.H. forces at right angles : 

W 

— co*8 . cos u)t forcing a vibration in the vertical plane, 

W 

— a;*8 . sin cot forcing a vibration in the horizontal plane. 
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Consider (say) the vibration produced in the vertical plane : 

If A is the amplitude we have, as before, 

(1) No Damping : 

P ^ vector oc oa ~ ob -- FA - ^ cu^A 

g 

and is in phase with the displacement. 



Similarly for the vibration in the horizontal plane, the com¬ 
bination of the two causing a circular vibration of radius A 
about the rest position D, 
which together with the 
rotation of the disk about 
its own centre produces 
rotation of the shaft in a 
fixed bent position. 

Thus, for either vibra¬ 
tion, 

W W 

P^ io^8~^FA~ oiM, 

S g 

w 

or - - oj^A {^S)=FA, ...(1) 
g 

It will be seen that A 
and 8 are here in the same 

straight line and equation (1) is that obtained by Dunkerley. 
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(2) With Damping (Fig. 120). 

The disturbing force vector is now at an angle a to the dis¬ 
placement vector, i.e. A and 8 are no longer in same straight line, 
and 

W W 

— a>*8.cos« = F/l-- a>M. 

When resonance occurs, i.e. 



a^OO'’, 


i.e. A and 8 are at right angles. 

The amplitude A is very large, being infinite for no damping, 
and this is the speed termed the whirling speed, being that 
corresponding to coincidence of the forced and natural fre¬ 
quencies. Fig. 121 shows these conditions, which explains the 
observed phenomenon mentioned above. 
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Fig. 122 represents the conditions above the critical speed. 
The amplitude and radius of rotation A diminishes as co 
increases, and a approaches ISC', when finally A - - 8. 

Thus assuming no damping, we see 
that A and 8 are in th(! same straight 
line and the equation of the previous 
method happens to give the right 
result. There would be a sudden 
change of A and 8 to the 90° position 
when the critical speed was reached. 

In the experiment mentioned above it 
was stated that the weight appeared to 
move slowly round relative to the plane 
of bending, in other words there was 
considerable damping, the angle a thcTcfore gradually increas¬ 
ing. The damping occurred owing to the necessity of holding 
the shaft during rotation to prevent excessive amplitude.* 

Recapitulating : we may define the whirling of a de Laval 
rotor as the resonant conditions of a forced circular vibration 
caused by the two simple harmonic components at right angles 
of the centrifugal force set up by the disk revolving about its 
own centre. 

When we consider a series of disks or a distributed load, it is 
admittedly more difficult to visualise what actually occurs ; 
each shaft clement or disk must be assumed to be rotating 
about its own centre producing a centrifugal force, and the 
resultant of all such forces may be taken as forcing the circular 
vibration of the whole shaft. 

Thus to find the ithirling speed of any system, ice merely have 
to determine the natural frequency of transverse vibration of the 
same system. 

The number of whirling speeds of a given system is obviously 
equal to the number of modes of transverse \'ibration, the shaft 
taking up similar shapes. 

In the above examination we have seen that the shaft whirls 
in a fixed bent position, since the rotation of the shaft about its 
own axis is in step with the circular vibration about its rest 
position. 



See Appendix B. 



318 


THEORY OF VIBRATIONS 


It is interesting to note that B. L. Newkirk has shown that 
it is possible to force a circular vibration of angular velocity 
equal to the whirling aj* when the shaft is rotating about its 

own axis at about twice this speed, 
if the shaft runs in perfectly lubri¬ 
cated bearings.* 

For perfect lubrication between 
two surfaces, one of which is 
moving, the oil film separating 
them is wedge-shaped f and to 
cause this the shaft will set itself 
eccentric in the bearing as in¬ 
dicated in exaggerated form in 
Fig. 123. One surface of the oil, 
being in contact with the fixed 
bearing, is stationary, the other is moving at shaft speed to, 

hence the mean velocity of the oil film is about ^, and due to 

the wedging action of the oil the shaft centre A will rotate 
about the bearing centre B at this speed. Thus when this 
speed = tOe, resonant conditions again exist and a circular 
vibration is built up, but the shaft is not now whirling in a 
fixed bent position, since its rotation about its own centre is 
2iOe, and that of the whirl A horizontal shaft is not so 
likely to exhibit this phenomenon as a vertical, since its weight 
tends to keep it at the bottom of the bearing and so resist the 
wedging action of the oil film. 

♦ " Shaft whipping due to oil action ", B. L. Newkirk, General Electric 
Review, August 1925. 

t Beauchamp Towers' Experiments on Lubrication. The Mitchell Thrust 
bearing depends on this action. 




EXAMPLES V 

CHAPTERS XII AND XIII 

1. The fundamental frequency of transverse vibration of a uni¬ 

form steel shaft 4 ft. long and J in. in diameter was found to be 
1060 vibrations per minute. Determine the fundamental frequency 
of a shaft of the same material and similarly supported, if the span 
is 6 ft. and the diameter | in. Ans. 706*7 per min. 

2. A surface condenser has brass tubes J in. external diameter, 
0*048 in. thick and 10 ft. long. Given that the equation of the 
static deflexion curve for a beam fixed at each end is 


w 

y^24i:i 


■x^(L-xf. 


the origin being taken at one end, and w being the load per unit 
length, calculate the natural frequency of transverse vibration of a 
tube when full of water. 

Weight of brass, 0*3 lb. per cubic in. 

E for brass, 12 x 10** lb. per sq. in. 

Weight of water, 62*5 lb. per cubic ft. [Liv. U.] 

A}is. 6*42 per sec. 



3. A shaft 10 ft. long and 4 in. in diameter rests on two sup^wts 
situated 2 ft. from either end. A load of IXK) lb. is concentrated at 
each end of the shaft. Neglecting the mass of the shaft and taking 
E=30 X 10« lb. per sq. in., calculate the fundamental frequency of 
transverse vibration. Fig. (a). 
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To find the static deflexion of each load, consider either half of 
beam, the tangent being horizontal at the mid-point 0. 

Now the deflexion of any point A from the tangent at another 
point 0, besides being equal to the area of the slope curve as stated 

M 

above, is also equal to the moment of the curve between the two 
points about A . 

The bending moment diagram is shown, thus deflexion of the load 
W from tangent at 0 


K 


2.900'r, /, 3\ 


+ - 2 
2 



21,300 

A7 


Deflexion of support from tangent at 0 


2.900 
El 




IQ 200 

Deflexion of W below support =yi = 8^ - 8^ = - ft. 


Similarly for the other side. 

Whence equating Max. K.E. of system to Max. P.E. we get 



13,200' 


frequency = 12*62 vibrations per sec. 

Alternatively: 

Upon examination of the given arrangement it will be clear that 
if we interchange the loads and supports we shall not alter the static 
deflexion curve or the frequency of the system. Fig. (8). 

4. The static deflexion of any point distant x from the fixed 
end of a uniform cantilever is 


^ 24i'/ + x*], 

where L is the length of the cantilever and w is the weight per unit 
length. 

l5etermine approximately the fundamental frequency of trans¬ 
verse vibration of a uniform steel cantilever, given : 

Length - - 3 ft. 

Breadth - - 2 in. 

Depth - - i in. 

Density of steel - 0*28 lb. per cu. in. 

E - - - 30 X 10® lb. per sq. in. 

[Liv. U.] 

Ans, 12*7 vibrations per sec. 
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5. A steel turbine blade, having a uniform cross-section area of 
0*124 sq. in. and a length of 10 in., was held firmly clamped at one 
end, and the fundamental frequency of transverse vibration was 
found experimentally to V)c 91*5 per sec. Determine the second 
moment of area of the cross-section about the neutral axis. 

E for steel, 30 x 10* lb. per sq. in. 

Weight of steel, 0-28 lb. ])er cu. in. 

A ns, 0'00(J8 iii.^ 

6. A steel shaft 2 ft. long and f in. in diameter is mounted in 
spherically seated bearings at its ends. Determine tlie first whirling 
speed 

(а) when unloaded, 

(б) when loaded witli 40 lb. at the centre of its length. 

E ==30 X 10** lb. per sq. in. 

Wt. of steel, 0*28 lb. per cu. in. rLiv. V.] 

A ns. (a) 103*8 per sec. 

(6) 19*45 per sec. 

7. A turbine rotor consists of a shaft of variable cross-section 
supporting a series of wheels. This system has been considered as 
nine concentrated loads, which include the weights of the sections 
of shaft concerned ; and the loads and corresponding static deflex¬ 
ions of the shaft at their points of application are given below : 


w 

lb. 

10 

43 

7 

157 

150 

150 1 

15 j 25 j 10 

y 

in. ! 

26 

106 

132-5 

136 

134 

122-3 

112' 84-5 1 26 


(The values of y have been multiplied by 10\) 

Determine the first whirling speed. [Liv. V. 

Ans, 5250 r.p.m. 

8. A wheel of weight 2,0(X) lb. is mounted at the mid-point of a 
tapered shaft which is supported freely at its ends. 

The taper is such that the second moment of area at every cross- 
section varies directly as the bending moment at that section. 

The length of the shaft is 4 ft. and the diameter at the mid-point 
is 3 in. Taking E =30 x lO** lb. per sq. in. and neglecting the mass 
of the shaft, determine the whirling speed. [Liv. U.J 

.4;/s. 780 r.p.m. 

M E 

(We know that ==^, thus radius of curvature is constant, i 
the beam bends into tlie arc of a circle.) 


X 
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9. A shaft of length 10 ft. and of negligible mass is supported at 
its ends and carries 5 concentrated loads of 100 lb. each at distances 
of 1. 2, 5, 8 and 9 ft. respectively from one end. The diameter of the 
shaft is varied in such a manner that the static deflexion curve for 
the loaded shaft is approximately a sine curve, the deflexion of any 
point distant x from one end being given by 

X . 

=0*001 sin TT. 2 ^ m., 
where L = length of shaft. 

Determine the fundamental frequency of transverse vibration of 
the system. [Liv. U.j 

120 per see. 

10. The centre of gravity of a de Laval rotor does not coincide 

with the wheel centre. The shaft is run up slowly through its 
whirling speed and a chalkmark is made on the rim of the disk when 
at its maximum displacement. State where this mark will appear in 
relation to the C.G. and explain the reason. iLiv. V. 

11. A continuous beam of negligible mass carries a single load \V 
shown in Fig. (c). Assuming that all the siipjiorts are short. 




t© ® (jt 


l-'ic. (f). 

Fig. id). 


determine the natural frequency of transverse vibration (in terms 
of E, /, and W) given that: 

The deflexion produced at a point (I) of a uniform beam, freely 
supported at its ends, by a unit load at a point (2) is 


:L 




the symbols having the meanings shown in Fig. {d). [Liv. Uj. 
From the general equations of motion : 

(1) 0 = “-f-M2yj2/>^Y2 

(2) 0 = - + {^^2y22p^ ~ ^2 “ ^^33^23» 

(3) 0 = -Rjygi-f Af2y23/^*^2 “■ ^'^33^33* 



Here, from symmetry, 


EXAMPLES 


Ri-R,-R, 

yn "^y33» 


>'21 =3^23. 

so that equations (1) and (3) are the same. 

From (1) and (2), 

-R(yii-^yi3) 

0 = ~ Riy^i '^3'23) ■*" i^^2y22p^ “ f) ^ 2 » 

• (3^11 + 3^13 ) ^ ^^ hyi 2 p ^ 

( 3'21 ■^ 3 ' 23 ) \^^2y22p" ~ ^ ) 

32 J) 

^22 = .>/// Whence, substitutin.t< above, 

.. 23 , .. , .._120 £7g 


23 , . 

VU=0;,^(=>'23) 


11 IF ’ 


or frccjuency - .V • 

'J.7T 


Alternatively, since there is only a single load, the frequency is 
given by ^ ^ where 8,, is the static deflexion at the load point, 
which can be determined as follows : 

23 

IF produces at (1) a deflexion H Ji2 = ^^ • ^ > 

/^3 produces at (1) a deflexion - Rsyi 3 - 
Thus, equation (1) becomes 

0 = — A'lVjj + n yj2 ”* Rsyr^f 

and as Ri == Ag =7v’, 

. 23 

23 23 

Now 7v\ produces at (2) a deflexion -7\\3'2i == - IF . . 

23 23 

Similarly produces at (2) a deflexion -R 3)^23 “40^^ 

[ U" 23 231 

gj • (Yj 


IF 11 
~t:i ■ i2d' 
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12. Fig. [e) represents a continuous beam on three supports at 
the same level and carrying equal loads W at the centres of the 
spans. Determine the two natural frequencies of transverse vibra- 


^ w w 

' ® Id) ® 


Fig. (e). 


tion assuming that the centre support exerts no constraining action, 
and given that 


3 

7 

4E/’ 


11 

4 


y^~3EI' 


(Note that, due to symmetry, the ratio of the amplitudes of the 
loads Yi/Y 3 is +1 and -1 respectively in the two modes.) 

[Liv. U.] 


Ans, = 


^ 96 
W 1 


or 


6 . 


13. A uniform massless beam, supported at its ends, carries three 
equal loads W lb. symmetrically spaced as shown in Fig. (/) i. 



Write down the general equations of motion of the loads for deter¬ 
mining the frequency equation and, making use of the symmetrical 
shapes taken up in each mode, determine the frequencies of the three 
modes in terms of W, E, and /, given : 


81 


25 

^'^" 144 £ 7 ’ 

17 

^““ 144 £/" 


[Liv. U.] 
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The general equations for three loads have been given on page 294. 
The solution in this case is greatly simplified, since 
and 

[a) for the fundamental and third modes, Yj = Y 3 , so that ecjuaticns 
(1) and (3) are the same. Using equations ( 1 ) and ( 2 ) a quadratic 
is formed in 


360 


' Mp^ - 

2 

-123 

■ Mp^ ^ 

.144/;/. 


.144/;/. 


+1 =f), 


from which 


Mp‘^ 1 1 

144i,7"'3 126' 


Fig. (/) ii, iv. 


Alternatively for the third mode, “^ 2 ^ so that direct 

from equation ( 2 ), 

Mp^ 1 

144/:7 3* Fig. (/) iv. 


Again for this mode, taking a single bow (lengtli 1 ft.), this is 
equivalent to a beam freely supported at its ends and carrying a 
concentrated load W at the centre. The static deflexion 8 ,^ for tliis 
WU 

case is j and is probably known to the student (or can be 
48/1 / 

obtained by the methods previously cmi)loycd), so that 


_ g.48F7 

r44/i7“3' 


For the scco-ml mode a node is F)rmcd at M thus 

^' 2 = 0 , Fig. (/)iii. 

and substituting in isay) equation ( 1 ) we get 

Mp- 1 
144/:/ " s ■ 

Alternatively, taking Iialf the total span (lengtli ft.), this is 
e<iuivalcnt to a beam freely suiqwrted at its ends and carrying the 
single load W, the static defle.xion of which l an be determined from 
our previous methods. 

14. A uniform shaft is supported in four bearings which divide it 
into three equal spans. A concentrated load U' lb. is carried at the 
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centre of each of the two outer spans. Assuming that all the 
bearings are short so that the influence numbers can be determined 
from the formula on page 296, determine the frequencies of the two 
natural modes of transverse vibration in terms of E, I and W. 


A ns. 



El 

ir 


48 El 
5 ’ ^ n' 
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APPENDIX A 

THE UNDAMPED VIBRATION ABSORBER 


Fig. a. 1 shows a very effective demonstration absorber. An 
electric motor, fixed at the centre of the span of a horizontal 
steel beam, drives a disk carrying an out-of-balance mass, 
which causes the system to be set into s(!vere vibration in a 
vertical plane. The extent of the vibration can be judged by 
comparison of the horizontal white lines on the .scale attached 
to the motor with the corresponding scale at the side which is 
not influenced by the vibration. The mcnor runs at constant 
speed. The absorber is fixed b('low the ix am and consists of 
two equal masses (for symmetry) which can be clamped in any 
positions along two small horizontal steel cantilevers. In their 
innermost positions the.se masses would form with the motor 
the equivalent of a single concentrated load on the main beam. 

Fig. A. 2 : The absorber masses are incorrectly adjusted and 
form with the motor a 3-mass system which is seen to be in 
se\’ere vibration. The exposure was made oxer a series of 
cycles, so that the vibration of the main system is indicated by 
the blurring of the white line scale on tlie motor. 

Fig. A. 3: The absorber is tuned correctly and is taking the 
whole energy of vibration (with very moderate amplitude) 
while the motor and beam are free from vibration. 

Fig. A. 4 ; An instantaneous photograph of condition 3, 
showing that the two absurbiT masses both moxe in the .same 
direction together. 

The last two photographs, shoving sex ere 3-mass vibration, 
arc inserted as a matter of intere.d. 

F'ig. A. 5 : An instantaneous i>hotograph of condition A. 2 
showing that xxith this setting the absorber innsses and the 
motor move in the same direction together. 

Fig. A. 6 • Here the adjustment is such that the absorber 
masses inov(' in ojiposite directions. 




Fig. B. 
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APPENDIX B 

THE WHIRLING OF A DlC LAVAL ROTOR 

Fig. B. 1 show.s a tran.sparent disk mounted at the centre of 
the span of a light vertical shaft. The ci*ntre of gra\ ity of the 
disk has been made eccentric by the attachment of an out-of¬ 
balance mass and will lie .somewhere on the white radial line 
through this ma.ss. 

The remaining photographs were taken along the axis of the 
shaft and, the top bearing being out of focus, the centre line is 
indicated by a white spot, being fi.xed from the graduations on 
the guard ring. 

The photographs, although apparently instantaneous, were 
actually “ time ”, .since the motion was apparently stopped by 
illuminating the system stroboscopically, a contact on the 
motor driving sliaft causing a flash from the stroboscopic lamp 
at exactly the same point in each revolution. 

The rotation of the disk round its own centre and the rota¬ 
tion of the circular whirl of the shaft was anti-clockwise. 

Figs. B. 2^0 show how the plane of bending of the shaft 
changed relatively to the radial white line as the speed was 
brought up towards the critical. 

Fig. B. () shows conditions above the critical, the C.G. now 
lying in the plane of bending again but within the bow. 
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INDEX 


Acceleration of reciprocating 
masses, 214 

Amplitude, definition of, 18 
Amplitude reduction ratio, 125 
Amplitude vector diagrams, 223 
Aperiodic motion, 127 
Autocar, vibrations of, 104 

Balancing, 233 

Balancing machine for rotors, 210 
Beams, transverse vibrations of, 
272 

Beats, 28, 59, 68, 103, 152 
Bibliography, 327 

Cantilever, heavy, longitudinal 
vibration of, 133 

Circular motion considered as two 
S.H.M.’s, 30, 313 

Combined linear and angular oscil¬ 
lations, 100 

Compound pendulum, 37 
Constant disturbing force, 177 
Continuous beams, transverse 
vibration of, 300 
Crankshafts, elasticity of, 97 
Critical engine speeds, 219 
Critical engine speeds, elimination 
of, 244 

Critical fre(juency, 142 

Damped vibrations, 120 
Damper, friction, theory of, 248 
Degrees of freedom, 34, 53 
de Laval rotor, whirling of, 309 
1 lifferential equations of motion : 
for damped vibration, 120 
for forced vibration, 146 
for 16 

Double pendulum, 63 
Dynamic loads, 49, 258 
Dynamic magnifier, 149 
Dynamic stiffness, 89 

Earthquake recorder, 205 
Elastic mounting, 236 


Elastic supports, inertia of, 51 
Elasticity of crankshafts, 97 
Elimination of critical speeds, 
244 

Elimination of vibration, 232 
Energy equation, 46 
Engine indicator, 205 
Engine piston, S.H.M. of, 20 
Engine vibration, 213 
Equivalent disk for reciprocating 
mass, 97 

Equivalent length, 45 
E(|uivalent stiffness, 41 
Extension of a heavy rod, 141 
Extensometer, Maihak, 28 

Fatigue testing machine, 209 
Flexible connexions, 236 
Forced torsional vibrations, 178, 
189 

Forced vibration, whirling con¬ 
sidered as, 313 
Forced vibrations, 142 
Frequency, definition of, 18 
Frequency equations, 54, 75. 80, 
89, 290 

Friction damper. 248 
Fundamental frequency, approxi¬ 
mate formula : 

Dunkerley’s, 289 

for torsional oscillations, 84 

Rayleigh’s, 270 

Geared drives, natural frecjiiency 
of, 92 

Geiger Torsiograph. 207 
Graphical construction for static 
detlexion curve, 285 

Harmonic components, 144 
Harmonic orders, 218 
Heavy shafts, vibration of, 131 

Inertia of supports, to account for, 

51 

Inertia reaction, 214 
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INDEX 


Logarithmic decrement. 126 
Longitudinal oscillations : 
several loads, 54 
single load, 32 

Magnification factor, 149 
Maihak Extensometer, 28 
Major critical speeds, 222 
Minor critical speeds, 223 

Natural vibrations, 32 
Node, 41 

Normal elastic curve, 46 

Oil film, whirling due to, 318 
Order number, 218 
Oscillations, angular, 35 
Oscillations, combined linear and 
angular, 100 

Oscillations, longitudinal, 32, 54, 

179 

Oscillations, torsional, 71 

Pendulum, compound, 37 
Pendulum, double, 63 
Pendulum, simple, 35 
Pendulum, vibration absorber, 242 
Pendulums, twin, 61 
Period, definition of, 18 
Period of damped vibration, 123 
Periodic displacement of supjxjrt, 
164 

Periodic force, 142 
Phase, definition of, 18 
Phase diagrams, 220 
Physical representation of damped 
vibration, 124 
Physical representation of 
^7 

Reciprocating masses, 97, 214 
Reflexion of waves, 265 
Relative amplitude, 169, 172, 174 
Resonance, 143 

Response of vibration recorder, 206 
Revolving masses, 213 

Simple harmonic motion, 15 
Simple pendulum, 35 
Shafts, torsional oscillations of, 39 
Shafts, whirling of, 309 
Speeds, critical, 219 


Speeds, critical, elimination of, 244 

Tonjue phase diagrams, 220 
Torque reaction, 218 
Torsiograph, Geiger, 207 
Torsional oscillations of shafts: 
approximate formula for funda¬ 
mental frequency, 84 
geared drives, 92 
several loads, 178 
single loads, 71 
Transmissibility, 238 
Transverse vibrations of beams : 
beams of single span, 272 
continuous beams, 300 
Dunkerley’s empirical formula, 
289 

Dunkerley’s, derivation of, 294 
Rayleigh’s method, 279 
Tuning fork, 232 
Twin pendulums, 61 

Ihidamped vibration absorber, 240 
Uniform circular motion con¬ 
sidered as two S.H.M.S., 30, 

313 

U'nits, xii 

X'ariablo maximum value of dis¬ 
turbing force, 17O 
Vector diagrams, 223 
X'ector, mathematical representa¬ 
tion of, 182 
Vector, rotating, 16 
Vector solution for forced vibra¬ 
tion, 153 

X’elocity of waves, 268 
Mbrations : 
damped, 120 
elimination of, 232 
engine, 213 
forced, 142, 179 
natural, 32 
of vehicles, 104 
transverse, 272 

Wave motion, 262 
Whirling considered as a forced 
vibration, 313 

Whirling due to oil action, 31H 
Whirling, Dunkerley's theory, 309 
Whirling of shafts, 309 
Work done by a S.H. force, 162 






